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Safe High-Performance Autonomous Off-road
Driving Using Covariance Steering Stochastic

Model Predictive Control
Jacob Knaup, Kazuhide Okamoto, and Panagiotis Tsiotras, Fellow, IEEE

Abstract— Autonomous racing is a high-performance,
safety-critical task that inherently involves a high degree
of uncertainty (especially in off-road unstructured envi-
ronments), as driving conditions can vary and tire-terrain
interactions are difficult to model accurately. On one hand,
the vehicle needs to drive fast while, on the other hand,
it must avoid crashing, thus requiring a trade-off between
performance and safety. This work develops a stochastic
model predictive controller (SMPC) for uncertain systems
with additive Gaussian noise subject to state and control
constraints and applies it to off-road autonomous racing.
The proposed approach is based on the recently developed
finite-horizon optimal covariance steering (CS) control the-
ory, which steers the system state’s mean and covariance
to prescribed target values at a given terminal time. We
show that the proposed CS-SMPC algorithm can deal with
unbounded Gaussian additive noise, while ensuring stabil-
ity. The effectiveness of the proposed approach is demon-
strated via both numerical and experimental tests using a
scaled autonomous racing platform, as well as on an actual
full-size vehicle during a GPS-denied driving task.

Index Terms— Autonomous racing, collision avoidance,
model predictive control (MPC), stochastic optimal control.

I. INTRODUCTION

AUTONOMOUS racing has generated a great deal of
interest in the robotics research community [1]–[3] as

it presents a uniquely challenging, yet structured, test-bed for
control algorithms. The task demands fast real-time compu-
tation to control a complex dynamical system, which can be
subject to multiple input and state constraints and stochastic
disturbances. Model predictive control (MPC) is an attractive
method for solving such control problems because it is able
to provide theoretical guarantees on stability and feasibility
subject to constraints, while recent advances in computer
hardware have rendered MPC approaches amenable to real-
time implementation [4], [5]. Within the field of MPC, the
two primary methods for solving the optimal control problem
are convex optimization and sampling-based methods. The first
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method relies on linearizing the dynamics and writing the cost
function in a convex form [6], while the second method is
able to work directly with non-convex problems and general
dynamics by sampling the control actions directly [7].

Since MPC is a model-based design, deterministic MPC
approaches are susceptible to errors owing to modeling uncer-
tainties and exogenous disturbances. This is especially critical
for autonomous racing tasks, where the vehicle dynamics
are often not known exactly because tire-road interactions
are difficult to model and change with varying road con-
ditions, and the vehicle may be subjected to large external
disturbances from the interaction with the terrain. In order to
overcome difficulties stemming from the susceptibility of clas-
sical MPC methods to environmental uncertainty and noise,
robust MPC (RMPC) and stochastic MPC (SMPC) extensions
have been developed (see e.g., [4], [8]–[10] for an extensive
literature review) to deal with various forms of uncertainty.

Robust MPC approaches assume deterministic uncertainties
that lie within a given compact set. For example, min-max
MPC [11] computes a control command that can deal with the
worst-case scenario in terms of system uncertainty. Another
RMPC approach is the tube-MPC [12], which separates the
controller to a nominal controller and a feedback controller,
with the latter being proportional to the deviation from the
nominal state value, thus achieving asymptotic stability to
a set [13]. RMPC approaches are effective against worst-
case deterministic disturbances, but can be conservative in
the case of stochastic disturbances since they ignore any
knowledge about the probabilistic nature of the disturbance.
In addition, they do not guarantee recursive feasibility in the
case of possibly unbounded disturbances. Recursive feasibility
is a crucial property that ensures that the MPC optimization
problem has a solution (i.e., satisfies all the constraints) at
each time step [5], [14].

In order to explicitly deal with the probability characteris-
tics of system uncertainties, several stochastic MPC (SMPC)
approaches have been developed. As with RMPC, in SMPC
feedback policies are optimized instead of open-loop control
sequences. However, SMPC abandons the worst-case point of
view addressing, instead, the desired “expected” or “average”
system behavior that takes into consideration the most likely
disturbance the system may encounter in practice. As a result,
SMPC methods tend to provide better performance.

Although there is no agreed consensus about classify-
ing the numerous SMPC approaches proposed in the liter-
ature [4], the most common approaches are the so-called

This article has been accepted for publication in IEEE Transactions on Control Systems Technology. This is the author's version which has not been fully edited and 

content may change prior to final publication. Citation information: DOI 10.1109/TCST.2023.3291570

© 2023 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.

See https://www.ieee.org/publications/rights/index.html for more information.



2 IEEE TRANSACTIONS ON CONTROL SYSTEMS TECHNOLOGY, VOL. XX, NO. XX, XXXX 2023

analytic approaches and the randomized (or scenario-based)
approaches. The former include stochastic-tube [15]–[17] and
affine-parameterization [18], [19] approaches, which reformu-
late the cost and the probabilistic constraints in deterministic
terms. They typically assume some form of additive white
Gaussian noise acting on the system, and are most closely
related to the proposed CS-SMPC algorithm in this paper.
Scenario approaches such as [20], [21], on the other hand,
compute the expected future system behavior by generating
several noise realizations. For this reason, they can handle
more generic systems, costs, and state and control constraints.
However, their computational requirements are much higher
than analytic approaches. In addition, their feasibility and
convergence properties are difficult to access. Scenario-based
SMPC approaches will not be discussed further in this work.

From the analytic approaches, stochastic-tube MPC [15],
[16], [22], [23] decomposes the state to deterministic and ran-
dom components. The random component is controlled using
a state feedback controller with a pre-computed stabilizing
gain, and only the additional control command to steer the
deterministic component is computed online. By doing so,
stochastic-tube MPC succeeds in avoiding the optimization
over arbitrary feedback policies. Although this approach re-
duces computational complexity, it requires trial and error
to compute a priori a state feedback gain that is not too
conservative, especially when constraints are expected to be
active.

In order to overcome the off-line computation of the feed-
back gain, an affine parameterization SMPC approach has been
proposed [18], [19]. In the this approach, both the feedback
gain and the deterministic component are design variables that
have to be simultaneously optimized online. The stochastic-
tube MPC approach predicts the future state uncertainty evolu-
tion a priori because the feedback gain is pre-computed; it tries
to control the mean state so that the predicted state satisfies the
given constraints at the end of the horizon. On the other hand,
the affine parameterization approach simultaneously computes
the feedback gains and the open-loop control sequences so that
the predicted state solution satisfies the constraints. As a result,
the affine parameterization approach leads to less conservative
controllers that tend to operate closer to the boundary of the
constraints, thus increasing performance.

It is known that a state feedback parameterization approach
leads to a non-convex problem [24]–[26]. In practice, one
thus relaxes the constraints to make the problem convex,
which may lead to unnecessarily conservative results. As an
alternative, in [19] the authors employ a disturbance feedback
parameterization of the control policy instead, which leads
to a convex problem formulation. It has been shown that
disturbance feedback parameterization is equivalent to state
feedback parameterization [27]. The disturbance feedback
parameterization approach has been extended to accommodate
input hard constraints in [18], [28]–[30], a task that is diffi-
cult to satisfy using stochastic tube-MPC or state feedback
parameterization approaches.

Owing to the problem stochasticity, SMPC approaches use
probabilistic (e.g., chance) constraints and impose a maxi-
mum probability of state or input constraint violation [31],
[32], instead of an absolute constraint violation requirement.

Satisfaction of the constraints with high probability is the
price to pay for being able to explicitly handle uncertainty
in the problem formulation. When using the stochastic tube-
MPC approach (and since the feedback gain is pre-computed)
the chance constraints can be converted to linear inequality
constraints, whereas in the affine parameterization approach
(and since the feedback gains are computed online) the chance
constraints are converted to second-order cone constraints [4].

A. Challenges of Current Stochastic MPC Approaches

MPC controller design is based on a receding horizon ap-
proach, by which an optimization problem is solved repeatedly
every time a new measurement of the state becomes available.
As a result, a key requirement for the success of an MPC
design is the ability to satisfy the constraints at each iteration,
a property known as recursive feasibility. While the issue
of recursive feasibility is well understood for the case of
deterministic MPC, showing the same for SMPC is much more
challenging. This is because, in general, it is not possible
to enforce recursive satisfaction of the state and control
constraints in the face of unbounded additive disturbances.
Therefore, most works on SMPC achieve recursive feasibility
and convergence by assuming a bounded probability distribu-
tion of the disturbance [19], [22], [33]–[35].

Not surprisingly, SMPC theory dealing with unbounded
(e.g., Gaussian) disturbances is less developed. Some re-
cent work includes [25], [30], [36]. The approach proposed
in [25] devises a re-initialization strategy that switches be-
tween closed-loop and open-loop control to ensure recursive
feasibility. It also uses state-feedback parameterization, which
leads to the need to solve a non-convex programming problem.
In [30] the authors consider the MPC problem for stochastic
linear systems with arbitrary, possibly unbounded, distur-
bances subject to both joint state chance constraints and hard
input constraints. Contrary to [25] the authors of [30] do not
use a re-initialization strategy to ensure recursive feasibility
and stability, but instead they suggest to soften the chance
constraints. In [36] the authors address the SMPC problem for
additive Gaussian noise and time-invariant probabilistic sys-
tem uncertainty using state feedback parameterization. Since
guaranteeing feasibility and stability under both unbounded
noise and system uncertainty is very challenging, stability is
established for the unconstrained case only.

In [25], the authors consider a time-invariant linear system
and design a terminal set using a precomputed feedback
matrix, which is the steady-state solution of a Lyapunov
equation. However, in the case of a time-varying system, it
is not possible to compute such a steady-state solution. Other
prior works addressing the problem of stability and recursive
feasibility of SMPC for linear time-varying systems are [33],
[37]. However, in both cases, the authors limit their analysis to
systems with bounded disturbances and only establish stability
for the nominal system.

The main challenge in all current SMPC formulations stems
from the difficulty of controlling the dispersion of the trajec-
tories subject to system uncertainty, which makes ensuring
recursive feasibility and stability elusive, especially in the
case of stochastic disturbances with unbounded support. The
approach we propose in this article utilizes the results from
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the newly developed finite-horizon optimal covariance steering
theory [38], [39] that allow the distribution of trajectories sub-
ject to Gaussian noise to be driven from an initial distribution
to a specified final distribution, while minimizing a state and
control expectation-dependent cost.

While infinite horizon covariance control has been re-
searched extensively since the late ‘80s [40], the finite horizon
covariance steering case had not been investigated until very
recently [41]–[43]. Specifically, and most closely related to the
results in this paper, in our previous work [38] we introduced
state chance constraints into the optimal covariance steering
problem, and used it to solve challenging path planning prob-
lems in the presence of uncertainty [39]. To our knowledge, the
current paper is the first work in the literature to incorporate
optimal covariance steering into the SMPC framework in order
to deal with the issue of convergence of SMPC in a principled
manner. Since the proposed CS-SMPC approach simultane-
ously computes the open-loop and the feedback gains, it can
be regarded as an affine parameterization approach.

B. Contributions

The main contributions of this work are summarized as fol-
lows: first, we introduce a new SMPC approach for linear time-
varying systems with unbounded noise that takes advantage
of the recent theory of covariance steering to provide direct
control of the state covariance at the end of the horizon, thus
enabling the analysis of the stability properties of the system.
Second, we introduce the covariance steering SMPC (CS-
SMPC) algorithm and demonstrate how the design of the feed-
back policy, along with the terminal constraints, achieves com-
putational efficiency and the ability to deal with unbounded
Gaussian disturbances, while also ensuring stability, provided
the problem remains feasible. Owing to space limitations,
we address only the stability question, referring the proof
of recursive feasibility to a future publication. As discussed
previously, existing approaches require either relaxing the ini-
tialization policy in order to ensure feasibility in the presence
of unbounded disturbances, or they assume that feasibility
is already established. In this paper, we follow a similar
approach. In fact, in case of disturbances with unbounded
support (e.g., Gaussian noise) one can only guarantee recursive
feasibility with high probability, as there always exists the
possibility that a large enough disturbance will drive the state
into the infeasible region regardless of the control policy. In
practice, of course, disturbances are bounded. Nonetheless,
dealing with unbounded disturbances removes the need to
specify a prior bound on the disturbances, which typically
increases the conservatism of the ensuing control policy. We
demonstrate the safety advantages of the proposed control
design for a stochastic system in an autonomous racing task
using a 1:5 scale AutoRally autonomous vehicle on a dirt race
track. Finally, we present the results of the implementation
of the CS-SMPC controller on an actual full-size commercial
vehicle during a normal, self-driving task.

Notation

The notation used in this paper is quite standard. We denote
the set of n-dimensional real vectors and m×n real matrices

by Rn and Rm×n, respectively. We use P ≻ 0 and P ⪰ 0
to denote the fact that the matrix P is symmetric positive
definite and semidefinite, respectively. tr(P ) denotes the trace
of the square matrix P , and blkdiag(P0, . . . , PN ) denotes the
block-diagonal matrix with matrices P0, . . . , PN . We use (⋆)
to represent repeated terms. ∥v∥ is the 2-norm of the vector v,
and Id ∈ Rd×d is the identity matrix of size d. The notation
xt|k indicates the state at time step t predicted at time step
k ≥ 0 where t ≥ k. The notation x ∼ N (µ,Σ) indicates that
the random variable x is distributed according to a Gaussian
with mean µ and (co)variance Σ. Finally, E[·] denotes the
expectation operation, and Pr(A) denotes probability of the
event A.

The rest of the paper is structured as follows. In Section II
we define the stochastic optimal control problem we wish to
solve, and in Section III, we develop the optimal covariance
steering problem and provide its solution. In Section IV we
present the covariance steering stochastic MPC (CS-SMPC)
algorithm along with its stability properties. In Section V
we discuss the implementation of the CS-SMPC algorithm
including the development of a high-fidelity vehicle model
used for control design and simulation. Section VI then
presents simulation and experimental results on an actual
vehicle platform demonstrating the safety and performance
advantages of CS-SMPC over a state-of-the-art sampling-
based MPC controller. For conciseness, some of the more
lengthy proofs are given in the Appendix.

II. PROBLEM STATEMENT

In this section, we formulate the general SMPC problem.
We first provide the class of dynamical systems the approach
can handle, and we then introduce the control design problem
we wish to solve.

A. Problem Formulation

We consider discrete-time-varying stochastic affine systems
with additive uncertainty of the form

xk+1 = Akxk +Bkuk +Dkwk + rk, k = 0, 1, . . . (1)

where k is the time step, Ak ∈ Rnx×nx , Bk ∈ Rnx×nu , Dk ∈
Rnx×nw , and rk ∈ Rnx , x ∈ Rnx is the state, with initial state
x0 known, u ∈ Rnu is the control input, and w ∈ Rnw is a
zero-mean white Gaussian noise with unit covariance, that is,

E [wk] = 0, E
[
wk1w

⊤
k2

]
=

{
Inw , if k1 = k2,

0, otherwise.
(2)

We also assume that

E
[
xk1w

⊤
k2

]
= 0, 0 ≤ k1 ≤ k2, (3)

which stems from causality considerations.
In (1) the system matrices Ak, Bk, Dk, and rk are assumed

to be known and bounded for all k = 0, 1, . . .. The case when
these matrices are not known exactly or they depend on some
random parameters is out of the scope of the current paper, but
is an important problem in its own right. Probabilistic MPC
approaches that can also handle parametric uncertainties in the
system matrices have been proposed in the literature; see, for
example [10] and the references therein.
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We require that the state xk and the control input uk obey
probabilistic (chance) constraints, in the sense that we require,
for all k = 0, 1, . . .,

Pr (xk ∈ X ) ≥ 1− px, (4a)
Pr (uk ∈ U) ≥ 1− pu, (4b)

where X ⊆ Rnx convex, and U ⊆ Rnu compact and
convex. Here px, pu ≥ 0 denote the maximum probabilities
of constraint violation. In practice, typically, px, pu ≪ 1.

Given xk and a control sequence uk, uk+1, . . . , uk+N−1,
where N is a time horizon, we associate with (1) the cost

JN (xk;u
N−1
k ) = E

[
k+N−1∑
t=k

ℓt(xt, ut) + Jf (xk+N )

]
, (5)

where, ℓt(x, u) is the running cost, Jf (x) is a terminal
cost and where, for notational simplicity, we write uN−1

k =
{uk, uk+1, . . . , uk+N−1}. Since we are primarily interested in
tracking problems, we assume that the running cost has the
special form

ℓt(x, u) = (x− xgt)
⊤Qt(x− xgt) + u⊤Rtu, (6)

where, for all t = 0, 1, . . ., Qt ⪰ 0, Rt ≻ 0 are known
bounded matrices, and {xgt}∞t=0 ⊂ Rnx is a given bounded
sequence representing the target state to track. To ensure that
the problem has a solution, it is further assumed that xgt ∈ X
for all t = 0, 1, . . ..

B. The SMPC Optimization Problem

In order to obtain a tractable optimization problem, we will
further assume that the sets X and U can be written as the
intersection of a finite number of linear inequality constraints
as follows

X ≜
Ns−1⋂
i=0

{
x : α⊤

x,ix ≤ βx,i
}
, (7)

U ≜
Nc−1⋂
j=0

{
u : α⊤

u,ju ≤ βu,j
}
, (8)

where αx,i ∈ Rnx and αu,j ∈ Rnu are constant vectors, and
βx,i and βu,j are constant scalars.

Using Boole’s inequality [44], the constraint (4a) is satisfied
assuming the inequality

Pr
(
α⊤
x,ixk ≤ βx,i

)
≥ 1− px,i, (9a)

holds for all i = 0, . . . , Ns − 1, where px,i ≥ 0 are such that

Ns−1∑
i=0

px,i ≤ px. (9b)

Similarly, the chance constraint (4b) is satisfied by imposing
the following conditions for all j = 0, . . . , Nc − 1,

Pr
(
α⊤
u,juk ≤ βu,j

)
≥ 1− pu,j , (10a)

where pu,j ≥ 0 are such that

Nc−1∑
j=0

pu,j ≤ pu. (10b)

In the following, we assume that px,i, pu,j are given such
that they satisfy (9b) and (10b), respectively. The problem of
risk allocation [4], [45], [46] allows for px,i, pu,j to be free
parameters to be optimized as well. However, adding px,i, pu,j
as optimization variables results in a non-convex optimization
problem, so the risk allocation problem will not be addressed
in this paper where we seek computationally efficient (albeit
conservative) solutions to the SMPC problem.

The SMPC aims to solve, at each time step k, a finite-
horizon optimal control problem with cost as in (5) subject
to the dynamics in (1) and the state and control constraints
(9) and (10). Let the horizon N be given and let uN−1

k|k =

{uk|k, . . . , uk+N−1|k} be a control sequence over the horizon
k, . . . , k+N − 1. The SMPC optimization problem at time k
can then be summarized as follows

min
uN−1
k|k

JN (xk;u
N−1
k|k ) = E

[ k+N−1∑
t=k

ℓt(xt|k, ut|k)

+ Jf (xk+N |k)
]
, (11a)

subject to
xt+1|k = Atxt|k +Btut|k +Dtwt + rt, (11b)

Pr
(
α⊤
x,ixt|k ≤ βx,i

)
≥ 1− px,i, i = 0, . . . , Ns − 1, (11c)

Pr
(
α⊤
u,jut|k ≤ βu,j

)
≥ 1− pu,j , j = 0, . . . , Nc − 1, (11d)

where t = k, . . . , k + N − 1 and xk|k = xk. We introduce
the following assumption which will aid the subsequent dis-
cussion. This assumption is used for the stability analysis and
will be made more precise in Assumption 3.

Assumption 1: For all k = 0, 1, . . . , there exists a feasible
control sequence uN−1

k|k that solves Problem (11).
Let us denote the optimal solution to (11) as u∗N−1

k|k =

{u∗k|k, . . . , u
∗
k+N−1|k}. The SMPC generates an (implicit)

feedback strategy by applying, at each time step k, the control
u∗k|k to the system (1), that is, uk = u∗k|k.

Remark 1: In the problem formulation (11) we have prob-
abilistic constraints for both the state and the control input.
In practice, one would prefer to impose hard constraints in
terms of the input. Although hard input constraints can be
incorporated in SMPC problems [4], enforcing input hard
constraints for SMPC problems and guaranteeing stability and
feasibility is not possible if the disturbance is unbounded and
the system is not Schur stable [28] or Lyapunov stable [29].
This is not a major issue for most engineering applications,
however, since almost sure satisfaction of the control constraint
(11d) can be ensured by choosing a very small value of pu in
(10b). For other alternatives, see [26], [47]. For more details
on the difference between hard and chance input constraints
in SMPC problems, we refer the interested reader to the
discussion in [30] and [48].

III. OPTIMAL COVARIANCE STEERING

In this section, we introduce the basic theory behind optimal
covariance steering controller design under state and control
chance constraints, which will be the main ingredient in
solving a relaxed version of the SMPC problem (11). The
proposed Covariance Steering SMPC (CS-SMPC) algorithm
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modifies the optimization problem (11) in terms of two im-
portant aspects. First, the terminal cost in (11a) is replaced
by explicit constraints in the final state mean and covariance.
Second, we allow for the initial state xk to be drawn from a
normal1 distribution with known mean and covariance. Hence,
the mean and covariance of the initial state become additional
optimization parameters of the problem, a technique that has
been used in other similar SMPC approaches [25], [49].

In the discrete-time optimal covariance steering problem
setup [38], we wish to steer the state distribution of system (1)
from an initial Gaussian distribution x0 ∼ N (µ0,Σ0), to
a prescribed Gaussian distribution at a given time step N ,
namely, xN = xf ∼ N (µf ,Σf ). where Σ0 ⪰ 0 and Σf ≻ 0.

Specifically, we wish to solve the following optimization
problem.

min
uN−1

0

J(µ0,Σ0;u
N−1
0 ) = E

[
N−1∑
k=0

ℓk(xk, uk)

]
, (12a)

subject to
xk+1 = Akxk +Bkuk +Dkwk + rk, (12b)
x0 ∼ N (µ0,Σ0), (12c)

Pr
(
α⊤
x,ixk ≤ βx,i

)
≥ 1− px,i, i = 0, . . . , Ns − 1, (12d)

Pr
(
α⊤
u,juk ≤ βu,j

)
≥ 1− pu,j , j = 0, . . . , Nc − 1, (12e)

xN ∼ N (µf ,Σf ), (12f)

where k = 0, . . . , N −1 and where uN−1
0 = {u0, . . . , uN−1}.

As discussed in [38], [39], [42], by relaxing the terminal
constraint (12f) to the pair of convex constraints

E[xN ] = µf , E
[
(xN − E[xN ])(xN − E[xN ])⊤

]
⪯ Σf , (13)

Problem 12 can be reduced to a convex optimization problem
that can be efficiently solved to global optimality using a
semidefinite programming solver. Specifically, we have the
following theorem, whose proof can be found in [39].

Theorem 1 ([39]): Let the optimization problem (12)
where (12f) is replaced with (13), and let px, pu ∈ [0, 0.5).
Then, for all k = 0, . . . , N − 1, the control law uk =
vk +Kkyk, where vk ∈ Rnu , Kk ∈ Rnu×nx , and yk ∈ Rnx
from yk+1 = Akyk + Dkwk, with y0 = x0 − µ0, results
in a convex optimization problem in terms of the controller
parameters vk and Kk, for k = 0, . . . , N − 1.

IV. CS-SMPC CONTROLLER DESIGN

In the previous section, we introduced the optimal covari-
ance steering controller. We are now ready to discuss the main
result of this paper that uses the covariance steering convex
problem formulation within an SMPC framework.

A. CS-SMPC Formulation

In this section, we utilize the solution of the optimal covariance
steering problem (12) to obtain a new SMPC problem formula-
tion that includes terminal constraints on the state distribution
to facilitate feasibility and stability. As shown in the Appendix,

1Actually, covariance steering theory does not require that the distribution
be Gaussian, only knowledge of the required mean and covariance of the
distribution is needed.

the resulting CS-SMPC problem can be efficiently solved
using a convex programming solver.

Specifically, at time step k, we wish to solve the following
finite horizon stochastic optimal control problem.

min
uN−1
k|k

JN (µk,Σk;u
N−1
k|k ) = E

[
k+N−1∑
t=k

ℓt(xt|k, ut|k)

]
, (14a)

subject to
xt+1|k = Atxt|k +Btut|k +Dtwt + rt, (14b)
xk|k ∼ N (µk,Σk), (14c)

Pr
(
α⊤
x,ixt|k ≤ βx,i

)
≥ 1− px,i, i = 0, . . . , Ns − 1, (14d)

Pr
(
α⊤
u,jut|k ≤ βu,j

)
≥ 1− pu,j , j = 0, . . . , Nc − 1 (14e)

E
[
xk+N |k

]
∈ X µ

f , (14f)

E
[
(xk+N |k − E[xk+N |k])(xk+N |k − E[xk+N |k)

⊤] ⪯ Σf ,
(14g)

where X µ
f ⊆ X ⊂ Rnx is compact and convex and Σf ∈

Rnx×nx .
Pictorially, Problem (14) is illustrated in Figure 1. At each

time step k, the predicted system state and the predicted
control have to satisfy the chance constraints for all initial
state and noise realizations. In addition, at the end of the
optimization horizon, the predicted state mean has to be within
the set X µ

f , denoted by the yellow polytope, and the system
covariance has to be smaller than Σf , denoted by the yellow
ellipse in Figure 1.

Adding terminal constraints is a common methodology to
guarantee recursive feasibility and stability for MPC prob-
lems [4], [9], [14]. However, as we are dealing in this
paper with a time-varying system subject to disturbances with
unbounded support, computing terminal costs and constraints
which ensure recursive feasibility of the system is extremely
challenging [33], [37]. Instead, in this paper we assume that
recursive feasibility holds and will focus our analysis only on
the stability question in Section IV-C. Specifically, we will
assume that for Problem (14) the conditions E[xk+N |k] ∈ X µ

f

and E[(xk+N |k − E[xk+N |k])(xk+N |k − E[xk+N |k])
⊤] ⪯ Σf

imply that xk+N |k also satisfies the chance constraint (14d)
and, furthermore, if uN−1

k|k is a feasible control for Prob-
lem (14), then there exists u satisfying (14e), such that the
trajectory generated by the control sequence {uN−1

k|k , u} is
such that E[xk+N+1|k] ∈ X µ

f and such that E[(xk+N+1|k −
E[xk+N+1|k])(xk+N+1|k − E[xk+N+1|k)

⊤] ⪯ Σf .

Fig. 1: A schematic describing the proposed CS-SMPC approach.

The next result provides a control policy that solves the
optimization problem (14) in an efficient manner.
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Theorem 2: Given µk, Σk, X µ
f and Σf ≻ 0, let the control

law

ut|k = vt|k +Kt|kyt|k, (15a)

where, for all t = k, . . . , k +N − 1,

yt+1|k = Atyt|k +Dtwt, (15b)

and yk|k = xk − µk. Then, Problem (14) can be cast as a
convex programming problem.

Proof: See Appendix A.

Using the controller policy parameterization (15), at each
step k = 0, 1, . . ., one optimizes over the controller parameters
vt|k and Kt|k instead of the control actions ut|k, where t =
k, . . . , k+N − 1. Optimizing over control policies instead of
control actions has the benefit of reducing conservatism by
encoding the response to future disturbance realizations and
that the satisfaction of the constraints is not only ensured for
the measured initial state xk but also for all initial states xk ∼
N (µk,Σk). In that respect, the CS-SMPC controller design
also guards—to a certain extent—against state measurement
uncertainties. Since Problem (14) is convex in terms of the
controller variables vt|k and Kt|k, it can be efficiently solved
using an SDP solver such as Mosek [50].

Let the optimal cost of Problem (14) at time step k be
denoted by J∗

N (µk,Σk) and let the corresponding optimal
control policy be denoted by v∗N−1

k|k = {v∗k|k, . . . , v
∗
k+N−1|k}

and K∗N−1
k|k = {K∗

k|k, . . . ,K
∗
k+N−1|k}. Then, the

corresponding sequence of future control actions u∗N−1
k|k =

{u∗k|k, . . . , u
∗
k+N−1|k} = {v∗k|k + K∗

k|kyk|k, . . . , v
∗
k+N−1|k +

K∗
k+N−1|kyk+N−1|k}, generates the predicted optimal state

distribution sequence with mean and covariance pairs as
{(µ∗

k|k,Σ
∗
k|k), (µ

∗
k+1|k,Σ

∗
k+1|k), . . . , (µ

∗
k+N |k,Σ

∗
k+N |k)},

where, for all t = k, . . . , k +N − 1,

µ∗
t+1|k = Atµ

∗
t|k +Btv

∗
t|k + rt, (16a)

Σ∗
t+1|k = AtΣ

∗
t|kA

⊤
t +DtD

⊤
t +AtΣ

∗
xyt|k

K∗⊤
t|kB

⊤
t

+BtK
∗
t|kΣ

∗⊤
xyt|k

A⊤
t +BtK

∗
t|kΣyt|kK

∗⊤
t|kB

⊤
t , (16b)

and where

Σ∗
xyt+1|k

= AtΣ
∗
xyt|k

A⊤
t +BtK

∗
t|kΣyt|kA

⊤
t +DtD

⊤
t , (16c)

Σyt+1|k = AtΣyt|kA
⊤
t +DtD

⊤
t , (16d)

with µ∗
k|k = µk and Σ∗

k|k = Σ∗
xyk|k

= Σyk|k = Σk.

B. CS-SMPC Initialization

In Problem (14) µk and Σk are additional optimization param-
eters that can be used to ensure the feasibility of the problem.
If we assume we have perfect state information and ignore
measurement noise, the value of xk is available, and thus,
we have the option to set µk = xk and Σk = 0. However,
since we have unbounded additive noise, the state may become
unbounded as well and Problem (14) can become infeasible if
we always set µk = xk and Σk = 0. In order to proceed, we
thus impose the following assumption.

Assumption 2: At time step k = 0, Problem (14) is feasible
subject to the initial condition E[x0] = µ0 = x0, Σ0 = 0.

In order to keep Problem (14) feasible for all future time
steps k ≥ 1, several approaches have been proposed [25],
[30], [49]. In this work, we follow a dual initialization strategy
similar to [25], [36], [49], which considers the initialization
of the Problem 14 as its own optimization problem with the
choice of either measurement or prediction. Specifically, we
set µk and Σk as either

µk = xk, Σk = 0, (17)

or
µk = µ∗

k|k−1, Σk = Σ∗
k|k−1, (18)

according to

(µk,Σk) =


(xk, 0), if (14) is feasible and

J∗
N (xk, 0) ≤ J∗

N (µ∗
k|k−1,Σ

∗
k|k−1),

(µ∗
k|k−1,Σ

∗
k|k−1), otherwise,

(19)

where xk is the current state measurement and µ∗
k|k−1 and

Σ∗
k|k−1 are the optimal predicted state mean and covariance

from the previous time step as in (16).
Specifically, initialization (17) is used if the problem is

feasible and results in a lower optimal cost than the prob-
lem with initialization as in (18). Otherwise, (18) is used.
It follows that the optimal cost of Problem (14) when the
controller is implemented using (19) is always bounded by
the optimal cost initialized using the predicted values of the
mean and the covariance, that is, the inequality J∗

N (µk,Σk) ≤
J∗
N (µ∗

k|k−1,Σ
∗
k|k−1) holds, where µk,Σk are chosen according

to (19).
Notice that (17) is the result of closing the loop with the

current measurement, while the choice (18) does not use the
most recent measurement in Problem (14), but instead uses it
in the determination of the applied control action from (15a).

C. Stability Considerations

We now turn our attention to analyzing the stability proper-
ties of the closed-loop system with the proposed CS-SMPC
controller. Since the stochastic system (1) is time-varying,
analyzing the stability and recursive feasibility of the closed-
loop system is extremely challenging, even in a deterministic
setting. This is due to the difficulty of establishing a control
law a-priori which is both stabilizing and feasible over all
potential realizations [33], [37]. Alternatively, one can seek to
derive weaker conditions that ensure some form of stability
or convergence, by assuming the recursive feasibility of the
problem as was proposed, for example, in [36], [51]. We
follow a similar approach and analyze the stability of the
system assuming that the problem is recursively feasible.

In the rest of the paper we prove two important properties
of the CS-SMPC algorithm. First, and similarly to [33], [37],
[51], we show that, under suitable additional assumptions, the
nominal system given by

µk+1 = Akµk +Bkvk + rk, (20)

where µk = E[xk] and vk = E[uk] is locally asymptotically
stable, in the sense that limt→∞ µt = xgt for all µ0 satisfying
Assumption 2. In particular, we assume that {xgt}∞t=0 are such
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that there exists a sequence {ηt}∞t=0, where ηt ∈ U ⊂ Rnu ,
such that

xgt+1
= Atxgt +Btηt + rt, (21)

and xgt ∈ X holds for all t ≥ 02. Second, we show that the
average stage cost for the stochastic system (1) is bounded
from above, provided the problem remains feasible.

We introduce the following assumption.
Assumption 3: For all k = 1, 2, . . . , there exists a

vector v ∈ Rnx and a matrix K ∈ Rnu×nx such
that vN−1

k|k = {v∗k|k−1, . . . , v
∗
k+N−2|k−1, v} and KN−1

k|k =

{K∗
k|k−1, . . . ,K

∗
k+N−2|k−1,K} and such that the correspond-

ing control sequence uN−1
k|k = {v∗k|k−1 +K∗

k|k−1yk|k, . . . , v+

Kyk+N−1|k} is a feasible solution for Problem (14) with the
initialization strategy (18).

Assumptions 2 and 3 imply that, for all k = 0, 1, . . . ,
Problem (14) is feasible using the initialization strategy given
by (19). Furthermore, by Assumption 3, at time k+1, for all
k = 0, 1, . . . , there exists a control policy

vN−1
k+1|k+1 = {vk+1|k+1, . . . , vk+N |k+1}

= {v∗k+1|k, . . . , v
∗
k+N−1|k, vk+N |k+1}, (22a)

KN−1
k+1|k+1 = {Kk+1|k+1, . . . ,Kk+N |k+1}

= {K∗
k+1|k, . . . ,K

∗
k+N−1|k,Kk+N |k+1}, (22b)

with the corresponding sequence of predicted control actions

uN−1
k+1|k+1 = {vk+1|k+1 +Kk+1|k+1yk+1|k+1, . . . ,

vk+N |k+1 +Kk+N |k+1yk+N |k+1}
= {v∗k+1|k +K∗

k+1|kyk+1|k+1, . . . ,

v∗k+N−1|k +K∗
k+N−1|kyk+N−1|k+1,

vk+N |k+1 +Kk+N |k+1yk+N |k+1}, (23)

that is a feasible solution of Problem (14) with
initial conditions (18). The control sequence (23) with
initialization (18) generates the corresponding predicted
state distribution sequence with mean and covariance pairs
(µk+1|k+1,Σk+1|k+1), . . . , (µk+N+1|k+1,Σk+N+1|k+1)} =
{(µ∗

k+1|k,Σ
∗
k+1|k), . . . , (µ

∗
k+N |k,Σ

∗
k+N |k), (µk+N+1|k+1,

Σk+N+1|k+1)} as in (16), with µk+1|k+1 = µk+1 = µ∗
k+1|k

and Σk+1|k+1 = Σxyk+1|k+1
= Σyk+1|k+1

= Σk+1 = Σ∗
k+1|k.

Next, we show that E[ℓt(xt|k, ut|k)], where ℓt(·, ·) has the
special form (6), can be written as a deterministic expression
in terms of the tuple (µt|k,Σt|k, vt|k,Kt|k). First, it follows
from (6) that E[ℓt(xt|k, ut|k)] = E[(xt|k − xgt)

⊤Qt(xt|k −
xgt) + u⊤t|kRtut|k] = tr(Qt(E[(xt|k − E[xt|k])(⋆)⊤] +

(E[xt|k] − xgt)(⋆)
⊤)) + tr(Rt(E[(ut|k − E[ut|k])(⋆)⊤] +

E[ut|k]E[ut|k]⊤)). Let E
[
(xt|k − E[xt|k])(⋆)⊤

]
= Σt|k ,

E[xt|k] = µt|k , E
[
(ut|k − E[ut|k])(ut|k − E[ut|k])⊤

]
=

Kt|kΣyt|kK
⊤
t|k and E[ut|k] = vt|k. Therefore, the stage cost

can be written as

E[ℓt(xt|k, ut|k)] = ℓ̃t(µt|k,Σt|k, vt|k,Kt|k)

= tr(QtΣt|k) + tr(RtKt|kΣyt|kK
⊤
t|k)

+ (µt|k − xgt)
⊤Qt (µt|k − xgt) + v⊤t|kRt vt|k. (24)

2In fact, for asymptotic tracking it only suffices to assume that there exist
T ≥ 0 such that (21) holds for all t ≥ T . To simplify the analysis, we assume
here T = 0.

Furthermore, the stage cost may be split into the mean
and covariance components as ℓ̃t(µt|k,Σt|k, vt|k,Kt|k) =

ℓ̃mt (µt|k, vt|k)+ ℓ̃
c
t(Σt|k,Kt|k), where ℓ̃mt (µt|k, vt|k) = (µt|k−

xgt)
⊤Qt (µt|k − xgt) + v⊤t|kRt vt|k, and ℓ̃ct(Σt|k,Kt|k) =

tr(QtΣt|k) + tr(RtKt|kΣyt|kK
⊤
t|k).

Finally, and with a slight abuse of notation, we may rewrite
the cost function JN (·) in (14a) as

JN (µk,Σk;u
N−1
k|k ) = JN (µk,Σk;v

N−1
k|k ,KN−1

k|k ) (25a)

= JmN (µk;v
N−1
k|k ) + JcN (Σk;K

N−1
k|k ),

JmN (µk;v
N−1
k|k ) =

k+N−1∑
t=k

ℓ̃mt (µt|k, vt|k), (25b)

JcN (Σk;K
N−1
k|k ) =

k+N−1∑
t=k

ℓ̃ct(Σt|k,Kt|k). (25c)

Associated with the nominal system (20), we have the cost
function JN (µk, 0;v

N−1
k|k , 0) = JmN (µk;v

N−1
k|k ), which is pos-

itive definite since Qt and Rt are positive definite matrices for
all t = 0, 1, . . . . Let now µ̌k = µk−xgk . From (21) it follows
that µ̌k satisfies the dynamics µ̌k+1 = Akµ̌k +Bk(vk − ηk).

The cost function may then be written in terms of µ̌k as

J̌mN (µ̌k;v
N−1
k|k ) =

k+N−1∑
t=k

µ̌⊤
t|kQtµ̌t|k + v⊤t|kRtvt|k, (26)

where µ̌k|k = µ̌k and µ̌t+1|k = Atµ̌t|k +Bt(vt|k − ηt) for all
k = 0, 1, . . . and t = k, k+1, . . . , k+N −1. When evaluated
at µ̌k with the optimal control v∗N−1

k|k , the cost (26) is given by
J̌mN (µ̌k;v

∗N−1
k|k ) =

∑k+N−1
t=k µ̌∗⊤

t|kQtµ̌
∗
t|k + v∗⊤t|kRtv

∗
t|k, where

µ̌∗
k|k = µ̌k and µ̌∗

t+1|k = Atµ̌
∗
t|k +Bt(v

∗
t|k − ηt).

Lemma 1: The function V (k, µ̌k) = J̌mN (µ̌k;v
∗N−1
k|k ) is

positive definite and decrescent.
Proof: A straightforward calculation shows that V (k, µ)

can be written as V (k, µ) = µ⊤Θkµ+ µ⊤θk + ρk where Θk
is a positive definite matrix that depends on At and Qt and θk
and ρk are a vector and a scalar, respectively, that depend on
Qt, At, Bt, Rt, ηt and v∗t|k, for t = k, . . . , k+N−1. From the
problem definition, the first five of the previous expressions are
bounded by a bound that is independent of k, whereas v∗t|k is
bounded because u∗t|k satisfies the chance constraints (14e) and
hence, from Lemma 3 in Appendix A it follows that α⊤

u,jv
∗
t|k ≤

βu,j for all j = 0, . . . , Nc − 1 and all t = k, . . . , k +N − 1.
Hence v∗t|k ∈ U which is compact, independent of k. The
result follows immediately. See also Lemma 1 of [51].

Lemma 2: Let Assumption 3 hold and let ∆V (k, µ̌k) =
V (k, µ̌k) − V (k + 1, µ̌k+1) = J̌mN (µ̌k;v

∗N−1
k|k ) − J̌mN (µ̌k+1;

v∗N−1
k+1|k+1). Then, if

µ̌∗⊤
k+N |kQk+N µ̌

∗
k+N |k + v⊤k+N |k+1Rk+Nvk+N |k+1

< µ̌∗⊤
k|kQkµ̌

∗
k|k + v∗⊤k|kRkv

∗
k|k, (27)

where vk+N |k+1 is an admissible control as in Assumption 3,
∆V (k, µ̌k) is positive definite for all µk = µ̌k+xgk admitting
a feasible solution for Problem (14).

Proof: First, note that µ̌k+1 = µ̌∗
k+1|k. The cost

difference J̌mN (µ̌k;v
∗N−1
k|k ) − J̌mN (µ̌∗

k+1|k;v
N−1
k+1|k+1), where

This article has been accepted for publication in IEEE Transactions on Control Systems Technology. This is the author's version which has not been fully edited and 

content may change prior to final publication. Citation information: DOI 10.1109/TCST.2023.3291570

© 2023 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.

See https://www.ieee.org/publications/rights/index.html for more information.



8 IEEE TRANSACTIONS ON CONTROL SYSTEMS TECHNOLOGY, VOL. XX, NO. XX, XXXX 2023

vN−1
k+1|k+1 is the control sequence given in (22a), can be

equivalently written as J̌mN (µ̌k;v
∗N−1
k|k )−

(
J̌mN (µ̌k;v

∗N−1
k|k )−

µ̌∗⊤
k|kQkµ̌

∗
k|k − v∗⊤k|kRkv

∗
k|k + µ̌∗⊤

k+N |kQk+N µ̌
∗
k+N |k +

v⊤k+N |k+1Rk+Nvk+N |k+1

)
. Therefore, from (27) it

follows that J̌mN (µ̌k,v
∗N−1
k|k ) − J̌mN (µ̌∗

k+1|k;v
N−1
k+1|k+1) >

0. Assumption 3 along with (19) imply that
J̌mN (µ̌k+1,v

∗N−1
k+1|k+1) ≤ J̌N (µ̌∗

k+1|k;v
N−1
k+1|k+1). Hence,

J̌mN (µ̌k,v
∗N−1
k|k )− J̌mN (µ̌k+1,v

∗N−1
k+1|k+1) > 0.

We are now ready to state the stability result for the nominal
system.

Theorem 3: Consider system (1) where the mean dynamics
E[xk] = µk are given by (20), µ0 = x0, Σ0 = 0, and
E[uk] = vk = v∗k|k is given by the optimal solution to Problem
(14). Given Assumption 3, if inequality (27) is satisfied for
all k = 0, 1, . . . , the closed loop nominal system converges
asymptotically to the reference trajectory xgk , that is, µ̌k =
µ̌∗
k|k → 0 as k → ∞.

Proof: From Lemma 1, V (k, µ̌k) = J̌mN (µ̌k;v
∗N−1
k|k )

is positive definite and decrescent. Moreover, inequality (27)
implies that ∆V (k, µ̌k) = V (k, µ̌k) − V (k + 1, µ̌k+1) is
positive definite along the trajectories of the closed-loop
nominal system, for all µ̌k such that µk is feasible. Therefore,
using Theorem 1 of [51], it follows that the nominal closed-
loop system is locally asymptotically stable and its trajectories
converge asymptotically to zero, that is, limk→∞ µ̌k = 0.

Remark 2: Inequality (27) may be incorporated into the
optimal control problem as a constraint to ensure that the
asymptotic stability condition is satisfied [51]. However, this
may negatively impact the feasibility of Problem (14).

Next, we investigate the stability properties for the system
(1). Since we are dealing with additive unbounded uncertainty,
it is difficult to design a control law that ensures the mean
square stability of the state [15]. Instead, and similarly to [22],
we show that the expected average stage cost is bounded from
above. Specifically, we have the following result.

Theorem 4: Suppose Assumption 3 holds. Then, there ex-
ists ℓmax > 0 such that

lim
n→∞

1

n

n−1∑
t=0

E
[
ℓk+t(x

∗
k+t|k, u

∗
k+t|k)

]
≤ ℓmax. (28)

Proof: See Appendix B.

V. CS-SMPC AUTONOMOUS DRIVING IMPLEMENTATION

In this section, we utilize the previous CS-SMPC algorithm
from Theorem 2 for the autonomous racing of a scaled
autonomous ground vehicle, shown in Figure 2.

A. AutoRally Experimental Platform

The AutoRally platform, shown in Figure 2, is a 1/5-scale
autonomous vehicle platform developed at Georgia Tech for
performing aggressive maneuvers on dirt tracks at the limits
of the vehicle’s handling capabilities [52]. The vehicle is rear-
wheel drive and powered by a brushless motor and is capable
of achieving a top speed of 25 m/s. The motor electronic
speed controller (ESC) also features an electronic braking
feature which is currently used as the only means of braking.

The vehicle uses Ackermann steering driven by an RC servo
motor. The actuators have a maximum update rate of 50 Hz.
The AutoRally platform includes its own onboard computation
utilizing an Intel i7 CPU and NVIDIA GTX GPU. The vehicle
performs state estimation onboard at 200 Hz utilizing RTK
GPS, IMU, and wheel encoder measurements. Additionally,
the vehicle features stereo cameras which can be used to
augment the state estimate by providing a prediction of the
vehicle’s position relative to a known track template.

Fig. 2: AutoRally chassis and compute box [53].

The AutoRally is tested on a dirt track constructed using
0.15-m-diameter corrugated drainage pipe to form the track
boundaries, shown in Figure 4. The track formed by these
boundaries is 180 m long and 4 m wide. The track includes
9 corners ranging in radii from 2 m to 7 m and it’s longest
straight is 32 m long. A racing line is generated for the track
using the iterative quadratic programming method described in
[54]. This method is initialized with a nominal path calculated
as the track centerline between the inner and outer boundaries.
The algorithm then seeks to minimize the curvature of the path
while obeying boundary constraints, that is, the path must not
pass within a given threshold of the track boundaries.

The task of the CS-SMPC controller is to use the vehicle’s
current state estimate, along with the initialization strategy
given by (17) and (18), to determine the optimal motor duty-
cycle and steering angle uk|k at each sampling time to drive
the vehicle so that it follows the racing line around the track,
while providing a specified level of safety with respect to the
uncertainty of the planned trajectory by remaining within the
track boundaries.

B. Vehicle Dynamics Model

A nonlinear nominal vehicle model was developed and its
parameters were calculated using parameter identification. The
system was then linearized about the current and future pre-
dicted operating trajectories to obtain a system of the form (1).

1) Nonlinear Dynamic Vehicle Model

The AutoRally autonomous vehicle is modeled using a rear-
wheel drive, single-track bicycle model. The vehicle kine-
matics are represented in a map-based curvilinear coordinate
system (as opposed to a Cartesian coordinate system), which
provides an intuitive understanding of the vehicle’s position
and heading relative to the track. The state and control
variables are given as

x =
[
vx, vy, ψ̇, ωF , ωR, eψ, ey, s

]⊤
, u =

[
δ, T

]⊤
, (29)

where vx, vy , and ψ̇ are the vehicle’s longitudinal velocity,
lateral velocity, and yaw rate, respectively, and the front and
rear wheel rotation rates are ωF and ωR, respectively. The
direction error and the lateral distance error from the racing
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line are denoted with eψ and ey . The variable s is the
curvilinear position along the racing line in meters. The control
command consists of the steering angle δ and the rear-wheel
drive/brake command T .

The tire friction model uses a combination of the friction
ellipse model described in [55] and a nonparametric model
inspired by [56] to approximate the residual error. The longi-
tudinal and lateral friction forces acting on the tires are given
by

fix(δ, vx, vy, ψ̇, ωF , ωR) = fizµix, (30a)

fiy(δ, vx, vy, ψ̇, ωF , ωR) = fizµiy +Φi(δ, αi), (30b)

where fiz represents the normal force acting on the respective
tire, µix and µiy are the dynamic coefficients of friction, which
depend on the wheel slips and tire parameters as given in [55],
and i = F,R represents the front or back wheel, respectively.
The function Φi(δ, αi), where αi = arctan(viy/vix) is the
tire slip angle, augments the friction ellipse model to capture
error seen in the experimental data and is implemented as a
neural network trained using data collected from the vehicle.

The rear-wheel drive/brake control is a nonlinear mapping
to a rear-wheel speed setting. We model the transient response
as a first-order, nonlinear system

ω̇R = Θ(ωR, T ), (31)

where Θ(·, ·) is computed by a neural network trained on
experimental data. Thus, the system dynamics can be sum-
marized as

v̇x =
fFx cos δ − fFy sin δ + fRx

m
+ vyψ̇, (32a)

v̇y =
fFx sin δ + fFy cos δ + fRy

m
− vxψ̇, (32b)

ψ̈ =
(fFy cos δ + fFx sin δ) ℓF − fRyℓR

Iz
, (32c)

ω̇F = − rF
IωF

fFx, (32d)

ω̇R = Θ(ωR, T ), (32e)

ėψ = ψ̇ − vx cos eψ − vy sin eψ
1− ρ(s)ey

ρ(s), (32f)

ėy = vx sin eψ + vy cos eψ, (32g)

ṡ =
vx cos eψ − vy sin eψ

1− ρ(s)ey
, (32h)

where m is the vehicle mass, Iz is the vehicle moment of
inertia about the vertical axis, rF is the radius of the front
wheel, IωF is the moment of inertia of the front wheel about
the axle, and ρ(s) is the curvature of the racing line at position
s along the racing line.

The nonlinear system given by (32) can be succinctly
written as ẋ(t) = f(x(t), u(t)), where x(t) ∈ R8 is the state
vector and u(t) ∈ R2 is the control action. The model is
discretized using Euler integration such that

xk+1 = F (xk, uk) = xk + f(xk, uk)∆t, (33)

where xk = x(tk), uk = u(tk), and ∆t = tk+1 − tk.
The discretized system (33) is used for model identification
and control design. The model includes five unknown vehicle
parameters, three unknown tire parameters, and the unknown

functions Θ(ωR, T ) and Φi(δ, αi), where i = F,R. An
Unscented Kalman Filter (UKF) was employed to estimate
the vehicle and tire parameters following the method outlined
in [57], while neural networks were trained to estimate the un-
known nonlinear functions. The identified nominal vehicle and
tire parameters are given in Table I, where tireB, tireC, tireD
are parameters in Pacejka’s Magic Formula used in the friction
ellipse model given in [55].

TABLE I: Dynamic bicycle model and friction ellipse parameters for
the AutoRally platform and hyper-parameters used for autonomous driving
implementations.

Parameter Value
m (kg) 22
Iz (kg·m2) 1.1
ℓF (m) 0.34
ℓR (m) 0.23
IωF (kg·m2) 0.10
rF (m) 0.095
h (m) 0.12
tireB 4.1
tireC 0.95
tireD 1.1

Parameter Value
N 20
∆t (s) 0.05
Update Rate (Hz) 40
Qvx 4
Qvy 1
Qeψ 20
Qey 20
Rδ 20
RT 2

2) Affine Time-varying System

Starting with the current state xk, let the predicted nominal
trajectory be (x̂k|k, . . . , x̂k+N |k) where x̂k|k = xk and the cor-
responding control sequence be (ûk|k, . . . , ûk+N−1|k), such
that x̂t+1|k = F (x̂t|k, ût|k), for t = k, . . . , k +N − 1. Then,
we can rewrite system (33) as

xk+1 = Akxk +Bkuk + rk, (34)

where Ak and Bk are given by

Ak =
∂F

∂x

∣∣∣∣
x̂k,ûk

, Bk =
∂F

∂u

∣∣∣∣
x̂k,ûk

(35)

and
rk = F (x̂k|k, ûk|k)−Akx̂k|k −Bkûk|k. (36)

We thus obtain an approximation of (33) about the current and
expected future operating points using an affine time-varying
system of the form (34).

3) Disturbance Model

To complete the model we introduce a stochastic term to (34)
that accounts for model inaccuracies, linearization error, and
external disturbances. To this end, we introduce an additive
Gaussian disturbance wk with zero mean and unit covariance.
We can then write the modified system (34) as in (1)

Remark 3: It should be noted that, contrary to (1), where
the matrices are assumed to be known and given for all k =
0, 1, . . ., and since we are using a receding horizon implemen-
tation, in our case the system matrices are only known over the
given horizon as future matrices are determined by (35) and
(36), which depend on the future nominal trajectory, which has
not been computed yet. Nonetheless, this is standard practice
in MPC controller implementation that often works well in
most applications. Our experimental results in Section VI-B
show that this is indeed the case for our autonomous racing
problem.
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Since (34) provides a nominal model for the system
and Dk determines the covariance of the additive distur-
bance (since wk ∼ N (0, I)) we estimate Dk online using
the physical system’s observed deviation from the nominal
model as follows. From the value of xk at step k ≥ 0
we can estimate the previous disturbances using (34) and
(1) from zt+1|t = Dtwt = xt+1 − (Atxt +Btut + rt),
for t = 0, . . . , k − 1, where k is the current itera-
tion index. We collect all the measurements of zt+1|t
as Sy|k =

{
zk−Ny+1|k−Ny , zk−Ny+2|k−Ny+1, . . . , zk|k−1

}
,

where Ny ≤ k is the number of previous iterations over which
the sample is stored. Choosing Ny = k amounts to keeping
all previous disturbance realizations from each sampling time,
whereas a choice of Ny < k, leads to a sliding window in
which the current disturbance Dk is estimated only from the
Ny most recent measurements. Using the fact that E[wtw⊤

t ] =
I and E[wt] = 0, we can write the covariance of zt+1|t
as E[zt+1|tz

⊤
t+1|t] − E[zt+1|t]E[zt+1|t]

⊤ = E[Dtwtw
⊤
t D

⊤
t ] =

DtD
⊤
t .

At each sampling time k, we update the estimate of the
current Dk using the sample covariance of the latest data,
and we predict forward using a time-invariant approximation
over the prediction horizon given by Dt ≈ Cov(Sy|k)1/2,
for t = k, . . . , k + N − 1, where Cov(Sy|k) is the sample
covariance of Sy|k and the square root is computed using
Cholesky decomposition. This means that the disturbance ma-
trix Dk is time-varying between sampling times, but constant
over any given prediction horizon. This is because the future
disturbances are estimated purely from previously observed
disturbances and are considered to be independent of the state
and the control.

C. Cost Function and Constraints

Since the state (29) expresses the vehicle’s position in terms
of the racing line, the controller objective is to drive eψ and ey
to zero, while trying to maintain vx to a given target velocity.
An additional cost can be placed on vy to minimize side-slip;
however, this would restrict aggressive cornering, as the latter
tends to induce large side-slip angles at high speeds.

The cost function is therefore chosen such that xgk =
[vgk , 0, 0, 0, 0, 0, 0, 0]

⊤, Qk = diag(Qvx , Qvy , 0, 0, 0, Qeψ ,
Qey , 0), Rk = diag(Rδ, RT ), where Qvx is the velocity cost,
Qvy is the side-slip cost, Qeψ is the heading error cost, Qey
is the off-path error cost, Rδ is the steering cost, and RT is
the throttle cost. The chosen values for these parameters are
shown in Table I.

The target velocity is varied according to the curvature of
the racing line using the function

vgk = vg,max − |ρ(sk)|vg,max, (37)

where ρ(sk) is the curvature of the nearest point on the racing
line to the current state. For our track, the curvature is bounded
by 1 and (37) implies that the target velocity is varied in the
range (0, vg,max), slowing down according to the severity of
a curve.

The parameters for the chance constraints are chosen to
provide the desired probability of the vehicle trajectory to
remain within the track boundaries. The track boundaries
are represented using two chance constraints (one for the

inner boundary and one for the outer boundary), given by
Pr(α⊤

eyxk < βey ) ≥ 1 − px,1 and Pr(α⊤
eyxk > −βey ) ≥

1− px,2, with αx,1 = αx,2 = αey , βx,1 = βx,2 = βey , eyk =
αeyxk, βey = 0.5 × (track width), and px,1 = px,2 = 0.1
design parameters chosen to provide a suitable level of safety.

The control constraints are designed similarly to keep the
actuator commands within the limits imposed by the hardware.

D. Feedback Matrix Offline Computation

To run the original CS-SMPC algorithm on the AutoRally
platform, one needs to solve the convex problem (A.5) on-line
at each time step. The current AutoRally hardware does not
allow solving this convex problem at a sampling frequency
that would be sufficient for driving fast around the track.
Due to the periodic nature of the autonomous racing task,
however, it is possible to pre-compute the feedback matrices
in a simulation environment described in the following sec-
tion and store them in a look-up table, namely, as SK =
{K̄0, x̄0; K̄1, x̄1; , . . . ; K̄NK , x̄NK}, where K̄i = K∗ is the
optimal K from the solution of Problem (A.5) for the initial
state x̄i = xi|i and i = 0, 1, . . . , NK . During runtime, the
optimal feedback matrix is chosen as Kk = K̄j such that j =
argmini(∥xk − x̄i∥), where xk is the current realized state
and Kk is the feedback matrix applied during the current
optimization step. The on-board calculation is then restricted
to the calculation only of the feedforward control action V ∗.
A C++ implementation of this scheme is able to run on the
AutoRally at 40 Hz.

E. Simulation Environment

To support the development and validation of the proposed
CS-SMPC controller, a custom high-fidelity simulation en-
vironment was created, shown in Figure 3, which acts as a
seamless replacement for the physical hardware. We used the
commercial vehicle simulation software CarSim [58] as the
simulation back-end, integrated our own hybrid friction model
described in Section V-B.1, and added a ROS front-end for
communication with the controller. Thanks to the ROS front-
end, the simulator communication with the controller is iden-
tical to that of the physical AutoRally platform, allowing the
same controller implementation to be tested interchangeably
with the actual vehicle or the simulation environment.

Fig. 3: AutoRally simulation environment.
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The controller communicates with the simulation environ-
ment (equivalently, the physical AutoRally vehicle) using a
custom chassisCommand ROS message, which includes
values for the steering command (δ) and throttle command (T ).
The simulation executes these commands by calculating the
predicted friction forces using the friction and throttle models
described in (30) and (31) and the wheel friction forces are sent
to CarSim, which then propagates a high fidelity vehicle model
using the AutoRally’s vehicle parameters. These vehicle pa-
rameters include those of the dynamic bicycle model identified
in Section V-B.1 along with additional parameters necessary
for a double-track full-vehicle model which can be measured
directly or are given in the manufacturer specifications of the
AutoRally’s components. The updated state is published as
a standard ROS Odometry message which is consumed by
the controller to update the current state estimate for the next
planning iteration.

VI. RESULTS

To demonstrate the performance of the proposed covariance
steering stochastic MPC (CS-SMPC) algorithm, we compared
it with the Model Predictive Path Integral (MPPI) algorithm
[2], a state-of-the-art sampling-based MPC controller. The
main advantage of CS-SMPC over MPPI is the explicit en-
coding of the chance constraints, which provide a quantifiable
measure of safety of the planned trajectory. MPPI only im-
plicitly accounts for constraints by incorporating them in the
cost function. On the other hand, MPPI is more versatile, as
it can handle general nonlinear dynamics and costs. However,
since it is based on trajectory roll-outs, MPPI’s performance
is heavily dependent on the number of sampled trajectories.

Fig. 4: CS-SMPC AutoRally experimental evaluation.

In prior work, a simple nonparametric vehicle model of the
AutoRally was used with MPPI to allow for fast trajectory
predictions utilizing the power of GPU hardware for efficient
parallelization [2]. In this work, we compare both methods
using the high-fidelity dynamic vehicle model presented in the
previous section. Working with this model is computationally
more expensive but provides better prediction accuracy. We

tuned MPPI to sample as many trajectories as possible, while
having the same update rate as CS-SMPC. Therefore, both
controllers use the same model and parameters, so their differ-
ences lie entirely in the representation and solution methods.

A. Monte Carlo Simulations

Because the CS-SMPC controller explicitly considers dis-
turbances when designing the optimal control, it is able to
provide robust constraint satisfaction. On the other hand, a
deterministic formulation only satisfies constraints for the
nominal, undisturbed trajectory. Therefore, a key advantage
of the CS-SMPC controller is a systematic way to trade off
performance for safety.

The robustness of the CS-SMPC controller was tested via
100 simulated runs of length 1 lap each in the simulation
environment shown in Figure 3, with each controller at a target
speed of 6 m/s. In each run, the simulated friction parameters
(tireB, tireC, tireD) in Table I, as well as the steering and
throttle inputs δ, T were randomly varied as ∆θi ∼ N(0, 0.1),
where θi = θ̂i(1 + ∆θi), where θi is a given vehicle model
parameter or input, and θ̂i is the nominal value used by the
controller. In other words, both controllers used the nominal
parameters to design the control policy, but the simulation was
carried out with random variations of these parameters.

As shown in Table II, CS-SMPC has the lowest crash
instance count, while also driving faster than MPPI. Moreover,
Figure 5 shows that CS-SMPC has the smallest spread in
the realized trajectories and consistently maintains the same
speed through the same sections of the track between different
runs with different vehicle parameters, demonstrating greater
robustness to the disturbances.
TABLE II: Comparison of controller safety over 100 Monte Carlo simula-
tions.

Metric MPPI CS-SMPC

Crashes (/100) 11 3
Ave Speed (m/s) 5.10 5.54
Ave Lap Time (s) 28.64 27.82

(a) MPPI (b) CS-SMPC
Fig. 5: Visualization of all simulated trajectories.

B. Experimental Evaluation
1) Autonomous Racing with the AutoRally

We next compared the performance of CS-SMPC with MPPI
on the physical AutoRally platform at the Georgia Tech
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(a) MPPI (b) CS-SMPC
Fig. 6: Experimental trajectories on the AutoRally dirt track.

Autonomous Racing Facility (GTARF) dirt race track, shown
in Figure 4. Although the vehicle model was identified using
data collected from the dirt track, it is difficult to model the
vehicle sliding, slipping, etc at high speeds while performing
aggressive maneuvers at the limits of the vehicle’s handling
capabilities. Additionally, the track contains rocks and ruts
that cannot be modeled and affect the vehicle’s performance
at high speeds. Therefore, this task necessitates a controller
that can account for uncertainty in the vehicle dynamics and
responds to disturbances, making this platform an ideal test
bed for stochastic MPC approaches.

With the parameters in Table I fixed, and for both con-
trollers, we initially tested with a target speed of 3 m/s and
increased the maximum target speed until the car could no
longer reliably complete a lap around the track. The results
from the highest speeds at which each controller could reliably
complete the entire track (7 m/s for MPPI and 9 m/s for CS-
SMPC) are presented here. It should be noted that as the target
speed is increased, both controllers increasingly deviate from
the racing line, as it becomes more challenging to manage
the vehicle slip while driving at high speeds and under large
lateral and longitudinal accelerations. Even at a 2-m/s-higher
target speed than MPPI, CS-SMPC manages to do a better
job at minimizing the off-path and heading errors (ey and eψ ,
respectively). At target speeds higher than 7 m/s the MPPI
controller becomes unstable and is unable to reliably complete
a lap without colliding with the track boundaries.

As shown in Table III, CS-SMPC is able to safely achieve
a higher maximum speed than MPPI, and also complete the
laps with a faster average speed and lower lap time. Photos of
the test with CS-SMPC are shown in Figure 4 and a video of
the test can be viewed at https://youtu.be/1ms5fctfAYs.

Additionally, as seen in Figure 6, CS-SMPC maintains a
smoother and more consistent trajectory than MPPI, while
simultaneously driving at higher speeds. This demonstrates
that CS-SMPC is more robust to disturbances and safely
captures the dispersion of trajectories to remain close to the
racing line. Finally, Figure 7 shows the acceleration profiles of
the AutoRally running CS-SMPC, as measured by the onboard
IMU. The theoretical maximum acceleration for the given tire
model is 10.8 m/s2, indicating that the vehicle indeed reaches
the limits of friction in many sections of the track.

The superior performance of CS-SMPC over MPPI can be
attributed to the disturbance representation and the different
solution methods used in these two approaches. CS-SMPC

(a) G-G Circle (b) Combined Acceleration
Fig. 7: Measured acceleration magnitudes from experimental results with
CS-SMPC on the AutoRally dirt track.

TABLE III: Experimental comparison of controller performance.

Metric MPPI CS-SMPC

Max Speed (m/s) 7.0 8.7
Ave Speed (m/s) 4.6 5.2

Min Lap Time (s) 40.1 35.4

explicitly models the uncertainty in the vehicle dynamics and
solves a convex program. MPPI, on the other hand, does not
model the system uncertainty, but rather it injects a disturbance
into the control input to search for the optimal control using
a sampling-based method.

Fig. 8: Surrogate 1 is an autonomous Ford Escape.

2) Obstacle Avoidance with a Full-Scale Vehicle

Having demonstrated the performance of CS-SMPC while
performing aggressive maneuvers in the dynamic friction
regime in an autonomous racing scenario, in this section, we
demonstrate the use of the CS-SMPC algorithm in a more
conservative, but nonetheless still challenging, autonomous
driving task.

While the small size of the AutoRally platform allows
to perform aggressive maneuvers that would be difficult to
reproduce on a real vehicle due to safety concerns, commercial
applications of autonomous vehicles pose their own unique
challenges. For example, RTK GPS provides accurate position
measurements that overcome the drift encountered from other
measurements. However, a reliable GPS signal is not available
in environments where the horizon is heavily occluded. In
such GPS-denied cases, other localization methods are nec-
essary and the vehicle’s controller must be able to respond
to inaccuracies in the state estimate. Additionally, while on
a race track the boundaries are known ahead of time and no
obstacles may be expected when merely performing time trials,
in commercial applications dynamic obstacles may appear
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suddenly in the vehicle’s planned path, requiring the controller
to react quickly to swerve and avoid these obstacles and then
reconnect with the reference path, as shown in Figure 9.
Our full-scale vehicle implementation of CS-SMPC addresses
these two challenges, namely, unreliable state estimation and
dynamic obstacle avoidance.

Fig. 9: Obstacle avoidance pipeline.

We implemented CS-SMPC on a full-scale autonomous
Ford Escape at the Autonomous Solutions Incorporated (ASI)
facilities in Utah, shown in Figure 8. The vehicle was tested
in a GPS-denied environment, relying solely on radar and
inertial measurements for localization. We used CS-SMPC
to navigate the vehicle around the test track by following a
static target path and avoiding dynamic obstacles which were
detected online by LIDAR and may appear in the vehicle’s
static goal path. That is, given a global plan that navigates
through a known environment — but which does not account
for dynamic obstacles which may appear in the vehicle’s
path — the controller must reroute the plan online around
obstacles that appear within the vehicle’s field-of-view, while
minimizing deviation from the global plan.

Fig. 10: GPS-denied navigation and obstacle avoidance using CS-SMPC.

To perform obstacle avoidance no additional planner was
employed beyond the global planner which outputs a static
path around the test track, irrespective of any obstacles on
the track. The task of responding to an obstacle is left to the

CS-SMPC algorithm, which encodes the global path through
the cost function as described in Section V-C and accounts
for the obstacles using chance constraints. The advantages of
our approach over a more traditional re-planning and tracking
paradigm are twofold. First, we avoid reliance on an online
planner that may not be computationally feasible at high
update rates which are needed for avoiding dynamic obstacles
appearing suddenly in the vehicle’s path. Second, the decision
of acceptable proximity to an obstacle is determined through
the chance constraints as opposed to through a heuristic (e.g.
a fixed distance) and without the need for a stochastic online
path planner (which may be computationally demanding).
Since the chance constraints must define a convex safe region,
an obstacle-free corridor was constructed online using the
LIDAR measurements, the edges of which define the chance
constraint boundaries with respect to the lateral distance from
the global path as shown in Figure 9. Although the region is
non-convex in Cartesian space, it is convex in terms of the
lateral distance from the global path (i.e., ey).

Snapshots of the field experiment at the ASI facilities are
shown in Figure 10. A video of the test may be viewed
at https://youtu.be/248S eNz Tw. The results in Figure 10
and the corresponding video show that CS-SMPC is able
to successfully respond to an obstacle (barrel) placed in the
vehicle’s path and find an obstacle-free path around it, while
providing a buffer corresponding to a prescribed degree of
safety as determined by the provided chance constraints. The
obstacle avoidance is performed in an optimal fashion that
minimizes deviation from the global target path, and is able
to successfully reconnect with the reference path to continue
around the test track once the obstacle has been cleared.

VII. CONCLUSIONS AND FUTURE WORK

This paper proposes a stochastic MPC (SMPC) approach
for the control of uncertain linear systems subject to Gaus-
sian noise and chance constraints using covariance steering
ideas. The proposed Covariance Steering Stochastic MPC (SC-
SMPC) algorithm demonstrates several safety advantages over
existing SMPC methods by explicitly shaping the terminal
state distribution of future trajectory realizations. The practical
usefulness of the approach is demonstrated with experiments
on the 1/5-scale AutoRally platform and on a full-size com-
mercial vehicle in autonomous driving tasks.

For the success of the proposed method, an accurate nominal
model of the vehicle and a faithful and realistic representation
of the disturbances and the chance constraints must be avail-
able. This invites several possible future research directions to
extend the proposed methodology. For instance, uncertainty
can be reduced by improving the model by incorporating
information learned about the changing driving conditions,
leading to less conservative trajectories. Exploring modern
learning methods to improve the vehicle and uncertainty
models online using data collected while driving is therefore
a natural next step. Along the same lines, future work may
also explore the case when uncertainty directly affects the
system model matrices, and not only by entering the system
as additive Gaussian noise.
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APPENDIX A
PROOF OF THEOREM 2

First, we introduce the following well-known lemma [38],
[59], which is easy to show and hence we state it without a
proof.

Lemma 3: Let x be a scalar random variable such that x ∼
N (µ,Σ). Then the chance constraint

Pr (x ≤ β) ≥ 1− p, (A.1)

holds if and only if the following inequality holds

µ+
√
ΣΦ−1(1− p)− β ≤ 0, (A.2)

where Φ(·) is the cumulative distribution of the standard
normal distribution. Furthermore, if p ∈ [0, 0.5) then Φ−1(1−
p) ≥ 0 and (A.2) implies that µ ≤ β.

To prove Theorem 2, we first rewrite the system dynamics
in a more convenient form. Following [43], it is straightfor-
ward to obtain the following equivalent form of the system
dynamics (14b)

X = Axk|k + BU +DW +R, (A.3)

where the augmented state is X =
[x⊤k|k, x

⊤
k+1|k, . . . , x

⊤
k+N |k]

⊤ ∈ R(N+1)nx , the augmented
control vector is U = [u⊤k|k, u

⊤
k+1|k, . . . , u

⊤
k+N−1|k]

⊤ ∈
RNnu , and the augmented disturbance vector is
W = [w⊤

k , w
⊤
k+1, . . . , w

⊤
k+N−1]

⊤ ∈ RNnw , and
where A ∈ R(N+1)nx×nx , B ∈ R(N+1)nx×Nnu ,
D ∈ R(N+1)nx×Nnw , and R ∈ R(N+1)nx are augmented
system matrices, the explicit expressions of which can
be found, for example, in [43]. From (2) and (3) it is
easy to see that the initial condition and noise vector W
satisfy E[xk|kW⊤] = 0,E[WW⊤] = INnw ,E[xk|kx⊤k|k] =

Σk + µkµ
⊤
k . Introducing the auxiliary matrices Et−k =[

0nx,(t−k)nx , Inx , 0nx,(N−(t−k))nx
]

∈ Rnx×(N+1)nx and
Ft−k =

[
0nu,(t−k)nu , Inu , 0nu,((N−1)−(t−k))nu

]
∈ Rnu×Nnu ,

we have that the state and control at time step t can be
expressed in terms of X and U via xt|k = Et−kX and
ut|k = Ft−kU where t = k, . . . , k +N .

Using the previous definitions, it is straightforward to show
that Problem (14) can be written as

min
U

E
[
(X −Xg)

⊤Q̄(X −Xg) + U⊤R̄U
]
, (A.4a)

subject to
X = Axk|k + BU +DW +R, (A.4b)
xk|k ∼ N (µk,Σk), (A.4c)

Pr
(
α⊤
x,iEt−kX ≤ βx,i

)
≥ 1− px,i, (A.4d)

Pr
(
α⊤
u,jFt−kU ≤ βu,j

)
≥ 1− pu,j , (A.4e)

ENE[X] ∈ X µ
f , (A.4f)

Σf ≻ EN
(
E[XX⊤]− E[X]E[X]⊤

)
E⊤
N , (A.4g)

where the augmented target vector is given by
Xg = [x⊤gk , x

⊤
gk+1

, . . . , x⊤gk+N ]
⊤, where Q̄ =

blkdiag(Qk, . . . , Qk+N−1, 0), and where R̄ =
blkdiag(Rk, . . . , Rk+N−1). Note that, because Qt ⪰ 0
and Rt ≻ 0, it follows that Q̄ ⪰ 0 and R̄ ≻ 0.

Problem (A.4) can be converted to the convex program

min
V,K

JN (µk,Σk;V,K)

= tr
[(
(I + BK)⊤Q̄(I + BK) +K⊤R̄K

)
Σy

]
+ (Aµk + BV +R−Xg)

⊤Q̄(⋆) + V ⊤R̄V, (A.5a)
subject to

α⊤
x,iEt−k (Aµk + BV +R)

+ ∥Σ1/2
y (I + BK)⊤E⊤

t−kαx,i∥Φ−1(1− px,i)

− βx,i ≤ 0, i = 0, . . . , Ns − 1, (A.5b)

α⊤
u,jFt−kV + ∥Σ1/2

y K⊤F⊤
t−kαu,j∥Φ−1 (1− pu,j)

− βu,j ≤ 0, j = 0, . . . , Nc − 1, (A.5c)
EN (Aµk + BV +R) ∈ X µ

f , (A.5d)

Σf ⪰ EN (I + BK)Σy(I + BK)⊤E⊤
N , (A.5e)

where, Σy = AΣkA⊤ + DD⊤, and where V =
[v⊤k|k, . . . , v

⊤
k+N−1|k]

⊤, Xg = [x⊤gk , . . . , x
⊤
gk+N

]⊤, K =[
blkdiag(Kk|k, . . . ,Kk+N−1|k), 0

]
, Q̄ = blkdiag(Qk, . . . ,

Qk+N−1, 0nx×nx), and R̄ = blkdiag(Rk, . . . , Rk+N−1).
All steps to convert Problem (A.4) to Problem (A.5) have

already been discussed in our previous work [38], [39], except
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for the conversion of (A.4e) to (A.5c), which we describe
below, because neither [38] nor [39] include input constraints.

To this end, notice that using the control law (15), the
control sequence U in (A.4e) is represented as U = V +KY ,

where Y =
[
y⊤k|k · · · y⊤k+N |k

]⊤
. It follows from (15b)

that Y = Ayk|k + DW , and thus, using the facts that
E[yk|k] = 0, E[yk|ky⊤k|k] = Σk, and E[yk|kW⊤] = 0, one
obtains E[Y ] = 0 and E[Y Y ⊤] = Σy . Therefore, E[U ] = V
and E[(U − E[U ])(⋆)⊤] = KΣyK

⊤. The inequality (A.4e)
can be rewritten as

Pr
(
α⊤
u,jFt−k(V +KY ) ≤ βu,j

)
≥ 1− pu,j . (A.6)

Notice that α⊤
u,jFt−k(V + KY ) is a Gaussian distributed

scalar random variable with mean α⊤
u,jFt−kV and variance

α⊤
u,jFt−kKΣyK

⊤F⊤
t−kαu,j . Using Lemma 3 we obtain that

(A.6) is equivalent to the inequality α⊤
u,jFt−kV − βu,j +√

α⊤
u,jFt−kKΣyK⊤F⊤

t−kαu,j Φ
−1(1− pu,j) ≤ 0, which can

be readily converted to (A.5c). Since px,i ∈ [0, 0.5) and pu,j ∈
[0, 0.5), the constraints (A.5b) and (A.5c) are convex [38],
[59].

Finally, the terminal covariance constraint (A.5e) can be
converted to a linear matrix inequality (LMI),[

Σf EN (I + BK)Σ
1/2
y

Σ
1/2
y (I + BK)⊤E⊤

N I

]
⪰ 0, (A.7)

which is a convex constraint in terms of the matrix K.

APPENDIX B
PROOF OF THEOREM 4

To simplify the proof, we assume that the cost matrices
and the goal state are constant. That is, for all t = 0, 1, . . . ,
we assume that Qt = Q, Rt = R, and xgt = xg , and thus
ℓt(·, ·) = ℓ(·, ·). Note, however, that the proof still holds for
the time-varying case, provided the cost matrices and the target
vector are bounded as per the problem definition.

Using (24)-(25), the cost JN (µ∗
k+1|k,Σ

∗
k+1|k;u

N−1
k+1|k+1),

where uN−1
k+1|k+1 is defined in (23), can be written

as JN (µ∗
k+1|k,Σ

∗
k+1|k;u

N−1
k+1|k+1) = J∗

N (µ∗
k|k,

Σ∗
k|k) − ℓ̃(µ∗

k|k,Σ
∗
k|k, v

∗
k|k,K

∗
k|k) + ℓ̃(µ∗

k+N |k,
Σ∗
k+N |k, vk+N |k+1,Kk+N |k+1), where (µ∗

k|k,Σ
∗
k|k) =

(µk,Σk) and the pair (µk,Σk) is given by the
initialization (19). Hence,

JN (µ∗
k+1|k,Σ

∗
k+1|k;u

N−1
k+1|k+1)− J∗

N (µ∗
k|k,Σ

∗
k|k)

+ ℓ̃(µ∗
k|k,Σ

∗
k|k, v

∗
k|k,K

∗
k|k)

= tr(QΣ∗
k+N |k) + v⊤k+N |k+1Rvk+N |k+1

+ tr(RKk+N |k+1Σyk+N|k+1
K⊤
k+N |k+1)

+ (µ∗
k+N |k − xg)

⊤Q (µ∗
k+N |k − xg). (B.8)

Let now J
Xµ
f

max = maxµ∈Xµ
f
[(µ − xg)

⊤Q(µ − xg)]. Since
µ∗
k+N |k ∈ X µ

f , it follows that (µ∗
k+N |k − xg)

⊤Q (µ∗
k+N |k −

xg) ≤ J
Xµ
f

max and the last term in (B.8) is bounded by J
Xµ
f

max.
Similarly, since Σ∗

k+N |k ⪯ Σf , it follows that the first term in
(B.8) is bounded by tr(QΣf ).

By Assumption 3, vk+N |k+1 and Kk+N |k+1 are
feasible controls, meaning that uk+N |k+1 satisfies the
chance constraint (14e). Furthermore, uk+N |k+1 ∼
N (vk+N |k+1,Σuk+N|k+1

) and, from Lemma 3, it follows that

α⊤
u,jvk+N |k+1 +

√
α⊤
u,jΣuk+N|k+1

αu,j Φ
−1(1− pu,j)

− βu,j ≤ 0, j = 0, . . . , Nc − 1, (B.9)

where Σuk+N|k+1
= Kk+N |k+1Σyk+N|k+1

K⊤
k+N |k+1. Since

pu,j ∈ [0, 0.5) the previous inequality implies, in particular,
that, for all j = 0, . . . , Nc − 1,

α⊤
u,jvk+N |k+1 − βu,j ≤ 0, (B.10)

or equivalently, vk+N |k+1 ∈ U . It follows that the second term
in (B.8) is bounded by Jvmax = maxv∈U v

⊤Rv. Similarly,
(B.9) implies that

α⊤
u,jΣuk+N|k+1

αu,j ≤
(

βu,j
Φ−1 (1− pu,j)

)2

, (B.11)

and therefore the third term in (B.8) is bounded by JKmax =
maxΣu∈S tr(RΣu) where S = {Σu : α⊤

u,jΣuαu,j ≤
β2
u,j/Φ

−1(1− pu,j)
2, j = 0, . . . , Nc − 1}.

Let δ = J
Xµ
f

max + tr(QΣf ) + Jvmax + JKmax. Since
J∗
N (µ∗

k+1|k,Σ
∗
k+1|k) ≤ JN (µ∗

k+1|k,Σ
∗
k+1|k;u

N−1
k+1|k+1), it fol-

lows from (24) and (B.8) that

E[ℓ(xk|k, u∗k|k)] ≤ J∗
N (µ∗

k|k,Σ
∗
k|k)− J∗

N (µ∗
k+1|k,Σ

∗
k+1|k) + δ,

E[ℓ(x∗k+1|k, u
∗
k+1|k)] ≤ J∗

N (µ∗
k+1|k,Σ

∗
k+1|k)

− J∗
N (µ∗

k+2|k,Σ
∗
k+2|k) + δ,

...
E[ℓ(x∗k+n−1|k, u

∗
k+n−1|k)] ≤ J∗

N (µ∗
k+n−1|k,Σ

∗
k+n−1|k)

− J∗
N (µ∗

k+n|k,Σ
∗
k+n|k) + δ,

and thus,

1

n

n−1∑
t=0

E[ℓ(x∗k+t|k, u
∗
k+t|k)]

≤ 1

n

(
J∗
N (µk,Σk)− J∗

N (µ∗
k+n|k,Σ

∗
k+n|k)

)
+ δ

≤ 1

n
J∗
N (µk,Σk) + δ, (B.12)

where for the last inequality we used the fact that
J∗
N (µ∗

k+n|k,Σ
∗
k+n|k) ≥ 0. The result now follows by taking

ℓmax = δ and letting n→ ∞.
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