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Autonomous Planning and Control for Intelligent Vehicles in Traffic
Changxi You Jianbo Lu Dimitar Filev Panagiotis Tsiotras

Abstract—This paper addresses the trajectory planning prob-
lem for autonomous vehicles in traffic. We build a stochastic
Markov decision process (MDP) model to represent the behav-
iors of the vehicles. This MDP model takes into account the road
geometry and is able to reproduce more diverse driving styles.
We introduce a new concept, namely, the “dynamic cell,” to
dynamically modify the state of the traffic according to different
vehicle velocities, driver intents (signals) and the sizes of the
surrounding vehicles (i.e., truck, sedan, etc.). We then use Bézier
curves to plan smooth paths for lane-switching. The maximum
curvature of the path is enforced via certain design parameters.
By designing suitable reward functions, different desired driving
styles of the intelligent vehicle can be achieved by solving a
reinforcement learning problem. Desired driving behaviors (i.e.,
autonomous highway overtaking) are demonstrated with an in-
house developed traffic simulator.

Keywords: Reinforcement learning, Bézier curve, curvature
constraint, dynamic cell, path planning, autonomous vehicle.

I. INTRODUCTION

A self-driving vehicle is able to drive using different
sensing modalities such as computer vision, localization,
lidar, radar, ultrasound, etc to detect its environment. Au-
tonomous vehicle technology is expected to significantly
reduce collisions and resulting injuries, improve traffic
congestion, enhance mobility for the disabled [1], and
consequently, represents a major trend in the intelligent
transportation systems in the future.

Several established automotive companies and startups
are currently developing autonomous vehicles technol-
ogy [2]–[6]. Technical issues related to the development of
self-driving vehicles exist at three levels, including percep-
tion, planning and control. The perception level includes
sensing and filtering of measured data. The filtering system
removes the noise from the measurement data obtained us-
ing the sensing system and generates reasonable estimates
of the states that cannot be directly measured in the local-
ization process [7]–[9], and captures the necessary features
from the environment (i.e., obstacles and road centerline)
in the cognition process [10], [11]. In the planning level
three tasks are completed, which include mission planning,
where the vehicle solves a routing problem, behavioral
planning, where a suitable action is selected from an
available set, and path planning, where the vehicle’s future
trajectory is generated with respect to certain constraints
and boundary conditions [12]–[15]. Finally, the control level
stabilizes the vehicle and achieves the planned trajectory.
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Numerous algorithms have been developed over the
past decade for real-time path planning for autonomous
vehicles, which can be categorized into three groups ac-
cording to the methodology used to develop them, namely,
sampling-based [14], [16], graph-search methods [17], [18],
and geometry-based path planning [19]–[21]. In [14] the
authors presented a path planning algorithm using Rapidly-
exploring Random Trees (RRTs). They implemented the
algorithm on a self-driving vehicle during the 2007 DARPA
Urban Challenge. The path planning approaches using RRTs
can efficiently explore the space and can handle obstacle
avoidance problems. Nevertheless, since the search tree
is built incrementally from the direction of the samples
randomly chosen from the search space, an additional
smoother may be required to smooth the path. Cimurs
et al. [18] used Dijkstra’s algorithm in order to find
the shortest viable trajectory by connecting the Vonoroi
vertices, such that the trajectory keeps the largest clearance
from all the obstacles in the environment. They then
used Bézier curves as an additional smoother to locally
smooth the path with respect to the maximum curvature
constraint by selecting and aligning the control points.
Some researchers plan a smooth trajectory without using
any additional smoother. In [19], [20] Choi et al. proposed
several geometry-based algorithms using Bézier curves for
path planning. The curvature of such designed paths is
continuous, and the paths are able to meet the require-
ment of the road boundary constraints. Shim et al. [21]
represented a smooth path using a parameterized 6th-
order polynomial. This path planning algorithm successfully
avoided multiple static/moving obstacles in different tasks.
Gómez et al. represented the state space of the vehicle
using a number of grids and proposed to use the so-called
control adjoining cell mapping and reinforcement learning
(CACM-RL) algorithm to learn the vehicle dynamics and
obtain the optimal motion planning that satisfies certain
obstacle constraints [22]. A more extensive literature review
on path planning for developing self-driving technlogies is
found in [23], [24].

In this paper we concentrate on the planning and control
problems for self-driving vehicles in highway traffic. Based
on the premise that true integration with existing traffic
will not be possible until autonomous vehicles behave in
a predictable manner, in this paper we wish to generate
the behavioral planning of an expert driver such that the
autonomous vehicle can mimic human-like driving pat-
terns. That is, we wish to reproduce expert driving styles
that involves typical driving actions such as lane-switching,
lane-keeping, speed maintaining, braking and accelerating,
by taking into account the stochastic driving actions of the
traffic vehicles.



Contributions

The main contributions of this work can be summarized
as follows: 1) We propose to use an MDP to model the
stochastic behaviors of the vehicles in highway traffic.
Specially, this model takes into account the road geometry
in order to show different driving policies during cornering.
We solve the proposed MDP problem to obtain the optimal
control strategy using reinforcement learning; 2) In order to
deal with complicated traffic information such as different
vehicle velocities, driver intent (signals) and the size of the
other vehicles (i.e., truck, sedan, etc.), we introduce a new
concept, namely, the “dynamic cell”, to dynamically modify
the state of the model before making driving decisions. This
approach is easy to implement and is easily scalable so
as to incorporate other driving scenarios such as pedes-
trians, static/moving obstacles and road intersections; 3)
We propose two path planning algorithms using both joint
quadratic Bézier curves and fourth order Bézier curves. The
optimal choices of the control points are provided in terms
of the desired maximum curvature, hence a path satisfying
the given curvature constraints can be generated in real-
time. The fourth order Bézier curves are C 2 continuous
and show better tracking performance when an output
regulation tracking controller is implemented.

The rest of this paper is organized as follows: Section II
builds a stochastic MDP traffic model and introduces the
concept of the “dynamic cell”. Section III introduces the
vehicle model used in this work. Section IV and V outline
the algorithm to generate smooth paths using Bézier curves
as well as the design of the low-level controllers. Section VI
implements an RL algorithm to determine the optimal pol-
icy and implements the controllers on a driving simulator.
Finally, Section VII summarizes the results of this work.

II. TRAFFIC MODELING

In this section we introduce the stochastic MDP traffic
model used in this work. In the following sections we solve
this MDP problem using RL techniques in order to learn
the optimal policy and achieve the desired driving styles.

A. Markov Decision Process

An MDP can be represented with a 6-tuple
(S, A,R,T ,γ,D), where S denotes a set of states that
characterizes a dynamically changing environment, A
denotes a action set that provides all available actions
the agent is able to select, R is the reward function that
defines the reward the agent receives by taking certain
action, T denotes a state transition matrix that specifies
the transition probability between each pair of the states,
γ ∈ [0,1) is the discount rate, and D represents the initial
state distribution.

Given an MDP, we want to determine the optimal policy
π∗ for every state by maximizing the expected cumulative
discounted reward as follows

π∗ = arg max
π

E
[ ∞∑

t=0
γt R(st ,π(st ))

]
, (1)

where π : S → A is a policy that determines an action the
agent takes at the present state st , and R(st ,π(st )) is the

corresponding reward to be obtained immediately by taking
the action at =π(st ).

B. System Modeling

In order to characterize the behavior of the traffic, we
build an MDP model as follows. Figure 1 shows a segment
of multi-lane highway with a couple of vehicles. We assume
that each vehicle wants to maintain a constant speed which
represents the average traffic flow speed, and each vehicle
wants to maximize the total rewards it receives from a set of
possible actions. The idea is that if one is able to construct
the reward function corresponding to an “experienced”
driver, one will be possible to generate the driving style
of such driver using certain RL techniques [25].

Fig. 1. A scene of the highway traffic.

Fig. 1 shows several vehicles inside a red rectangle. The
driver of the blue vehicle in the middle of the rectangle
has several available actions. She can maintain the current
speed, accelerate, or brake shortly to take up the space in
front of or behind the vehicle, or switch to the left/right lane
if they are available. For simplicity, we designate the vehicle
we control as the host vehicle (HV), and all surrounding
vehicles as traffic vehicles (TVs). Subsequently, there is only
one controlled agent in the MDP system. The action set
for the HV/EVs is represented by A ≜ {“accelerate”, “brake”,
“maintain”, “left-turn”, “right-turn”}.

1) State Definition: We define the state of the MDP using
the position of the HV and the positions of the surrounding
TVs. In Fig. 2, we partition the highway segment into small
grids using the white dashed lines and denote the HV using
the green vehicle. The states of the system consider the
three scenarios in Fig. 2: In 1⃝ the HV is in the internal
lane and the state is represented using nine cells, and in
2⃝ and 3⃝ the HV is in the lane next to the road sides

and the state is represented using six cells. The number of
the internal-lane states is 28 = 256, and the number of the
left(right)-boundary states is 25 = 32. In order to analyze
how the road geometry effects on the driver’s policy, we
consider three different road curvatures to demonstrate left-
turn, right-turn, and straight roads. The total number of
the states is therefore 320×3 = 960. This is not restrictive
however. It is worth mentioning that the model is easily
scalable to account for driving scenarios having as many
lanes and vehicles as desired.
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Fig. 2. State definition: 1⃝ 9-cell internal-lane state, 2⃝ 6-cell left-boundary
state and 3⃝ 6-cell right-boundary state

2) State Transitions: The state transition process is mod-
eled to mimic real-world driving scenarios. Our assump-
tions are summarized as follows: 1) the number of lanes n
is greater than equal to two (n ≥ 2); 2) the number of TVs
N is not larger than eight (0 ≤ N ≤ 8); 3) each TV has its
own policy; 4) the TVs take a random action; 5) at each step
each TV in the system takes one action; and 6) no accident
can happen due to the actions of the TVs.

The state transition process can be divided into two steps:
First, the HV takes an action according to the current state
st and its policy π(st ). Second, the TVs take an action in
a random sequence following their own policies. The next
state st+1 is formulated using the current positions of the
vehicles (see [26]).

C. Reward Function

The driver’s actual reward function is, of course, unknown
and it is a difficult task to design the reward function for a
specific driver. Moreover, the reward function may change
with time and it may be different for each driver. A widely
used approach to design the reward function is to express
it as a function of certain features based on the state of
the MDP and the action of the agent. In this paper we use
a linear combination of features to represent the reward
function [27]–[31], which is given as follows

R(s, a) = w TΦ(s, a), (2)

where Φ(s, a) denotes the feature vector and w denotes
the weight vector. In this paper the features in Φ(s, a) are
defined using binary values that indicate whether a certain
argument is true or not. The features are selected as follows:

1) Action feature. The driver may receive different re-
wards by taking different actions.

2) Lane of the HV. The driver may want to drive inside a
certain lane.

3) Overtaking style. The driver may have different pref-
erences for left/right lanes of the front car to complete
overtaking in a corner.

4) Tailgating style. The feature value is “true” if the HV is
behind a TV and “false” otherwise.

5) Accident incident. Accident happens if the HV enters
a cell occupied by a TV.

In order to generate a certain driving behavior, we can
change w and learn the optimal policy by maximizing the
objective function in (1) using reinforcement learning [26],
[32].

D. Dynamic Cell

The traffic model in Section II does not consider different
vehicle sizes (i.e., truck, sedan, motorcycle, etc.), or vehicle

velocities. Instead of discretizing the speeds of the TVs
[33], [34], which tend to increase the dimensionality of the
MDP problem, here we introduce a new layer, namely, the
“dynamic cell” layer, into the control architecture to account
for these additional problem parameters.

We assume that each vehicle intends to keep a safe
distance from the vehicle in front depending on its current
longitudinal velocity. The length of the dynamic cell for the
host vehicle is therefore defined by

LHV =∆T ×VHV +ℓHV (3)

where ∆T is the time constant that defines the minimum
distance one wants to keep from the front vehicle, and ℓHV

is the chassis length of the host vehicle. When the host
vehicle is static, LHV equals to the length of the vehicle
itself. The 9-cell state of the traffic MDP model is therefore
defined with a specified size as shown in the first picture
in Fig. 3.

Fig. 3. Dynamic cells.

Similar to (3), the definition of the cell length for the
TVs requires a modification term depending on the relative
speed of the TV with respect to the HV

LTV =∆T ×VTV +ℓTV +|∆V |∆t , (4)

where VTV and ℓTV are the longitudinal velocity and the
chassis length of the TV, respectively and ∆t is the time
constant that determines how much the TV approaches the
HV in the next step. This is shown at the second picture in
Fig. 3 . If the green TV is slower than the HV, the cell this
TV occupies will move backward with a distance |∆V |∆t
due to the relative velocity ∆V , and hence it overlaps with
the cell on the left of the HV. As a consequence, the left
cell of the HV is not available for the lane-switching action.
Other special cases, such as when there is a truck or some
static obstacle in traffic, can also be handled by dynamically
changing the cells. One can see Fig. 3 for a graphical
explanation.

The cell width for either the HV or the TVs is naturally
defined using the lane width. The signal light indicates the
driver’s intent and the HV is able to predict the motion of
a TV by its signal light (i.e., the left/right turn signals and
the braking light) and avoid taking dangerous actions. One
can change the cell width of a TV according to its signal
lights to indicate the area this TV occupies.
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III. VEHICLE MODELING

We design low-level controllers to implement the desired
actions for each vehicle. To this end, we first present the
vehicle model used in this work.

A. Single Track Vehicle Model

The single track vehicle model takes into consideration
the longitudinal and lateral translation, as well as the the
vehicle’s yaw motion, as shown in Fig. 4.
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Fig. 4. Single-track vehicle model.

In this figure, XB −CG −YB and XI −O −YI denote the
body frame fixed on the vehicle and the inertial frame
fixed on the ground, respectively. V , Vf and Vr denote the
velocities at the vehicle’s center of mass (CG) and the front
and rear wheels, respectively, and αf, αr and β denote
the side slip angles of the front and the rear wheel and
CG, respectively. The parameters fi j (i = F,R and j = x, y)
denote the longitudinal tire forces at the front wheels and
the lateral tire forces at the rear wheels, respectively, ℓf and
ℓr denote the distances from CG to the front and rear axles,
respectively, and ψ and r denote the yaw angle and the
yaw rate, respectively. Finally, δ represents the front wheel
steering angle. The equations of motion are given as follows
[35]

V̇x = ( fFx cosδ− fFy sinδ+ fRx)/m +Vyψ̇, (5a)

V̇y = ( fFx sinδ+ fFy cosδ+ fRy)/m −Vxψ̇, (5b)

ṙ = (
( fFy cosδ+ fFx sinδ)ℓf − fRyℓr

)
/Iz, (5c)

where m denotes the mass of the vehicle, Iz denotes the
moment of inertia about the vertical axis, and Vx and Vy

denote the two components of the velocity V along XB and
YB direction, respectively.

B. Tire Forces Model

The tire slip is defined by the relative velocity of each tire
with respect to the road, which is given by

si j x = Vi j x −ωi j x R j

ωi j x R j
, si j y =

Vi j y

ωi j x R j
, (6)

where i = L,R and j = F,R. Vi j k (k = x, y) is the tire
frame component of the vehicle velocity of each tire. The
comprehensive slip of each tire can be therefore computed
using si j =

√
s2

i j x + s2
i j y . The friction coefficient for each tire

is computed using Pacejka’s “magic formula” (MF), which
is given as follows [35]–[37]

µi j = D sin
(
C atan

(
BSE −E

(
BSE −atanSE

)))+Sv, (7)

where B ,C ,D,E are the stiffness, shape, peak and curvature
factors, respectively; Sv is the vertical shift. We use Sh to
denote the horizontal shift, then the term SE = si j −Sh.

We compute the tire friction forces using the following
equation,

fi j k =− si j k

si j
µi j fi j z , i = L,R; j = F,R; k = x, y. (8)

where fi j z denotes the vertical load on each tire.

C. Model Linearization

During lane-keeping or certain similar path-tracking
tasks, the steering angle of the front wheel is typically small
and the tires may only work within their linear zone of
friction. Under these conditions, one is able to simplify the
equations in (5a)-(5c) and (7). By further assuming that the
longitudinal velocity Vx of the vehicle can be treated as
constant during these tasks, we can represent the vehicle’s
equation of motion as follows

β̇=−Cf +Cr

mVx
β+

(ℓrCr −ℓfCf

mV 2
x

−1
)
r + Cf

mVx
δ, (9a)

ṙ = ℓrCr −ℓfCf

Iz
β− ℓ2

r Cr +ℓ2
f Cf

IzVx
r + ℓfCf

Iz
δ, (9b)

where β denotes the slip angle, and Cf and Cr denote the
cornering stiffness of the front wheels and the rear wheels,
respectively.

IV. PATH PLANNING

A single lane change maneuver is required to be smooth
and safe. A mathematical description of this maneuver nat-
urally leads to two separated tasks, namely, path planning
and path tracking.

TABLE I
AVAILABLE PATH GENERATING METHODS.

Method: circular trajectory [38].
Description: two constant radius arcs connected with a line segment.
Advantage: short computation time.
Disadvantage: discontinuities of the curvature.

Method: arcs combination [38].
Description: several arcs having different radii.
Advantage: smoother transition between arcs.
Disadvantage: discontinuities of the curvature.

Method: arcs and clothoids [39].
Description: constant radius arcs connected with clothoids.
Advantage: continuous curvature.
Disadvantage: More computing time.

Method: polynomial trajectory [38].
Description: the path is a 5th order polynomial trajectory.
Advantage: continuous curvature.
Disadvantage: hard to modify the shape of trajectory.

Method: Joint clothoids [40].
Description: four connected clothoids (use polynomial approximation).
Advantage: continuous curvature, lower costs than using clothoids.
Disadvantage: No obvious disadvantage.

Method: Joint Bézier curves [41], [42].
Description: two symmetrical cubic Bézier curves.
Advantage: curvature is continuous and minimized.
Disadvantage: curvature constraint is not guaranteed.

There are many path generating methods available in the
literature for lane changing [38]–[42]. We summarize the
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advantages and disadvantages of some typical methods in
Table I. These approaches either plan a path without guar-
anteeing continuity or smoothness of the curvature [38],
[41], or require additional time to compute clothoids [39],
[40] or other tuning parameters [42].

Regarding path planning for lane-switching, one impor-
tant design objective is to limit the maximum curvature
of the path, which depends on the road friction conditions
and the velocity of the vehicle. We also expect the curvature
to be continuous in order to have better smoothness and
riding comfort. In this work we use Bézier curves for path
planning during lane-switching.

A. Joint Quadratic Bézi er curves

Following on the results of [43], we use piecewise
quadratic Bézier curves to plan the path for lane switching.

P0 P2(P’2)

A
B

C

D

P’0

W

L

M

X

Y

N
P1

*

Fig. 5. Path planning for the single lane change.

Assume the path planning problem shown in Fig. 5. The
lane width is denoted by W . Without loss of generality, we
can assume the trajectory is symmetric with respect to the
point P2, which is located at a distance L in front of the
vehicle. The quadratic Bézier curve γ is given by

γ(P1, t ) = (1− t )2P0 +2t (1− t )P1 + t 2P2, t ∈ [0,1]. (10)

Mathematically, we want to solve the following problem,

P∗
1 = arg min

P1∈P0D
max

t∈[0,1]
κ(P1, t ) = |γ′(P1, t )×γ′′(P1, t )|

∥γ′(P1, t )∥3 , (11)

where κ denotes the curvature. Let M denote the midpoint
of the segment P0P2. The next result refers to the geometry
shown in Fig. 5 and can be used to determine the optimal
point P∗

1 .

Theorem 4.1: Let N be the intersection of P0D and
the perpendicular bisector to the segment P0P2. The op-
timal choice of P∗

1 is on the segment AN , which satisfies

∠N MP∗
1 = tan−1

p
8tan2∠P2P0D+9−3

2tan∠P2P0D . The minimal maximum
curvature κ̄∗ is given by

κ̄∗(P∗
1 ) = 3tan∠N MP∗

1

∥P0M∥cos∠N MP∗
1

. (12)

The maximum curvature κ̄(P1) decreases monotonically as
P1 moves from P0 to P∗

1 , and then increases monotonically
as P1 moves from P∗

1 to D .

Proof: The proof is omitted owing to space limitations
and can be found in [44]. □

The path planning algorithm is summarized as follows:

Algorithm 1 Path Generation Using Joint Quadratic Bézier Curves
Input: W , P0, κ̄max

Output: L, γ(t )
1: ∠P2P0D , ∠N MP∗

1 ← by solving:

∠N MP∗
1 = tan−1

√
8tan2∠P2P0D +9−3

2tan∠P2P0D
,

3tan∠N MP∗
1

∥P0M∥cos∠N MP∗
1

− κ̄max = 0,

∥P0M∥ = W

2sin∠P2P0D
.

2: L ←W /tan∠P2P0D , ∠AMP∗
1 ←∠P2P0D −∠N MP∗

1
3: P2 ← (±W /2,L), P1 ← P0 + (0,L/2+W tan∠AMP∗

1 /4)
4: ζ(t ) = (1− t )2P0 +2t (1− t )P1 + t 2P2, t ∈ [0,1]

5: Curve: γ(τ) =
{

ζ(2τ) τ ∈ [0,0.5),

(±W,2L)−ζ(2−2τ) τ ∈ [0.5,1].

B. Fourth Order Bézi er Curves

The joint quadratic Bézier curves are easy to implement
for path planning. However, this approach only guarantees
C 1 continuity and the curvature is not continuous at both
P0 and P2. In this section, we use fourth order Bézier curves
to generate paths with continuous curvature.

A typical fourth order Bézier curve is constructed using
five control points, namely, P0, . . . ,P4, and is represented by

γ(t ) =
4∑

i=0
B 4

i (t )Pi , t ∈ [0,1]. (13)

In order to generate a symmetric path (see Fig. 6), we let
P2 = (P0 +P4)/2, and ∆⃗= P1 −P0 = P4 −P3. Equation (13) is
then simplified as

γ(t ) = (1− t )2(1+2t )P0 +4t (1− t )(1−2t )⃗∆+ t 2(3−2t )P4. (14)

We then calculate the curvature as follows,

κ(t ) = |γ′(t )×γ′′(t )|
∥γ′(t )∥3 = 24(1−2t )|⃗∆× (P4 −P0)|

∥γ′(t )∥3 . (15)

From (15) one sees that κ(0.5) = 0 and κ(0) = −κ(1) =
3|⃗∆× (P4 −P0)|/8∥∆⃗∥3 (property of symmetry). Hence, we
can analyze the first half of the curve by letting t ∈ [0,0.5]
since the curve is symmetric. Taking the partial derivative
of κ(t ) with respect to t yields

κ′(t ) = 24|⃗∆× (P4 −P0)| F (t )

∥γ′(t )∥5 , t ∈ [0,0.5], (16)

where F (t ) =−2∥γ′(t )∥2−3(1−2t )γ′(t )•γ′′(t ). It is easy to see
that the sign of κ′(t ) is the same as F (t ). We then simplify
this equation, to obtain

F (x(t )) =
16

(
90∥⃗Γ∥2x(t )2 − (

27∥⃗Γ∥2 −24∆⃗• Γ⃗)
x(t )−2∥∆⃗∥2 −9∆⃗• Γ⃗

)
.

(17)

where x(t ) = t (1− t ) ∈ [0,0.25] for t ∈ [0,0.5] and Γ⃗≜ (P4 −
P0)/2−2∆⃗. .

Theorem 4.2: The curvature of the fourth order Bézier
curve κ(t ) is monotonically decreasing from t = 0 to t = 1 if
and only if ∥∆⃗∥ ≤ 9L/32. The maximum curvature is given
by κ(0) = 3|⃗∆× (P4 −P0)|/8∥∆⃗∥3.
Proof: We just need to show the monotonicity on t ∈ [0,0.5]
due to symmetry. To this end, we can equivalently show
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that F (x(t )) ≤ 0 for x(t ) ∈ [0,0.25] and ∥∆⃗∥ ≤ 9L/32. Since
F (x(t )) is parabolic and the coefficient of the second order
term is positive, we need to ensure that F (x(t )) ≤ 0 at the
two endpoints of the interval of x(t ). Hence,

F (x = 0.25) =−∥3
p

2⃗Γ+4
p

2∆⃗∥2 ≤ 0, (18a)

F (x = 0) =−8
(
9L∥∆⃗∥−32∥∆⃗∥2

)
≤ 0, ∀ ∥∆⃗∥ ≤ 9L/32. (18b)

and the result follows. □

For the case that ∥∆⃗∥ > 9L/32, the maximum curvature is
obtained at γ′(t∗) = F ′(x∗(t∗)) = 0, where

x∗(t∗) = t∗(1− t∗) =

9∥⃗Γ∥2 −8∆⃗• Γ⃗−
√

81∥⃗Γ∥4 +64(⃗∆• Γ⃗)2 +216∥⃗Γ∥2 (⃗∆• Γ⃗)+80∥∆⃗∥2∥⃗Γ∥2

60∥⃗Γ∥2
.

(19)

P0 P2

A

B
P4

L

P1

P3W

O D

Fig. 6. A symmetric fourth order Bézier curve.

Theorem 4.3: The fourth order Bézier curve κ(t ) has the
minimal jerk energy when ∥∆⃗∗∥ = L/4, where ∆⃗∗ mathe-
matically solves the following minimization problem

∆⃗∗ = argmin
∆⃗

E(γ) =
1∫

0

∥γ′′′ (⃗∆, t )∥2 d t . (20)

Proof: It follows from the equation (3.2) in [45] that, the
jerk energy of the fourth order Bézier curve generated using
control points P0, . . . ,P4 can be represented by

E(γ) = 3350∥Q0∥2 +1440∥Q1∥2, (21)

where Q0 = P0−4P1+6P2−4P3+P4 and Q1 =−P0+2P1−2P3+
P4. Recall that P2 = (P1 +P4)/2, P1 = P0 + ∆⃗ and P3 = P4 − ∆⃗,
then one can simplify the expressions for Q0 and Q1, which
are given by Q0 = (0,0), Q1 = 4∆⃗−(P4−P0). Hence, in order to
minimize E(γ) we just need to minimize ∥Q1∥. The minimal
∥Q1∥ (|P4O|) is obtained under the condition that

−−→
P4O ⊥ ∆⃗

(see Fig. 6), which represents the minimal distance from P4

to P0D . This result indicates ∥∆⃗∗∥ = L/4. □

The curvature of the fourth order Bézier curve is
not zero at the two endpoints P0 and P4 (see Fig. 6).
Consequentially, the transition between the Bézier curve
and the straight line is not smooth. One may consider
to use clothoids to smooth the transition. However,
clothoid computation takes time. In this paper we propose
another method by extending the fourth order Bézier curve
in order to obtain zero curvature at both the two endpoints.

P0

P2

A

B

P4

P1

P3

Fig. 7. Bézier curve reconstruction for smooth transition at endpoints.

Algorithm 2 Path Generation Using 4th Order Bézier Curves
Input: W , A, κ̄max

Output: B , L, γ(t )

1: K ←
√(√

1+ 144
W 2κ̄2

max
−1

)
/2

2: L ← K W , d ←
p

1+K 2

4K W , ℓ← 2K d , B ← A+ (±W,L)
3: θ← arctan ℓ

2d , α← 2θ−π/2
4: ∆⃗← (0,ℓ/4) (Minimal jerky solution)
5: P0 ← (0,0), P4 ← (±d ,ℓ), P2 ← (P0 +P4)/2, P1 ← P0 + ∆⃗, P3 ← P4 − ∆⃗
6: γ̂(t ) =

4∑
i=0

B 4
i (t )Pi , t ∈ [0,1]

7: i⃗ ← (1,0)

8: ζ(τ) =


2(γ̂(0.5−2τ) · i⃗ ,0)− γ̂(0.5−2τ) τ ∈ [0,0.25),

γ̂(2τ−0.5) τ ∈ [0.25,0.75],

2(γ̂(2.5−2τ) · i⃗ ,ℓ)− γ̂(2.5−2τ) τ ∈ (0.75,1].
9: Translation: ζ(τ) ← ζ(τ)+ A+ (∓d/2,ℓ/2)

10: Rotation: γ(t ) ← ζ(τ) rotated about A by ∓(π/2−θ)

To this end, notice that the curvature at the midpoint
of a symmetric fourth order Bézier curve is always zero.
The curvature of the curve between P0 and P2 changes
gradually from κ(0) to zero (similarly to a clothoid). Based
on this fact, one can use half of the Bézier curve to smooth
the path, as shown in Fig. 7. We reflect the curve segmentsÚP0P2 and ÚP2P4 about the axises passing through P0 and P4,
respectively. Such designed path from A to B is everywhere
C 2 continuous, with the curvature κ(A) = κ(B) = 0 at the
endpoints. We summarize the path planning algorithm
using fourth order Bézier curves subject to the given max-
imum curvature constraints κ̄max in Algorithm 2.

V. CONTROLLER DESIGN

Beyond lane-switching, the other actions such as main-
taining, accelerating and braking are taking place in a single
lane. These actions can be completed by maintaining the
longitudinal speed of the vehicle, associated with imple-
menting certain lane tracking controllers (i.e., waypoint fol-
lower, two-point visual driver model, etc.). Here, we design
the speed control and lane-switching control separately.

A. Speed Control

Speed control is designed to achieve maintaining, accel-
erating and braking actions. Based on this fact, one may
assume that the vehicle behind will always yield to the
vehicle in front. Consequentially, we only need to check
the speed of the vehicle in front in order to decide the
maximum allowed speed of the vehicle we want to control.
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Fig. 8. Slip ratio circle.

Maintaining: The design objective for maintaining con-
trol is to keep a certain constant speed or certain constant
distance from the vehicle in front.

Accelerating: The design objective for accelerating control
is to speed up the vehicle and maintain a certain high speed
afterwards if there is speed limit. The target speed of the
vehicle in steady state should not exceed the speed of the
vehicle in front.

Braking: The design objective for braking control is to
slow down the vehicle and maintain a certain low speed.
Under the assumption that every vehicle in traffic will
yield to the vehicle in front, there is no need to consider
the speed of the rear vehicle before taking braking action.
Nevertheless, we still have to maintain the minimum safe
distance from the front vehicle during braking.

Below we only show the controller design for maintaining
constant distance from the vehicle in front. We assume that
∆L is the desired distance between vehicle A and B .

We let e1 = YA−YB−∆L, e2 =VA−VB. The error dynamics
are given by

ė1 = e2, ė2 = V̇A − V̇B =λ1e1 +λ2e2, (22)

By designing λ1 and λ2, one can drive the errors e1 → 0
and e2 → 0 as time t → ∞. Now, let us assume that the
front wheel steer angle is small and that the vehicle’s lateral
motion can be neglected during the distance maintaining
task. For vehicles having a rear wheel drive differential type,
the longitudinal dynamics can be simplified to

mBV̇B = fRx. (23)

Let V̇B = V̇A − λ1e1 − λ2e2. Since the tire force must be
bounded due to the friction condition, we define the
following saturation function,

sat(V̇B) =


f Rx/mB, fRx ≥ f Rx,

V̇A −λ1e1 −λ2e2, f
Rx

< fRx < f Rx,

f
Rx

/mB, fRx ≤ f
Rx

,

(24)

where f Rx and f
Rx

denote the upper and lower bounds for
fRx (to be discussed later). The wheel dynamics is given as
follows,

Iwω̇= TR − fRxRw, (25)

where TR is the torque on the rear wheel, and Iw and Rw

are the rotationary inertia and the radius of the rear wheel,

respectively. Under the assumption of zero-slip rolling con-
dition, the equation VB =ωRw holds. The control torque is
determined as follows,

TR = sat(V̇B)Rw

(
mB + Iw/R2

w

)
. (26)

Next, we discuss how to determine f Rx and f
Rx

if the lateral
velocity Vy and the longitudinal velocity Vx (approximated
by VB) are given. The longitudinal load transfer arising
from the longitudinal acceleration indicates the following
equation,

fRx =µRx fRz, fRz = fRxh +mgℓf

ℓf +ℓr
, (27)

where h is the height of the mass center and µRx =
−µRsRx /sR. It follows from (27) that

fRx = mgℓf

(ℓf +ℓr)/µRx −h
. (28)

Based on the fact that the wheel base ℓf +ℓr is larger than
the height of the mass center h, the maximum longitudi-
nal tire force f Rx ( f

Rx
) is obtained when µRx reaches its

maximum value µRx (µ
Rx

).
Furthermore, we assume that the lateral sideslip is small,

and for the sake of simplicity, we assume that the total slip
of the rear tire does not exceed s∗R, where s∗R corresponds to
the peak of µRx. This assumption indicates that µR increases
monotonically with |sR|. Based on the definition of the slip
ratio in (6), we can derive the following equation

sRy = (1+ sRx)
VRy

VRx
≈ (1+ sRx) tanβ. (29)

In order to find µRx (µ
Rx

), we plot the slip ratio circle in
Fig. 8. The norm of the red arrow staring from O denotes
|sR|. The equation in (29) indicates that, when the value
of sRx changes, the arrow representing sR moves along the
segment BC . When sRx = 0, |sR| = |sRy| = tanβ (for β> 0).

Recall that µRx =−µRsRx /sR, since both −sRx /sR and µR

reaches their maximum values at B , the upper bound µRx
is therefore obtained at B (maximal acceleration force).
Similarly, the lower bound µ

Rx
is obtained at C (maximal

braking force). The results are summarized as follows

f Rx =
mgℓfµ

∗
R

(√
sec2βs∗R

2 − tan2β+ tan2β
)

(ℓf +ℓr)s∗R sec2β−hµ∗
R

(√
sec2βs∗R

2 − tan2β+ tan2β
) ,

(30a)

f
Rx

=−
mgℓfµ

∗
R

(√
sec2βs∗R

2 − tan2β− tan2β
)

(ℓf +ℓr)s∗R sec2β+hµ∗
R

(√
sec2βs∗R

2 − tan2β− tan2β
) ,

(30b)

where u∗
R is the peak friction coefficient, namely, the mag-

nitude D of the magic formula (7), and s∗R = (1/B) tan(π/2C )
(let Sh = SV = E = 0).

B. Lane-Switching Control

We generate a smooth path for lane switching using
Algorithm 1 or 2. We still need to design the tracking
controller to follow the Bézier curve. To this end, we use

7



Fig. 9 to calculate the heading error ∆ψ and the lateral error
∆y [46].

In Fig. 9, the red solid curve denotes the reference path
we what to track, ℓs denotes the preview distance along the
vehicle’s heading direction, ψt denotes the angle between
the tangent direction of the reference curve at the current
location (M) and the XI axis. The lateral error ∆y denotes
the distance between the preview point A and the reference
point B on the target path. The heading error is given by
∆ψ=ψt −ψ, where ψ denotes the vehicle’s yaw angle. The

O
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Fig. 9. Path tracking error.

dynamics equations for ∆y and ∆ψ can be approximately
given by

∆ẏ =−Vx(β−∆ψ)−ℓsr +Vxℓsρref, (31a)

∆ψ̇=Vxρref − r. (31b)

where ρref = 1/Rref denotes the reference road curvature.
We then combine the vehicle model in (9a)-(9b) and
the perception model in (31a)-(31b). We treat the road
curvature ρref as a noise term and write the dynamics
equation in the form of ẋ = Ax +Bu +Ew , where the state
is x = [β,r,∆y,∆ψ]T, the control is u = δ and the noise is
w = ρref.

We design the path tracking control following the ap-
proach of [47], with the aim of eliminating the tracking
error at the near preview point, namely, limt→∞∆y(t ) = 0.
Such a controller is referred to as the Output Regulation
Theory (ORT) controller in that paper. The control input δ
of the ORT controller is a linear combination of a feedback
term and a feedforward term as follows,

δ=Gx +Hρref, (32)

where the matrix G is chosen such that the matrix A+BG
is Hurwitz. Then H is determined by solving the following
equations, for some matrices Γ and Π

H = Γ−GΠ, (33a)

AΠ+BΓ+E = 0, (33b)

CΠ= 0. (33c)

The unknown G and H can also be determined by solving
a series of linear matrix inequalities (see [46]).

VI. RESULTS AND ANALYSIS

In this section we implement the previous RL algorithm
for the traffic model of Section II to determine the optimal
policy. We demonstrate the policy using a traffic simulator
along with implementing the path planning algorithms
in Section IV and the low level controllers designed in
Section V.

A. Path Planning

We implemented both Algorithms 1 and 2 to plan paths
for lane switching. The maximum curvature of each curve
is assigned different values, namely, κ̄max = 0.05,0.1,0.15,0.2
and 0.25. The width of the lane is W = 4 [m]. We show only
the fourth order Bézier curve paths in Fig. 10.

-10 -8 -6 -4 -2 0 2 4 6 8 10
X [m]

-5

0

5

Y 
[m

]

max=0.05

max=0.1

max=0.15

max=0.2

max=0.25

Fig. 10. Fourth order Bézier curves for lane switching.

We also plot the curvature profile for each path in Fig. 11.
In contrast, the curvature profiles for the quadratic Bézier
curve paths are plotted in Fig. 12.
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Fig. 11. The curvature of the fourth order Bézier curves.
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Fig. 12. The curvature of the quadratic Bézier curves.
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The results in Fig. 11 and Fig. 12 show that the maximum
curvature for each path satisfies the design requirement.
This result validates the effectiveness of both Algorithm 1
and 2. Nevertheless, we notice that the quadratic Bézier
curves are only C 1 continuous, since the curvature changes
sign at the joint point of the two Bézier curves. The fourth
order Bézier curves are C 2 continuous and the curvature is
continuous everywhere. Since the paths have zero curvature
at both the two endpoints, Algorithm 2 provides much
better perfomance than Algorithm 1.

B. Path Tracking Control

We then implemented the tracking controller in Sec-
tion V-B to follow the Bézier curves. The vehicle model
parameters are summarized in Table II.

TABLE II
VEHICLE MODEL PARAMETERS.

m[kg ] 850 total mass Iz[kg m2] 1401 rotational inertia
Iwr[kg m2] 0.6 wheel rotational inertia ℓf[m] 1.5 distance to front axle

h[m] 0.5 height of mass center ℓs[m] 1 preview distance
L[m] 2.4 wheel base R[m] 0.311 wheel radius

Tire force model parameters B = 3.9 C = 5.4 D = 0.7 E = Sh = Sv ≈ 0

We first generated several reference paths using both
the joint quadratic Bézier curves and the fourth order
Bézier curves. Next, the tracking controller in V-B was
implemented to track the reference paths for lane switching.
Since the fourth order Bézier curves have better smooth-
ness, we show only the result for tracking the fourth order
Bézier curves (see Figure 13).
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Fig. 13. Tracking control for fourth order Bézier curves.

Fig. 13 (left) indicates that, given the vehicle velocity
(approximately fixed at 10 [m/s]), the controller is not able
to track the reference path when the maximum curvature is
larger than 0.09 [1/m]. Tracking errors for small curvature
paths are satisfactory. Next, we reduce the velocity of the
vehicle to 7 [m/s] and implement the controller again.
The results are plotted in Fig. 13 (right). One sees from
Fig. 13 that, a larger maximum curvature may be allowed
for tracking control if the velocity of the vehicle is lower.

We recall that the maximum friction coefficient between
the tire and the ground was chosen as µmax = D = 0.7 in
Table II. One can evaluate the maximum curvature for path
tracking using κmax = µmaxg /V 2, which further indicates
that κmax = 0.07 [1/m] and 0.14 [1/m] for V = 10 [m/s] and
7 [m/s], respectively. This result agrees with Fig. 13. The
fourth order Bézier curves have better smoothness, and the

controller designed in Section V-B is able to track the Bézier
curves even if κmax is close to κmax.

C. Decision Making from Reinforcement Learning

We implemented the previous RL algorithm for the MDP
problem of Section II to determine the optimal policy.
We only demonstrate two driving styles using RL, namely,
highway overtaking and tailgating. We design the weights
w1 and w2 for the features selected in Section II-C to learn
the two driving strategies, respectively. Table III provides
the features and weights used in this study.

TABLE III
THE DESIGN OF THE REWARD FUNCTION.

Φ(s, a) w1 Interpretation w2 Interpretation
accelerate 0.075 Encourage accelerating 0.05 Encourage accelerating

brake -0.625 Less braking -0.5 Less braking
maintain 0 NA 0 NA
left-turn -0.05 Less lane-switching -0.025 Less lane-switching

right-turn -0.05 Less lane-switching -0.025 Less lane-switching
HV position 0 NA 0 NA

overtake 0.05 Prefer shorter path 0.025 Prefer shorter path
tailgate 0 NA 0.225 Encourage tailgating

accident -0.15 Penalize accident -0.15 Penalize accident

The desired overtaking behavior is summarized as fol-
lows: 1) The HV takes up the cell in front of it if this cell is
vacant; 2) The HV keeps its current speed if a TV in front
is detected; 3) If only one adjacent lane is available for
overtaking, the HV switches lane first and then accelerates
to overtake the TV vehicle in front; 4) If both the two
adjacent lanes are available for overtaking in a corner, the
HV should use the lane that is closer to the inner curb of
the road; 5) No lane-switching can occur unless the HV is
overtaking the TV in front; 6) The HV avoids braking to take
up the cell behind it; 7) The action of HV should not cause
any accident.

The desired tailgating behavior is summarized as follows:
1) The HV keeps its current speed if a TV vehicle in front
is detected; 2) If there is no available TVs to tailgate, the
HV takes up the cell in front of it if this cell is available;
3) If the HV does not detect a TV in front of it, the HV
tries to switch lane to tailgate a TV in the adjacent lanes;
4) If both the two adjacent lanes are available for tailgating
in a corner, the HV should use the lane that is closer to
the inner curb of the road; 5) No lane-switching can occur
unless the HV is tailgating a TV in the adjacent lanes; 6)
The HV avoids braking to take up the cell behind it; 7) The
action of HV should not cause any accident.

We used Q-learning to determine the optimal policies
π∗

1 and π∗
2 corresponding to w1 and w2, respectively, with

a discount rate of γ = 0.5, learning rate α = 0.75, and
parameter ϵ= 8e−2 for the ϵ-greedy principle (see [26]).

Next, we implemented the policies π∗
1 and π∗

2 in simu-
lation. In order to save the space, this paper only shows
the result for overtaking by implementing π∗

1 . Fig. 14 shows
two driving scenarios with two single rows of images.

The images in the first row of Fig. 14 show a driving
scenario where there is not a TV in front of the HV (green).
The HV overtakes the two trucks in the front on the
neighboring lanes and then maintains a certain high speed.
The images in the second row show a driving scenario
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where one TV is driving in front of the HV. Since the
HV is not in a corner, it is free to overtake the front TV
using either of the two adjacent lanes. One observes from
Fig. 14 that the HV switches to the left lane first, and then
accelerates to overtake the front yellow TV. The HV has
to brake to maintain a minimal distance from the newly
detected dark blue TV in the front. These driving behaviors
using π∗

1 validate the design of the reward function and also
validate the use of “dynamic cells” to deal with complicated
traffic information1 (i.e., different vehicle velocities, sizes
and signals).

Fig. 14. Overtaking scenarios in simulation by implementing π∗1 .

VII. CONCLUSION

We use a stochastic Markov decision process to character-
ize the driving behaviors of autonomous vehicles in traffic.
The desired driving styles are achieved using reinforce-
ment learning. The “dynamic cell” approach is proposed
to address different vehicle velocities, vehicle sizes and
driver intents in traffic. We also take into consideration the
different road geometry such that we are able to show more
diverse driving styles when the road curvature changes.

By designing the reward function of the driver, we suc-
cessfully show some typical driving behaviors such as over-
taking and tailgating. We have demonstrated these driving
behaviors using a five-lane road with each TV implementing
a random policy on a driving simulator based on Pygame.
In order to complete lane-switching, we separate the task
into a path planning task and a tracking control task. We
then formulate two different algorithms to generate smooth
paths using both joint quadratic Bézier curves and fourth-
order Bézier curves subject to a certain maximum curvature
constraint. The joint quadratic Bézier curves use a smaller
space to generate a path. Nevertheless, this path is only
C 1 continuous and it is more difficult to track it than
a path generated using fourth-order Bézier curves, which
is C 2 continuous and therefore has better smoothness
properties. We also design a path tracking control based
on the output regulation theory. Simulation results validate
the effectiveness of both the path planning algorithms and
the design of the controller.

Future work will focus on improving the work to incorpo-
rate pedestrians, traffic signals and more road intersections.

1The videos are available on the DCSL youtube chan-
nel: https://www.youtube.com/watch?v=maUt8Cac2WU and
https://www.youtube.com/watch?v=393MJA6Kp3I.
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