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Abstract—Employing multiple manipulators can boost
efficiency and accomplish tasks that a single manipula-
tor cannot do. However, real-time planning for multiple
manipulators in a cluttered workspace still poses signifi-
cant challenges for planning algorithms. This article pro-
poses a new planning algorithm called Conflict-Based Lazy
Search (CBLS) for multimanipulator planning. CBLS is built
on Conflict-Based Search (CBS), an efficient multiagent
pathfinding (MAPF) algorithm that has shown an order of
magnitude speedup over previous approaches [1], [2]. CBS
addresses MAPF by solving many single-agent pathfind-
ing (SAPF) problems. Thus, its planning time directly de-
pends on the efficiency of the SAPF algorithm adopted. Our
CBLS algorithm enhances CBS with precomputation and
lazy search. First, a lazily evaluated graph with controlled
sparsity is precomputed for a single manipulator. Second,
we propose the Lazy Edged-based A∗ (LEA∗) for efficient
SAPF. Since edge evaluation is the computational bottle-
neck of manipulator planning, LEA∗ uses lazy search and
an edge queue to reduce the number of edge evaluations.
We show that LEA∗ is optimally vertex efficient and has
improved edge efficiency compared to A∗. We apply the
proposed CBLS to multimanipulator planning problems and
show its superior performance by comparing it with CBS
and a sampling-based algorithm, namely, RRT-Connect.
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I. INTRODUCTION

F INDING optimal collision-free paths for multiagent sys-
tems is an NP-hard problem, especially for multimanip-

ulator systems operating in cluttered environments. Sampling-
based motion planning methods such as PRM [3], RRT∗ [4],
RRT# [5], and BIT∗ [6] make the problem tractable by approx-
imating the search space using graphs or trees. They can also be
viewed as graph-based methods. Graph search is used in PRM
to find resolution-optimal paths, and local graph exploitation
is used in RRT∗ to find asymptotically optimal paths. PRM
builds a roadmap by drawing samples to cover the search space
approximately and connecting neighboring samples using edges.
RRT∗ builds a rapidly exploring tree by connecting the tree to
incrementally added samples.

Sampling-based motion planning methods are well-suited for
planning in high-dimensional spaces. They find approximate
solutions quickly by using graphs with a small number of
samples. Earlier studies for multiagent path planning combine
the search space of each agent to form a “joint agent” and solve
a single-agent planning problem [7], [8]. The dimensionality of
the search space is the sum of the dimensionality of each agent.
However, the complexity of planning grows exponentially with
the dimensionality of the search space. These methods usually
find solutions that are far from optimal, and the convergence rate
to the optimal solution is slow.

Conflict-Based Search (CBS) [1], [9] is a dedicated search-
based algorithm for multiagent pathfinding (MAPF). Instead
of treating multiple agents as one “joint agent,” CBS iter-
ates between: 1) independent single-agent pathfinding (SAPF);
2) conflict checking among all agent paths; and 3) conflict
resolution. CBS uses a two-level scheme. At the high-level, CBS
checks for any conflict among single-agent paths and resolves
conflicts by adding constraints. At the low-level, single-agent
paths consistent with the constraints are computed.

CBS requires an existing graph for graph search and usually
assumes the graph is a grid world. For multimanipulator plan-
ning using CBS, the first step is to construct a graph. Implicit
graphs can be defined using motion primitives (MPs) [10],
[11]. MPs specify the allowable actions of the manipulator. The
manipulator moves from one vertex to its neighboring vertex
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by applying such a motion primitive. Using a graph search
algorithm, [7] finds a sequence of MPs that connect the start
and goal configuration of the manipulator. Other works, such as
PRM, use an explicit graph, where graph vertices are random
samples drawn in the configuration space, and neighboring
vertices within a radius are connected using edges. In this
article, we construct an explicit graph for manipulator planning,
and introduce a parameter to control the sparsity of the graph.
The proposed graph construction method generates increasingly
dense graphs for various requirements. It can be applied to dif-
ferent numbers of manipulators and environments with different
obstacle configurations and thus is environment-independent
and robot-centric.

Graph search is performed for SAPF after graph construction.
Under the CBS framework, the MAPF planning time is propor-
tional to the SAPF planning time [1]. Numerous algorithms have
been developed for SAPF. The A∗ [12] algorithm is a popular
algorithm that is vertex optimal, that is, any other algorithm that
finds the same shortest path will expand at least as many vertices
when using the same heuristic. The weighted-A∗ algorithm
finds a bounded suboptimal solution with an inflated heuristic
cost [10].

One practical issue with robot path planning is that the edge
costs may be unknown when starting the graph search. For
example, in unknown environments, it is not known whether
the edges are in collision with obstacles or not. The procedure
of computing the cost of an edge is called edge evaluation. Edge
evaluations are performed online as part of the graph search
algorithm to compute the edge cost (e.g., perform collision
checking). Even if the environment is known before starting
the graph search, evaluating all edges before starting the graph
search is unnecessary, as only part of the edges will be vis-
ited when searching for the solution. Thus, performing edge
evaluation online saves time compared to evaluating all edges
before graph search. In many robotic motion planning problems,
edge evaluation (collision checking) is the major computational
bottleneck [13]. Lazy search algorithms that aim to reduce the
number of edge evaluations have been developed [14], [15].
Lazy search algorithms adopt a heuristic edge cost. Such a cost
provides a lower bound of the true edge cost but is easier to com-
pute. This heuristic cost is used to guide the graph search so that
edge evaluation is done only when necessary. LazySP is proven
to be optimal in the sense that minimizes edge evaluations [16].

Lazy search algorithms reduce edge evaluations at the expense
of extra graph operations (vertex expansion, calculating the cur-
rent best plan), which introduce extra computational overhead
compared to A∗. This article proposes a new efficient graph
search algorithm, namely, Lazy Edged-based A∗ (LEA∗), for
SAPF. LEA∗ is vertex optimal and has improved edge efficiency
compared to A∗. It introduces less computational overhead
compared to other lazy search algorithms.

The contributions of this article are summarized as follows.
1) We propose Conflict-Based Lazy Search (CBLS), a new

MAPF algorithm focusing on multimanipulator path
planning. CBLS enhances CBS with a precomputed,
lazily evaluated graph and a new SAPF algorithm using
lazy search.

2) We propose the LEA∗ algorithm for solving SAPF prob-
lems. LEA∗ uses lazy search and an edge queue to reduce
the number of edge evaluations. We show the complete-
ness, optimality, and optimal vertex efficiency of LEA∗.
We also show the improved edge efficiency over the A∗
algorithm through numerical comparisons.

3) A lazily-evaluated graph for efficient online multima-
nipulator planning. A joint space graph with controlled
sparsity is precomputed for manipulator planning.

4) Detailed simulation and experiment studies of the pro-
posed algorithm are conducted to compare LEA∗ with
previous SAPF algorithms. We also compare CBLS with
CBS and RRT-connect [17] demonstrating CBLS’s supe-
rior performance.

II. RELATED WORKS

A. Lazy Search for SAPF

Graphs offer a powerful abstraction tool for robot path and
motion planning. When combined with sampling-based meth-
ods, algorithms such as PRM∗ [4], RRT∗ [4], [18], and BIT∗
[6] can solve planning problems in high-dimensional spaces.
They construct an explicit graph of robot configurations and
find the shortest path by exploiting this graph. Implicit graphs
may be defined using state lattices or motion primitives [19],
[20], [21]. Motion primitives are precomputed and beneficial
in dealing with kinematic, nonholonomic, and differential con-
straints. Planning problems for ground vehicles and micro aerial
vehicles are studied in [20] and [21], respectively.

The A∗ algorithm is a popular search algorithm that is vertex
optimal [12] but may lead to excessive edge evaluations. Re-
cent studies show that the number of edge evaluations can be
reduced by employing a lazy approach [14], [15], [22], [23].
For instance, LWA∗ [14] uses a one-step lookahead to postpone
edge evaluation and uses duplicated vertices in the vertex queue.
First, a valid vertex with an estimated cost is popped from the
vertex queue. Then, after edge evaluation, it is inserted into the
queue again with the true cost. LazySP [15] uses an infinite-step
lookahead and is shown to be edge optimal (evaluating the
minimum number of edges). LRA∗ [16] interpolates between
LWA∗ and LazySP and uses a constant lookahead in the interval
[1,∞]. As the lookahead steps increase, the number of edge
evaluations required to find the shortest path decreases, while
the additional graph operations increase. These lazy search algo-
rithms achieve better edge efficiency at the cost of considerable
overhead compared to A∗.

In [24], the generalized lazy search algorithm (GLS) that uni-
fies LWA∗, LazySP, and LRA∗was proposed. GLS introduces an
EVENT function and a SELECTOR function. It admits various
realizations through different choices of EVENT and SELEC-
TOR functions. With specific EVENT and SELECTOR in-
stances, GLS reduces exactly to the LazySP or LRA∗ algorithm.
GLS may employ informed EVENT and SELECTOR functions
to improve the planning efficiency of LazySP/LRA∗. However,
this requires additional prior information (e.g., priors on edge
validity learned from experience), which may be unavailable
or may deviate from the true edge collision probabilities. A
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lazy incremental algorithm dealing with dynamically changing
graphs was introduced in [25] by combining the idea of lazy
search and lifelong planning [26].

B. MAPF and Conflict-Based Search

To solve MAPF problems, earlier works search the augmented
space of all agents. The single and dual-arm planning problem
was studied in [7]. It uses the ARA∗ algorithm to search an
implicit graph defined by motion primitives. By combining
individual agents as a single ‘joint agent’, the dimensionality
of planning space becomes too large. These methods may find
solutions that are far from the optimal one, and the convergence
rate to the optimal solution is slow.

CBS [1] uses a two-level planning paradigm. It uses the fact
that SAPF is much simpler than MAPF. The low-level of CBS
solves many SAPF problems and uses high-level planning to
resolve conflicts between agents. Several enhancements of CBS
have been proposed where admissible heuristics are developed
to guide the high-level search [27], [28]. Disjoint splitting for
conflict resolution was proposed in [29] to reduce duplication
of search efforts. The CBS-Budget (CBSB) algorithm was pro-
posed in [30]. A Class-Ordered A∗ algorithm, which finds the
shortest path with a minimal number of conflicts that is upper
bounded in terms of length, is used for the low-level planning of
CBSB. Continuous-time Conflict-Based Search was proposed
in [2] to remove time discretization, where Safe Interval Path
Planning was used for single-agent pathfinding in CBS.

All methods mentioned above consider a grid world. Multi-
robot kinodynamic motion planning was studied in [31] based
on CBS and discontinuity-bounded A∗. The proposed method is
used for multiple vehicle planning. Multimanipulator planning
was studied in [9]. Incomplete constraints that allow fast search
space pruning are introduced to prune the search space of CBS.
The resulting generalized ECBS algorithm obtains bounded
suboptimality. Note that the method proposed in this article
and [9] are complementary. The authors in [9] used incomplete
constraints as a heuristic to reduce the number of SAPF problems
needed by CBS, and used weighted-A∗ for SAPF [10], while our
method mainly focuses on more efficient SAPF methods. Our
article uses complete constraints (vertex and edge constraints);
incomplete constraints could be integrated following [9].

C. Manipulator Planning

Manipulator motion planning for human-manipulator inter-
action and collaboration was studied in [32], where human
motion prediction was utilized for proactive manipulator plan-
ning. In [33], the multiarm collaborative pick-and-place task
was studied. The closed-chain constraint is considered using a
probabilistic roadmap algorithm. The task considers a relatively
structured environment, reducing the complexity of obstacle
avoidance. Prioritized planning was used in [34], where a dual
arm is divided into a main arm and a slave arm. Based on the
RRT algorithm, the main arm planning is performed first, then
the main arm is treated as a dynamic obstacle with a known
trajectory in the slave arm planning. An asymptotically optimal
multirobot motion planning algorithm was proposed in [8],

where an informed search is performed on the tensor product
of roadmaps. Multimanipulator planning using CBS is studied
in [35], where online-generated experience is exploited to reduce
single-manipulator planning time at the low level of CBS.

III. PROBLEM FROMULATIONS

Given n manipulators working in a shared environment, we
label them as a1, . . . , an. Let the joint angles of manipulator i at
time k be ji,k, where ji,k is a vector with dimension equal to the
number of joints of manipulator i. The set of joint angles for all
n manipulators at time k is given by Jk = {j1,k, j2,k, . . . , jn,k}.
The set Jk is a valid joint angle set if there is no manipulator
self-collision, manipulator-obstacle collision, or manipulator-
manipulator collision at time k. A joint angle path for all n
manipulators P = (J1, . . . , JK) is a valid joint angle path if the
joint angle set Jk is valid for all time k = 1, . . . ,K along the
path.

The multimanipulator planning problem is defined as finding
a valid path P from a start joint angle set Js to a goal set Jg . The
cost ofP is the sum of all individual agent path lengths. We adopt
conflict-based search (CBS) [1] to solve the multimanipulator
planning problem. CBS is a two-level algorithm. The low-level
solves a series of SAPF problems and finds optimal paths for
the individual agents. For each agent ai, SAPF involves search-
ing a precomputed graph to find a valid shortest length path
pi = {ji,1, . . . , ji,K} from the start ji,1 to goal ji,K . Each path is
free from manipulator self-collisions and manipulator-obstacle
collisions, but overlooks manipulator-manipulator collisions.
The high-level planner checks for conflicts among all individ-
ual paths. Any manipulator-manipulator collision results in a
conflict. If no conflict is found, a valid path has been found.
Otherwise, the conflict is split into new constraints. Low-level
SAPF problems with the new constraints are then solved.

We use lazy search to solve the low-level SAPF. Collision
checking is one of the computational bottlenecks of manipulator
planning. To reduce the total number of collision checks, lazy
search methods use an edge cost heuristic before computing the
true edge cost. A graph G is given by a vertex set V and an edge
set E. We define the edge cost heuristic ŵ(e) for an edge e as
the length of the edge. The true edge cost w(e) is given by

w(e) =

{
ŵ(e), if e is not in collision,

∞, if e is in collision.
(1)

In the following sections, we first summarize our method for
constructing a graph for manipulator planning. Then, the lazy
search algorithm along with its properties is introduced. Finally,
we combine the two components with CBS to form the CBLS
algorithm.

IV. LAZILY EVALUATED SPARSE GRAPH

CBLS uses a precomputed graph for online pathfinding. With-
out loss of generality, we consider the path planning problem for
several identical manipulators. To deal with different manipula-
tors, we need to compute one graph for each manipulator model.
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Algorithm 1: SparseSampling.

The vertex sampling method is given in Algorithm 1. In Line 4,
we draw a sample from the joint angle space of one manipulator
using uniform random sampling. This step is repeated until a
self-collision-free sample v is found (Lines 5–6). We introduce
the parameter m_d ist as the lower-bound distance between
sampled vertices. The mindist function returns the minimum
distance d between v and all other vertices in V (Line 7). Vertex
v is rejected if d is less than m_d ist (Lines 8–10). Otherwise, v
is added to the vertex set V . We use count to keep track of the
number of consecutive rejected vertices. In Line 3, the algorithm
terminates if a maximum sample number N is reached or count
reaches max_count.

The parameter m_d ist controls the sparsity of the vertex
set, where all vertices are at least m_d ist away from each
other. Starting with a large m_d ist, we use a small number of
samples to cover the joint angle space of the manipulator. Using
the most recent vertex set V and gradually reducing m_d ist,
we obtain an incrementally denser graph using Algorithm
1, where the vertices are still approximately equally spaced.
Algorithm 1 is only for vertex sampling. To construct a graph,
we connect each vertex to its neighbors following the PRM∗
algorithm.

We check self-collisions during graph construction, while
manipulator–obstacle and manipulator–manipulator collisions
are handled via online lazy search. Because specific obstacles
are not considered during graph construction, the resulting
graph is environment-independent and can be reused across
environments with different obstacle configurations. We exploit
offline computation and online lazy search to reduce online
computation. Other online algorithms, such as RRT∗ and motion
primitive-based algorithms, also need to perform online self-
collision checking. Previous MAPF formulations often assume
a grid world that is fixed to a global frame, and all agents move
within this grid world. In contrast, in our manipulator planning
setting, the graph is agent-centric. Each manipulator has its own
graph. Two manipulators will occupy different workspaces even
if they have the same joint angles.

Algorithm 2: LEA∗.

V. LEA∗ ALGORITHM FOR SAPF

In this section, we provide a detailed description of the pro-
posed LEA∗ algorithm. LEA∗ is an efficient algorithm for SAPF,
which, in turn, helps reduce the planning time for CBS. LEA∗
uses lazy search and edge queue for tree expansion. We design
LEA∗ to have minimal changes compared to the original A∗
algorithm, thus having restrained computational overhead, by
searching the lazily evaluated graph (Section IV).

Similar to A∗, we define the cost-to-come and the heuristic
cost-to-go of the vertex v as g(v) and h(v), which are the cost
from vs to v given the current search tree and the estimated
cost from v to vg, respectively. Here, h(·) is an admissible and
consistent heuristic. The total estimated cost of the path passing
through v is given by

f(v) = g(v) + h(v). (2)

An edge is given by e = (v0, v1), where v0 is the source vertex
and v1 is the target vertex. We define the total estimated cost of
the path passing through edge e as

f(e) = g(v0) + ŵ(e) + h(v1). (3)

The LEA∗ algorithm is given in Algorithm 2. In Line 1, the
edges from the starting vertex vs to its successors vi are added
to the edge queue QE . The edges in QE are ordered by their
f -values given by (3). In Line 3, the best edge e = (v0, v1) with
the smallest f -value is popped from QE . The f -value is used
in the termination condition in Line 4. If the cost-to-come of
goal vertex g(vg) is less than or equal to f((v0, v1)), we have
found the shortest path. We can retrieve the shortest path from
vs to vg using the parent information of the vertices. Collision
checking is performed in Line 6. If the edge is collision-free, i.e.,
no manipulator self-collision or manipulator-obstacle collision,
the new cost-to-come of v1, gnew, is computed in Line 8. If gnew is
better than the current cost-to-come g(v1), g(v1) and the parent
of v1 are updated (Line 9–11). Finally, in Line 12, the edges
from v1 to its successors vi are added to the edge queue QE .

A simple illustration of the LEA∗ and its difference with the
A∗ algorithm is given in Fig. 2. Fig. 2(a)–(c) are the steps of
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Fig. 1. Manipulator planning setup. Given a valid start-goal configura-
tion pair of the manipulators, the CBLS algorithm generates a collision-
free joint angle path. A calibrated external camera is used to track the
locations of the obstacles.

LEA∗ and Fig. 2(d)–(f) are the steps of A∗. At the beginning
of LEA∗, four edges are added to the edge queue as shown in
Fig. 2(a). Note that these edges are only lazily evaluated using
the estimated cost ŵ, and ŵ is used to compute their f -values
according to (3). The best edge e4 is selected for edge evaluation.
In Fig. 2(b), e4 is evaluated using collision checking, and the
next edges are added to the queue. Repeating this process, the
best edge e7 in the current queue is selected for evaluation. For
A∗, all outgoing edges are evaluated when expanding a vertex.
In this example, by using lazy evaluation and an edge queue,
LEA∗ only evaluated two edges to find the solution, while A∗
evaluated eight edges.

A. Algorithm Analysis

In this subsection, we analyze the completeness, optimality,
and vertex efficiency of LEA∗. We first show that LEA∗ is
complete.

Proposition 1: If at least one solution exists for the single-
agent graph search problem, LEA∗ will return a solution. Oth-
erwise, it will return that no solution exists.

Proof: We first show that the algorithm terminates with
QE = ∅ and g(vg) = ∞when no solution exists. All edges have
positive edge costs. The new edge (v1, vi) is added to QE in
Line 12, Algorithm 2, only when we find a better path to v1

(Line 9). Since the cost-to-come to every vertex is decreasing
and lower bounded, Line 12 will only run a finite number of
iterations. Thus, QE = ∅ after executing Line 3 a finite number
of iterations. Therefore, LEA∗ will terminate with QE = ∅ and
g(vg) = ∞ if no solution exists.

Next, we consider the case when the problem has a solu-
tion. LEA∗ terminates when g(vg) ≤ mine∈QE

f(e) (Line 4)
or QE = ∅ (Line 2). If the algorithm terminated with g(vg) ≤
mine∈QE

f(e), we have g(vg) < ∞, which implies a solution
has been found.

Let (e0, e1, . . . , en−1) (equivalently, (vs, v1, v2, . . . , vg)) be a
solution path. Initially, e0 ∈ QE . After evaluating e0, e1 is added
to QE . Similarly, after evaluating e1, edge e2 is added to QE . If
the algorithm terminates with QE = ∅, it must have evaluated

e0, e1, . . . , en−1. Thus, the algorithm has found this solution, and
the returned solution is at least as good as (e0, e1, . . . , en−1). �

Next, we prove the optimality properties of LEA∗.
Proposition 2: If at least one solution exists for the graph

search problem, LEA∗ finds the minimum cost solution.
Proof: Let τ ∗ = (vs, v

∗
1 , v

∗
2 , . . . , v

∗
n−1, vg) (equivalently

(e∗0, e
∗
1, . . . , e

∗
n−2, e

∗
n−1)) be an optimal solution path with

path cost c∗. Let τ = (vs, v1, v2, . . . , vn−1, vg) (equivalently
(e0, e1, . . . , en−2, en−1)) be the solution path returned by LEA∗.
The cost of τ is c. To prove optimality, we need to show that c
is equal to c∗.

To reach a contradiction, let us assume c∗ < c. Note that
max{f(e∗0), f(e∗1), . . . , f(e∗n−2), f(e

∗
n−1)} ≤ c∗. Also, g(vg) =

c ≤ mine∈QE
f(e) holds when LEA∗ terminates. At the begin-

ning of LEA∗, e∗0 ∈ QE . Therefore, e∗0 must have been evaluated
before c ≤ mine∈QE

f(e) is true. After evaluating e∗0, the vertex
v∗1 is added to the expansion tree, and edge e∗1 is added to
QE . By repeating this analysis, e∗1, . . . , e

∗
n−2, e

∗
n−1 must all have

been evaluated before c ≤ mine∈QE
f(e) is true. After evaluating

e∗1, . . . , e
∗
n−1, we have found a path to vg and f(vg) ≤ c∗. Since

the f(vg) is nonincreasing, the algorithm will never return a path
with cost c > c∗. Therefore c = c∗. �

The next result illustrates the optimal vertex efficiency prop-
erty of LEA∗.

Proposition 3: LEA∗ has the same vertex efficiency as A∗.
Furthermore, the evaluated edge set of LEA∗ is a subset of the
evaluated edge set of A∗.

Proof: For LEA∗, we call evaluating any outgoing edge
of vertex v as “expanding v.” A∗ expands v by evaluating all
outgoing edges of v. Vertex v is expanded in LEA∗ if a subset
of its outgoing edges is evaluated.

From the previous section, we know that LEA∗ finds an
optimal path. Let τ ∗ = (e∗0, e

∗
1, . . . , e

∗
n−2, e

∗
n−1) be the path

found by LEA∗, and c∗ be the cost of τ ∗. Let T = (V,E) and
T e = (V e, Ee) be the expansion tree grown by A∗ and LEA∗,
respectively. Let W v and W e be the set of vertices expanded by
A∗ and LEA∗, respectively. By showing W e ⊆ W v , we prove
the optimally efficient search of LEA∗. Note that if W e ⊆ W v ,
we have V e ⊆ V .

Assume W e �⊆ W v . Then, there exists v, such that v /∈ W v ,
v ∈ W e, v ∈ V e and v ∈ V . To show this, we start with v0 ∈
W e, and v0 /∈ W v . Then, v0 ∈ V e (vertex must be in the tree
for it to be expanded). If v0 /∈ V , we find v1, which is the parent
of v in T e. Then, we have v1 ∈ V e, v1 ∈ W e, and v1 /∈ W v . If
v1 /∈ V , we repeat this process by finding its parent vertex in
V e, and one of these parents vi must satisfy vi ∈ V since V and
V e share the same root vertex.

From v /∈ W v , we have c∗ ≤ f(v) = g(v) + h(v). From
v ∈ W e, we have that there exists vi ∈ Succ(v), such that
f((v, vi)) = g(v) + ŵ((v, vi)) + h(vi) ≤ c∗. Note that f(v) ≤
f((v, vi)). Then, we have

c∗ ≤ f(v) ≤ f((v, vi)) ≤ c∗ (4)

which only holds when f(v) = f((v, vi)) = c∗. Note that

max{f(e∗0), f(e∗1), . . . , f(e∗n−2), f(e
∗
n−1)} ≤ c∗. (5)

This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination. 

Authorized licensed use limited to: Georgia Institute of Technology. Downloaded on July 05,2026 at 18:17:10 UTC from IEEE Xplore.  Restrictions apply. 



6 IEEE/ASME TRANSACTIONS ON MECHATRONICS

Fig. 2. Illustration of the steps of LEA∗ ((a)–(c)) and A∗ ((d)–(f)). The set below each figure is the current edge queue or vertex queue. Dashed
red lines are edges that are lazily evaluated. Solid red lines are evaluated edges. In (a), four edges are added to the edge queue, and e4 is selected
for evaluation. In (b), e4 is evaluated, the next edges are added to the edge queue, and e7 is selected. By using lazy evaluation and an edge queue,
LEA∗ only evaluated two edges while A∗ evaluated eight edges.

Using (5), in order for (v, vi) to be evaluated by LEA∗, there
exist e∗i = (v0, v1) ∈ τ ∗, such that f(e∗i ) = c∗ and g(v) < g(v0).
Otherwise, all e∗i ∈ τ ∗ have a higher priority than (v, vi) and
(v, vi) will not be evaluated. Using f(v) = c∗ and g(v) <
g(v0) ≤ g(vg), v has a higher priority than vg . Therefore, v must
be expanded by A∗ before vg is selected from the vertex queue.
Therefore, v ∈ W v , contradicting v /∈ W v . Thus, W e ⊆ W v

and LEA∗ is optimally vertex efficient.
Since A∗ evaluates all outgoing edges of v ∈ W v and LEA∗

evaluates a subset of outgoing edges of v ∈ W e, LEA∗ evaluates
fewer edges than A∗. �

LEA∗ is an efficient SAPF algorithm. To integrate it into
CBLS, a time dimension is added, similar to time-expanded
A∗ [37], and a constraint set is added. Denote the constraint set
as C, which will be clarified in Section VI. We add two lines
after Line 5 to check if (v0, v1) ∈ C or not. If (v0, v1) ∈ C, this
edge has a conflict with other manipulators and is skipped. The
algorithm moves to its next iteration.

VI. CBLS ALGORITHM FOR MAFP

CBLS uses a precomputed graph and makes use of LEA∗ for
MAPF. It solves constrained SAPF problems for each manipula-
tor, checks for any conflict between planned paths, and resolves
the conflict by adding new constraints for SAPF problems. It
repeats this process until a solution is found or no solution can
be found.

In the original CBS algorithm, vertex conflicts and edge
conflicts are defined for grid world problems. For manipulator
planning, we treat a vertex conflict as a special case of an edge
conflict. Therefore, we only consider edge conflicts. After solv-
ing the SAPF problems for each manipulator, we obtain the paths
of agent i andk which are given by pi = {ji,1, ji,2, . . . , ji,L} and
pk = {jk,1, jk,2, . . . , jk,M}, respectively. Note that joint angle

Algorithm 3: CBLS.

j is a vertex v of the graph since we sample vertices in the joint
angle space. We assume that each segment of the path (edge)
takes one unit of time to travel. This assumption is reasonable as
graph vertices are approximately equally spaced. Then pi takes
L units of time, and pk takes M units of time. If L > M , we
can always append an appropriate number of jk,M to pk such
that pi and pk have the same length. This is also true for the case
L < M .
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Fig. 3. Planning results for a 7DOF manipulator.

When checking for conflicts between pi and pk, we sequen-
tially check for any collisions between edges in pi and pk.
If a collision happens between (ji,�, ji,�+1) and (jk,�, jk,�+1),
a conflict is formed given by ((ji,�, ji,�+1), (jk,�, jk,�+1), �).
This conflict states that agent i and k cannot move along the
edge (ji,�, ji,�+1) and (jk,�, jk,�+1) simultaneously at time �. To
resolve this conflict, a new constraint ((ji,�, ji,�+1), �) is added
to the constraint set Ci and a new constraint ((jk,�, jk,�+1), �) is
added to Ck. In the next iteration of CBLS, SAPF problems with
the updated constraint set are solved for agents i and k.

The CBLS algorithm is given by Algorithm 3. In Lines 1–5, in-
dividual SAPF problems for each agent are solved using LEA∗.
Initially, the constraint set ci for each agent i is empty. si and
costi are the planned path and path cost for agent i, respectively.
The nodes in the conflict tree save the planning solutions for all
agents. The initial solution is saved in the Root node. The queue
Q is initialized with the Root node (Line 6). The nodes in Q are
prioritized by the total path cost of all agents. In Line 8, the node
with the lowest cost is popped fromQ. Manipulator-manipulator
collision checking for paths in P is performed in Line 9. If no
conflict is found among the paths, a solution is returned (Lines
10–11). Otherwise, the conflict is resolved in Lines 12–18. For
each armi affected by the conflict, the constraint set is updated
(Line 13), and a SAPF problem is solved for armi using LEA∗
(Line 14). We update P with the new solution of armi (Lines
16–17), and a new node Pnew is added to the queue Q (Line 18).

VII. SIMULATION AND EXPERIMENTS

In this section, we first provide simulation results for LEA∗
and CBLS. For single-manipulator planning, we compare three
SAPF algorithms: LEA, A∗, and LazySP. For multimanipulator
planning, we consider scenarios with up to five manipulators
operating in close proximity and compare the proposed CBLS
algorithm with CBS and RRT-connect. CBS uses A∗ for low-
level SAPF planning and RRT-connect plans in the composite
state space. Then, real-world experiments based on the CBLS
algorithm are conducted with two UR5 manipulators.

A. LEA∗ Simulation Results

We consider tabletop planning problems for a 7-DOF KUKA
manipulator. The PyBullet simulator [38] is adopted for the
simulations. The planning environment is shown in Fig. 4. Cubic
obstacles are randomly placed on the tabletop. We generate
different environments by varying the number, the location, and
the size of obstacles in each environment. The environment is

Fig. 4. Single manipulator tabletop example.

divided into sparse, medium, and cluttered environments where
the number of obstacles are 4, 8, and 12, respectively. A back
wall and a ceiling are used to limit the operational space of
the manipulator. The width, depth, and height of each obsta-
cle are sampled uniformly and randomly from their respective
intervals. The locations of the obstacles on the table are also
sampled. We sampled 30 environments in total, and graphs with
different sizes were precomputed. We consider small graphs,
medium graphs, and large graphs with N = 1000, N = 5000,
and N = 10000, respectively. We use the Manhattan distance
to sum the path lengths across individual degrees of freedom
and across different manipulators. We set max_count = 2000,
m_dist = 3, 2.7, 2.5, respectively, and the connecting radius
r = 5, 4.5, 4.2, respectively. By randomly sampling 50 start-goal
queries for each environment and graph combination, the total
number of planning problems is 4500.

The planning results for A∗, LazySP, and LEA∗ are given
in Table I. The three algorithms were tested using the same
4500 problems. The statistics vary considerably across different
planning problems, and Table I reports the average results. A∗,
LazySP, and LEA∗ use a cost-to-go heuristic h(·) to guide
the graph search. While searching with an admissible heuristic
guarantees path optimality, using an inflated heuristic has been
shown to reduce planning time at the cost of optimality [6], [7].
Bounded suboptimal solutions can be obtained by inflating h(·)
with a factor ε [39]. Results with inflation factor ε = 2 are also
reported in Table I.

For A∗ and LEA∗, the planning time is approximately pro-
portional to the number of evaluated edges during the search.
Using lazy edge evaluation, LEA∗ reduces edge evaluation
significantly compared to A∗. LazySP assumes all edges are
collision-free and uses A∗ to find the best path. Then, the best
path is checked for collision. If a collision happens, the graph
is updated, and a new planning problem is solved using A∗.
LazySP is shown to evaluate the minimum number of edges
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TABLE I
PLANNING RESULTS FOR A 7-DOF MANIPULATOR

Fig. 5. Results for different parameter N . The results are obtained by
testing LEA∗ (ε = 2) on the same set of problems by varying N .

(edge optimal) at the cost of repeatedly calling the A∗ algorithm
in the inner loop. As shown in Table I, even if LazySP evaluates
the minimum number of edges, LEA∗ is up to three times
faster than LazySP for N = 5000 and N = 10000, as LazySP
requires more graph operations such as priority queue updating
and vertex expansions. LEA∗ uses the least amount of time to
find the same solution compared to the other two algorithms. It
performs 7-DOF manipulator planning at 30–50 Hz.

In Table I, the planning time and edge evaluations are further
reduced with an inflation factor ε = 2. More results for different
inflation factors are shown in Fig. 3. With only a slight increase
in path length, the planning time decreases considerably, and
the edge evaluations of LEA∗ approach those of LazySP. A
study regarding different graph sizes is provided in Fig. 5. LEA∗
with ε = 2 is applied to the same set of planning problems
with varying graph sizes N . As the graph size increases, the
success rate improves and the path length decreases. Note that
the planning time also decreases on average. This improvement
is due to the inflation factor, which helps focus the search. Also,
a denser graph reduces detours between the start and goal. As
shown in Table I, the planning time may increase with larger N
when ε = 1.

B. CBLS Simulation Results

Planning problems for two-manipulator, three-manipulator,
four-manipulator, and five-manipulator systems were studied.

Fig. 6. Multimanipulator planning.

The planning environments are shown in Fig. 6. Fig. 6(c) repre-
sents a shelf environment. In the other three environments, the
obstacles are randomly sampled following the single manipula-
tor case. We construct a graph with N = 5000, 10000, 20000,
and 40000 vertices, respectively. We set max_count = 2000,
m_dist = 2.7, 2.5, 2.2, 2, respectively, and the connecting radius
r = 4.5, 4.2, 4.0, 3.5, respectively. For each environment, we
sampled 20 start-goal queries.

CBLS, CBS, and RRT-connect were used to solve the same
set of planning problems. Both CBLS and CBS used the same
precomputed graphs (Section IV). The only difference is that
CBLS uses LEA∗ for SAPF while CBS uses A∗ for SAPF. An
additional time dimension is added to A∗ and LEA∗. Each vertex
can move to its neighbors or stay at its current position at the
next time step.

The RRT-connect algorithm is a representative algorithm
for solving high-dimensional planning problems. It is proba-
bilistically complete but does not guarantee properties such as
asymptotic optimality. For many planning problems, it is one of
the fastest algorithms for finding a feasible solution; however,
the resulting solutions are typically of low quality [36]. By
combining the joint angle spaces of all manipulators, we use
RRT-connect to solve planning problems with state spaces of up
to 35 dimensions. Since RRT-connect is a randomized algorithm,
it produces different solutions for the same problem across runs.
We solve each problem ten times using RRT-connect and use the
average results for comparison. CBLS and CBS are deterministic
algorithms. For each planning problem, CBLS/CBS returns the
same solution, with nearly identical planning times across runs.
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TABLE II
PLANNING RESULTS FOR THREE MANIPULATORS

TABLE III
PLANNING RESULTS FOR FIVE MANIPULATORS

Fig. 7. Multimanipulator planning Success Rate (SR). SR decreases
as the number of manipulators increases. SR increases as the graph
size parameter N increases.

We set the maximum planning time to 15 seconds. The
planning query fails if the algorithm returns no solution or
if the planning time exceeds 15 seconds. The success rate of
multimanipulator planning is given in Fig. 7. For CBLS, the
planning success rate increases as the graph size N increases.
The success rate decreases with the number of manipulators.
RRT-Connect achieves high success rates for two- and three-
manipulator planning; however, its performance drops rapidly
for four and five manipulators, as the planning time often exceeds
the 15-s limit.

Multimanipulator planning results are given in Tables II
and III. The planning results of two manipulators and four ma-
nipulators can be found at https://youtu.be/qC--BcjcdwA. The
planning time of CBLS outperforms CBS and RRT-connect for
all cases, on average. Compared to RRT-connect, which directly
composes the DOF of all manipulators, our CBLS combines
precomputation, fast SAPF, and CBS. CBLS and CBS also find
paths with shorter lengths compared to RRT-connect. In CBLS
and CBS, edge evaluation requires checking the collision of
an edge for a single manipulator, while in RRT-connect, edge
evaluation requires checking the collision of all manipulators.
From the results of Tables II and III, it is evident that using an
inflated heuristic is beneficial. It greatly decreases the planning
time, returning bounded suboptimal solutions that only increase
the (resolution) optimal path length by a small factor.

Fig. 8. Planning with dynamic obstacles.

Dynamic obstacles can be handled by replanning. At every
time step, the predicted trajectories of the moving obstacles
within a future time horizon are used for planning. Beyond this
horizon, the dynamic obstacles are not considered. Thus, the
planned multimanipulator path is guaranteed to be collision-free
within the upcoming horizon. As the manipulators move along
the planned path, the obstacle trajectories for the next horizon be-
come available. Replanning is triggered if any potential collision
is detected. This procedure is repeated until the manipulators
reach their goals. Path planning for three manipulators, while
avoiding dynamic obstacles, is demonstrated in Fig. 8. The
planning time is correlated with the duration of the predicted
obstacle trajectories. In this example, the planning frequency is
above 5 Hz, and the time horizon can be set to 0.2 s. With a
faster planner, less information about the moving obstacles is
required.

C. CBLS Experimental Results

We performed extensive real-world experiments using the
CBLS algorithm for two-manipulator planning. The environ-
ment setup is shown in Figs. 1 and 9. Two UR5 manipulators
were used, and obstacles (shown as wooden bricks) were ran-
domly placed. Similar to the KUKA manipulator example, a
simulation environment was built to replicate the experiment
environment. We use an external camera and QR codes to
identify and localize obstacles. After calibrating the camera and
the manipulator system, we compute the obstacle locations in
real time in the manipulator’s coordinate frame. This approach
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Fig. 9. Two planning examples. CBLS plans collision-free paths for the
UR5 manipulators to move from their starting configurations to the goals
(shown in transparent mode).

provides a relatively accurate model of the environment. Future
work includes conducting more complex experiments, adopting
more sophisticated perception methods, and planning under
uncertainty. Our experiments show that CBLS achieves real-
time planning. Manipulator self-collision, manipulator-obstacle
collision, and manipulator-manipulator collision were avoided
successfully during the experiments. Snapshots of the two ma-
nipulators switching goals are shown in Fig. 9. Animations of
the experiments and simulations can be found at https://youtu.
be/qC--BcjcdwA.

VIII. CONCLUSION

This article introduces the CBLS algorithm for fast planning
in high-dimensional spaces. CBLS is based on CBS, a start-of-
the-art backbone for many MAPF algorithms and is tailored for
manipulator planning. It introduces two enhancements to CBS
for solving SAPF problems more efficiently. First, a lazily evalu-
ated graph is used with controlled sparsity, which is precomputed
for online planning. This graph is environment-independent and
can be applied to any number of manipulators. Second, Lazy
Edged-based A∗ (LEA∗) is utilized as the low-level planner of
CBS for efficient SAPF. It is shown that LEA∗ is complete, finds
the optimal solution, is optimally vertex efficient, and reduces
the number of collision checks using lazy search. Various simu-
lations are conducted to demonstrate the theory. The advantages
of LEA∗ and CBLS are illustrated by comparing them with
their respective competing algorithms. Practical applications
of CBLS on a two-manipulator system are also conducted to
validate the proposed methods.
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