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We consider the optimal control problem of a partially observed discrete-time linear stochastic system with
chance constraints on the state and control trajectories, while simultaneously controlling the first and second
order moments of the state. Using a distribution-independent approximation of the chance constraints, we show
that the class of affine controllers contains the optimal controller. Furthermore, this distribution-independent
approximation is carried out while ensuring that any feasible solution for the approximated problem is also

feasible for the original problem. Finally, we design a convex optimization problem to solve offline for the
optimal controller for the approximated problem.

1. Introduction

While the majority of stochastic optimal control problems considers
minimizing an expected state- and control-dependent cost, optimal
covariance steering problem formulations [1,2] focus on steering the
covariance of the final state to a prescribed value, while simultaneously
minimizing an expected state- and control-dependent cost. As a result,
the controller solving the covariance steering problem not only opti-
mally steers the state with minimum (state and control related) cost,
but it also minimizes the uncertainty in the terminal state, measured in
terms of its mean and covariance. In this spirit, the optimal covariance
steering problem is closely related to the recent developments in distri-
butional control [3-6] where the objective is to steer the distribution
of the state of a dynamical system from a given initial distribution to
a given final distribution, establishing a connection between optimal
control and Schrodinger bridges [7,8].

To the best of our knowledge, the problem of controlling the state
covariance was first introduced in [1,2], and it was later extended in
several works including [9-12]. In all these prior studies, the emphasis
is placed on infinite horizon problems. The objective of these works is
to steer the state covariance of a stochastic linear system to a prescribed
steady-state value and stay there. Recently, the focus has shifted to the
finite horizon case [13-15], where the covariance of a linear system
is controlled to be within a given set while minimizing an expected
quadratic cost.

Recent studies, such as [16], have also looked into optimal covari-
ance steering control problems with chance constraints by imposing
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restrictions on the maximum probability of chance constraint vio-
lation. Such chance constraints are generally defined for the entire
time horizon rather than only at a terminal time, and thus, they are
different from previous studies in the covariance control community [3,
6,14]. In [17,18], chance-constrained optimal control problems were
analyzed to guarantee performance under uncertainty. Furthermore,
this framework has been extended to stochastic model predictive con-
trol [19,20], vehicle path planning [21,22], and spacecraft control [23]
problems. Extensions include incorporating (decoupled) state and in-
put constraints [24], and to non-linear systems [25] using successive
approximations. In [26] a model predictive path integral approach
in conjunction to covariance steering has been used for trajectory
optimization of stochastic linear systems.

The majority of all these prior approaches assume perfect sensing
and full state observation. An exception is [27], which considers a
partial and noisy observation model. However, [27] imposes a linear
structure on the controller and does not incorporate any chance con-
straints. Instead, it introduces a quadratic (convex) constraint that is
structurally similar to the quadratic cost function. The combination of
convex cost and constraint functions, along with the restriction to linear
controllers, results in a convex optimization problem that can be solved
efficiently. In this article, we consider a chance-constrained covariance
steering optimal control problem for discrete-time linear systems with
partial noisy observations. A similar problem from the stochastic model
predictive community has been studied in [28], which, however, does
not provide any optimality guarantees on the controller structure.
Our problem is similar in spirit with [29], where an approximated
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version of the chance constraint problem is studied under the restrictive
assumption that the admissible controller is linear. It is, however,
different from [29] in terms of the generality of the imposed chance
constraints; more importantly, in this paper we do not adhere to any
specific structure of the optimal controller.

The contributions of this article are as follows: First, we propose
a sufficient approximation of the output feedback covariance steering
problem under chance constraints, that is, any feasible solution of the
proposed relaxed problem is also feasible for the original problem. The
(sufficient) approximation is distribution-independent, that is, the ap-
proximation is valid regardless of the structure of the control law. Next,
for the approximated problem, we prove that the optimal controller
lies in the space of affine controllers. Finally, we construct a convex
optimization problem to efficiently solve for the optimal covariance
steering controller.

2. Problem formulation

Let us consider the linear, discrete-time stochastic dynamical sys-
tem,

X1 = AX +BU +W, (1a)
Y, = CX, +V, (1b)
Z,= FX,+G.U, (19

where X, € R, Y, € R?, Z, € R/, and U, € R" are the state,
the sensor measurement, the output, and the control input signals,
respectively. The process and measurement noises are {W,}y, and
{Vi}ien, (N is the set of non-negative integers), respectively, where’,
forallt,s,k e Ny, witht # 5, W, LW, W, LV, V, L V,, W, 1L X,;, and
V, L X,,. The primitive random variables W}, V; and X,, are distributed
as W, ~ N(O,W), V, ~ N(0,V) and X, ~ N(uy,X,), respectively.
For notational compactness, we will also denote X, = uy + W_; where
W_, ~ N, X,).

The finite horizon chance-constrained optimal control problem is
given below.

Problem 1. Given the dynamics, measurement, and output Egs. (1),
find a control law to solve the following optimization problem

T
min J (V) AR [Z ZtTQ,Z,] , (2a)

=0
subject to  P[||Z, - r,||2sr >1]<6, t=0,....,T—-1, (2b)
ElZrl=u;  EWZp —pu)(Zr —up)'1< 2, (20)
where U" = {U,,U,,...,Up_,} is the entire control sequence over the

horizon of length T, and for any vector v and any compatible matrix
M, we use ”””%\4 to denote the scalar v Mv.

Notice that for a special choice of the parameters F;, G, and Q,, the
cost function can be expressed as E[ZLO XTL,X,+UTR,U,], which has
been considered in prior works [16,29]. While prior works consider the
constraints and the cost to be decoupled in the states and controls, our
formulation encapsulates coupling between the states and inputs using
the output variable Z,.

The parameters Q,,r,, S,,6,, u ; and X~ | are user-defined and fixed a
priori for the optimization Problem 1. The probabilistic constraints in
(2¢) encode the terminal constraints on the mean and the covariance
of the output Z,, whereas, the constraints in (2b) ensure that Z, at
time ¢ remains within a given (safe) ellipsoid® with a probability no
less than 1 — §,. The chance constraints in (2b) can also be viewed

1 X 1LY denotes that the random variables X and Y are independent.
2 In this article, an ellipsoid £(q,Q) in R” with center ¢ and shape matrix
O denotes the set {(x e R" | (x —q)TO(x — q) < 1}.
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as an intent to confine the output trajectory {Z,,..., Z;_;} within a
neighborhood (determined by the matrix .S,) of a predefined reference
trajectory {ry, ..., rr_; } with a prescribed probability (controlled by §,).
In the problem formulation, the safe regions (determined by .S, and r,)
along with the constraint violation probabilities (5,) are time-varying.

The feasibility of Problem 1 depends on the parameters (e.g., Q,,r,,
S}, 6, H s, etc.) of the problem. For certain choices of these parameters,
Problem 1 may become infeasible. In the subsequent analysis, we
assume that Problem 1 is feasible, and furthermore, we also assume that
G 0,G, > 0 for all 1, which is a standard assumption® in LQG optimal
control.

The chance-constrained optimization in Problem 1 is analytically in-
tractable, in general, due to the constraint 1P>[||Z,—r,||2S > 1] < §,. In this
article, we propose a relaxation to this constraint and solve the relaxed
problem instead. Prior works [22,24,28,29] on chance-constrained op-
timal covariance steering have also proposed approximations to the
chance constraints to circumvent the intractability imposed by this
constraint. However, the approximations proposed in those works are
valid only if the state X, has a certain density function or the controller
is constrained to be of a very specific structure [22,23,29]. The approx-
imations and the overall framework proposed in these prior works fail
if the problem is studied under a different class of controllers, or when
the actual distribution of the state is no longer the assumed one. In this
article, we propose a relaxation that is valid for any admissible control
law, thus, enabling us to consider a much larger class of controllers for
solving the relaxed optimization problem.

2.1. A relaxed formulation

In this section, we develop a relaxation to Problem 1 by replacing
the chance constraint P[||Z, — r,||§l > 1] < 6, with a new set of
constraints that are analytically tractable. First, notice that the satis-
faction (or violation) of the constraint (2b) depends on the probability
distribution of the random variable Z,. At this point, we cannot make
any assumptions on the probability distribution of Z, since it depends
on the control law yet to be designed. Therefore, the relaxation of
the constraint (2b) has to be valid for any distribution of Z,, i.e., we
need a distribution independent relaxation of the chance constraint (2b).
In this article, we use Markov’s inequality® to obtain a distribution-
independent approximation of the quantity P[||Z, — r,||§l > 1]. In
particular, Markov’s inequality for the random variable ||Z, — r,||§l
yields,

PllIZ, = rll5, > 11 < EllIZ, = rI5 - 3
We therefore relax the chance constraint (2b) as
ElZ, - rlI5] <6, @

Notice that the new constraint E[||Z, — r,||§t] < 6, is a sufficient
approximation of the chance constraint (2b), since any system trajectory
satisfying the constraint (4) also satisfies the original constraint (2b).
The relaxed optimization problem we will consider for the subsequent
analysis is presented in Problem 2.

Problem 2. A relaxed version of Problem 1 is given as follows

T
min J(U) £ E [; zIQ,Z,] , (5a)
subject to E[llZ,—r,llét] <6, t=0,...,T—1, (5b)
ElZrl =y, Bl Zg—up)Zp —up)'1< 2. (50)

3 This is equivalent to the assumption that the control weight matrix R, is
positive definite in the cost function E[Y_j X] L X, + U R,U,]

4 Markov’s inequality states that given a non-negative random variable X
and a real positive scalar a > 0, then P(X > a) < E[X]/a.
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In what follows, we will focus on finding an optimal controller to
solve Problem 2. It is important to mention here that other approxima-
tions to (2b) may be tighter, however, such approximations may lead to
analytically intractable problems and may also depend on the particular
distribution of the state. They are thus beyond the scope of this paper.

Before proceeding, let us discuss an innovation process which will
be instrumental in solving Problem 2.

3. The innovation process

At time ¢, the controller receives the measurements Y., £ {Y, ...,
Y,}, based on which a control action U, is computed. Thus, the control
input U, at time ¢ is adapted to the o-field 6(Y}.,). One can verify that
the observations Y., are correlated and depend on the control inputs
Uy.r_;- In what follows, we will perform a whitening transformation
to the observations in order to progressively construct a sequence of
signals &,.r_;, called the “innovation sequence", such that & 1 & for
all ¢ # s. Furthermore, in the process of generating &,._, from Y;.;_,,
no information is lost [30]. We formally present this result in Lemma 1.

Lemma 1. The c-algebra o(Y,.,) generated by the observation process
is the same as the c-algebra o(¢,.,) generated by the innovation process
{o» .-, &), where

& =Y, —ElY|Yy.-1, Up:io1 ), (6)
& £ Yy —E[Yy] = Co(Xg — 1p) + Vo,

where Y,.,_; and U,.,_, are the observation and control histories, respec-
tively.

Proof. The proof of Lemma 6 is presented in Appendix A.1.

The purpose of introducing the innovation process is to present a
tractable computational approach to solve Problem 2, as well as to
greatly simplify the analysis in the subsequent sections. Specifically,
we will make use of the fact that the distribution of the innovation
signal is control independent and can be computed a priori using the
next lemma, whereas, the measurement process Y, does not have such
a property.

Lemma 2. For allt, & is a Gaussian random variable with zero mean and
covariance M, such that

M =Cyy ZI+]|IC1T+1 + Vi1

Zt+1|t = A,Z,A;r + W,
29)-1 = Xp,

2= 2r+1|r - 2r+1|rCT

-1
1+1 Mt+lcf+121+1lf’
Moreover, the sequence of random variables {&, ..., &} is uncorrelated for

all 1.

Proof. The proof of this lemma can be constructed in a similar way as
the one presented in [30], However, for the sake of completeness, we
present it in Appendix A.2.

The matrix &, in Lemma 2 is the covariance of the initial state
Xy, and W,,V, are the covariances of the process noise W, and the
measurement noise V,, respectively. Lemma 2 is equivalent to the
following facts: (a) the innovation sequence §,., does not depend on
the control history Uy., for all + = 0,...,T, and (b) the innovation
sequence is a Gaussian uncorrelated noise sequence with zero mean
and covariance M,. Consequently, & 1L & for all s # ¢. It also follows
from Lemma 1 that the o(Y;.,)-measurable class of controls is the same
class of controls that are o(¢.,)-measurable. Thus, without any loss of
generality, in the subsequent analysis we will restrict ourselves to the
class of o(¢).;)-measurable functions to find an optimal controller. We
conclude this section with the following remark on the properties of
the innovation signal for a perfectly observed system.
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Remark 1. Under the perfect observation case, that is, C, = I and
V, =0, we have that §, = W,_,, %, =0, and M, = X,,_; = W,_, where
W,_, is the covariance of the process noise W,_;.

4. Equivalent fully observed problem

In this section, we show that the partially observed system (1) can
be reduced to a fully observed system, which will further reduce the
complexity of the subsequent analysis. To this end, we introduce two
filtered signals and use them to recast the partially observed system (1)
as an equivalent perfectly observed system. Let us define the following
quantities

X, £ E[X,1&.» Up:i—1], (72)
Z, 2 E[Z,&.,, U] = X, + G,U,, (7b)
X, 2X,-X, (7¢)
Z, 2z -2, (7d)
Xy = ZyCH(CyZpCy + Vo)™ &, (7e)

Using the definition of X , from (7), it can be verified that
Xr+1 = At)A(r +BU; + K&yt C))
where K, = %,,_;C] M;"! is the Kalman gain.

We may further write
E[Z]Q,Z,1=E[Z]0,Z)1+E[Z]Q,Z,].
and

29 _ 5 2 5 12

E[llZ, - rt”S,J =Ellz; - rt”S’J +E[||Zr||srl~

Notice that X, and Z, do not depend on the control signal since their
dynamics can be written as

/\71+1 = AIX)‘ + W - K&
Zt = Ftit’ )?—l =0,

where we introduce the initial condition X_, = 0 so that X, =
A\ X_| + W_, — K&y = X, — Ko& with A_; = I. One can also verify
that E[X,X] = X, where X, is defined in Lemma 2, and likewise,
E[Z,Z] = F,X,F]. To this end, we rewrite Problem 2 as follows.

Problem 3. An equivalent optimization problem to Problem 2 is
T
min J(V) = E [Z& ZIQ,Z,] +¢. 9
1=

subjectto E[||Z,-r,||§t]55,, t=0,...,T -1, (10)

ElZp) =y El(Zp —up)(Zp —up)'1= Z an

where ¢, = Y| tr(Q,F,%F), & = 6 - tu(FS,FX) and £, =
X, - Fp I F].

The quantity ¢, in Problem 3 does not depend on the control law and
thus it can be omitted from (9) without affecting the optimal solution.

While X, (and hence Z,) is partially observed through Y,, the vari-
able X , (and hence Z ,) is fully observed, i.e., the controller can compute
X, exactly, whereas, it cannot compute X, exactly. The emergence of
the fully observed system (X,, Y,, Z,) from the partially observed system
(X,,Y,, Z,) is due to the following corollary.

Corollary 1. Using X,, the partially observed system (1) for Problem 2
becomes a perfectly observed system for Problem 3 as described below

Xy = At)?t +BU; + K164 (12a)
0, =X, (12b)
Z, :FrXt"'GrUz (120)
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The controller cannot compute X, since it does not have access to
the random variables X, W, ..., W,_,. However, using the innovation
signals &, the controller can compute X, by following the dynamics
(12a). In (12a), K, &, emulates the noise W, that affects the system
dynamics (1a). As mentioned in Remark 1, for the perfect observation
case (G, = I,V, = 0 for all 1) we obtain &, = W, and M, = %,
which further implies that K, = %.,,,C M| = ,+l|,2;r‘1|t =1
Consequently, for the perfect observation case we obtain that K, &, =
W, and X, = X,, for all r.

Notice from the expressions of cl,S,, Z~f that partial observation
makes the problem more constrained and increases the optimal cost.
The three quantities c,, 5, and Z~f are directly affected by the param-
eters of the measurement model, namely, C, and V,. Since §, > 0
and ff > 0 are necessary for the feasibility of Problem 3, we can
derive sufficient conditions for Problem 3 to be infeasible by finding
conditions on these parameters such that either Z~f < 0oré, <0 for
some 7. These sufficient conditions for the infeasibility of Problem 3 are
provided below.

Fact 1. Either of the following two conditions renders Problem 3 infeasible:

() FrIpFl> X, (13a)

(i) There exist t € {0, ..., T—1} such that tr(F,X,F S,)>6,. (13b)

The sufficient conditions (13) for the infeasibility of Problem 3
are easy to check and do not require the solution of an optimization
problem. It is worth noticing that these conditions depend on all the
problem parameters except ry.r_; and u,. Between the two sufficient
conditions of infeasibility in (13), the condition Z, < FTZTF; is
fundamental to the original and the relaxed problems, that is, it ensures
infeasibility for any of the Problems 1-3. On the other hand, the
condition §, = &, — tr(F;S,F,%,) < 0 for some ¢ ensures infeasibility
of Problems 2-3, whereas, the original problem (Problem 1) can still
be feasible.

In the next section, we design the optimal controller for Problem 3
under the assumption that the problem parameters are chosen such that
none of the conditions in (13) is satisfied, i.e., Problem 3 is feasible.

5. Optimal controller synthesis

In this section, we construct the optimal controller corresponding
to Problem 3. The main result in this section is Theorem 1, where we
show that the optimal control law has an affine structure. Specifically,
we show that for every nonlinear controller, there is an affine controller
that performs equally well with respect to the objective (9), and satis-
fies the constraints (10)—(11). Before stating Theorem 1, we provide an
important lemma that is instrumental for proving Theorem 1.

Lemma 3. Let y be any feasible (randomized) linear control law for
Problem 3 of the form

U, = y[(X();pU();[—]):7[(X0:19U0;]—])+§[a 14

where 7 is a deterministic linear function and ¢, is a random variable such
that {, 1L ¢ forallt # s and ¢, 1L &, for all t and k. Then, the deterministic
(linear) control law y¢ such that

U, = yxd(XO:t’UO:r—l) = }_'r(XO:t’ Up.i-1) + EIG ], (15)

is also feasible for Problem 3 and yields a cost no worse than the one
obtained by y.

Proof. Due to the linearity of 7, we obtain E[7,(Xy.,Uy.,.)] =
#,(E[Xy.,1, E[Uy.,_1 1. Now, let X 7 denote the state evolution under the
randomized law y and let X ld denote the same under the deterministic
law y¢. One can verify that E[Z[y] = IE[Z;’] and Var(Z,Y) > Var(Zf) for
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all +, where Var(-) denotes the variance® of a random variable. Based
on these two observations, it follows that, if y satisfies the constraints
(10)—(11), then y? does so too. Therefore, y¢ is a feasible solution to
Problem 3.

Under the control law y¢, we may rewrite the objective in (9) as
follows,

T T
E [ZZ,dTQ,Z,d] = Y [EIZ{1TQE[Z¢] + u(Var(Z$)0,)]
=0 =0

(@)

T
< Y [EL1Z/1TQELZ] 1+ tr(Var(Z])0,)]
t=0
|

I T
= 77 77
=E| )2 Q,Z,],
=0

where in deriving (a), we have used the facts that E[Z] = E[Z¢] and
Var(ZAt’ ) > Var(Z;’ ) for all t. Therefore, y? results in a cost no higher
than the one produced by y. This completes the proof.

Lemma 3 implies that the class of randomized controllers of the
form (14) does not produce a better cost than the class of deterministic
controllers of the form (15). Such an observation is ubiquitous in
the context of a Markov-decision-process (MDP), where one can show
that for any randomized policy there exists a deterministic policy that
performs equally well. We are now ready to state the main result of
this paper.

Theorem 1. The optimal solution of Problem 3 is of the form

U, = LX, +i, 1e)

where L, € R™" and i, € R™.

Proof. The proof is based on the fact that for every nonlinear con-
troller, we can construct a feasible affine controller that produces a
cost that is less than or equal to the one obtained using the nonlinear
controller.

For any control policy y = {yy, 71, ..., rr}, we explicitly write X ty and
U/ to denote the state and control input at time ¢ obtained by using
the policy y. We now show that for any non-linear control policy 7, :
{)?S:I,UJ”_I} — R™, there exists an affine policy ¢ = {¢,,¢},...,¢r}
such that U7 = f,()?g:t, ngr—l) 2 [, X7 +a’ performs no worse than the
non-linear policy y for Problem 3.

To this end, let PV(X(V):T’Ug:T—l) be the state-control distribution
generated by the control policy y. Let us consider a candidate affine

control ¢, of the form

Ul =X a7
= Cov, (U, X Var,(X))"' (X! —E,[X7) + .

where ¢, ~ N'(, A,) is a Gaussian random variable with mean £, and
variance A,. The expressions of ¢, and 4, are as follows,

{=E,[U/], 18
A, = Var,(U]) - Cov, (U}, X!)Var,(X!)™'Cov, (U], X)T, 19

where E,[], Var,(-) and Cov,(-) denote the expectation, variance and
covariance, respectively, under the distribution P,. The random vari-
able ¢, is chosen such that it satisfies ¢, AL ¢, for all s # 1, and ¢, 1L &,
for all ¢, k.

Let P,(X{. ..U ). B[], Var,, and Cov, denote the distribution,
expectation, variance and covariance, respectively, induced by the
affine control law (17). We will show that if y is a feasible control law,
then ¢ defined by (17) is also feasible, and produces a cost no worse

5 For any two random variables X and Y, we use the notation Var(X) £
E[XXT]-E[X]E[X]" and Cov(X,Y) 2 E[XYT]-E[X]E[Y]T = Cov(X,Y)"
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than the one produced by y. We prove this statement in three steps,
where the goal is to show that the first and second order moments of
the state and the control are the same for both the nonlinear and the
affine controller.

Step 1. We show using an inductive argument that, under the
control law #, we have Ey[)?ty] = EK[)?f)] and E,[U]] = ]Ef[Uf] for
all r.

The policy y or ¢ does not affect )?0, and hence, X’ = X g ,%and also
P,(Xg) = P,(X,) ~ N (uy, KgM,K]). Therefore, E,[X{]1= uy = E,[X]].
Furthermore, from (17), E,[U{1 = E/[£o(X{)] = E/[] = E,[U]] since
o ~ N, Ap) and &, = E,[U]].

Let us now assume that, for some time k, we have E,[X{] = E,[X]]
and ]Ef[Uf] =E [U}']. Therefore, at time k + 1,

E X, 1= E A X] + BLU] + Ky 1 &1

= AE X1+ BE, (U]

= AR, [X]]1+ ByE,[U]1 = E, [X], 1.

and from (17), E,[ k+1] =E/[{s1] = E,[U], 1. Thus, for all 7, E,[X/]=
E,[X/] and E,[U] = E,[U{].
X7 X
Step 2. Next, we show that Vary< U;]) = Var, ([Utf]> for

all ¢+. Since the control law ¢ is of the tform (17), we matly write
Ul =i, + L,X’f + ¢, where i, = —Covy(Uy,X{)Vary()?ly)‘lIEy[Yty] and
L, = Cov,(U!,X)Var,(X])~! are deterministic quantities. Therefore,

we may further write

o (] 151

3 [ Var,(X?)  Var,(X?)L] ] [o 0 ]
LVar,(X?) LVar (X))LT| " |0 Var,()|’
since ¢, is a random variable independent of X f .

At time 1 = 0, we have Varf()?g) = Vary()?g) = KoM,K], and
therefore

f(f
e (]
3 [ Var,(X[)
LoVar,(X{)
@[ Var, (X))
~ [Cov, (U}, X))

Varf()?g)Lg] [0 0 ]
LoVar,(X))Lj| ~ |0 Vars(¢)

U’ X? T X}'
80 )
ary(UO) U0
where (a) follows by substituting the expression for L, and using the
fact that Var,((,) = Var,(U/) - Cov, U/, X[ )Var,(X])"! (Egvy(U,’, XN
X7 X
Let us now assume that Var, <[U’;]> = Var, <[U’;]> for some

k k
t = k. Therefore, at time r = k + 1 we have

%t
Var, (X7,,) = Var, <[Ak By] [ ’;] + Kk+15k+1)

= Var, ([Ak B, ] [ ]) + Var, (Kk+1§k+1)

42 AT
o (D
k k

0) X7\ [AT
o ()
AN LY B,

= var, (%7,,). 20)

+ Var, (Kk+1§k+|)

+Var, (K &1)

or
where (b) follows from the assumption that Var, <[§’;]> = Var,
k

X
([U§]> and fact that the distributions of &, under P, and P, are
k

6 For two random variables X,Y, we say X =Y to imply the that X =Y
almost surely.
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the same, since they depend only on the primitive random variables
and not on the control law.
Furthermore, we may write

Var, X;H — Var, (Xk+l)
ka+1 Lk+lvarf(xk+])
X
=Var k+1 R
' < [%] )
. . X7 b ¢4
proving the claim that Var, UIV = Var, Utf for all 1.
t t

Step 3. From the above two steps, we have that

;5 E X/ E,[X]]
Bz 1= G ] =16 6 [5 ]
t

=E,[Z]], (21)

Var, (X0, )L, ]+ [o 0 }

L,(HVar/(X )LT 0 Var,({,)

k+17""k+1

for all 7, and similarly, one obtains that Var,(Z{) = Var,(Z]).
Next, we may rewrite E,[||Zf — rtllé] as
T

E NZ] = r 5] = w(S,Var (Z)) + E,LZ]1 = rilI§,
(@) 5 5
= t(S,Var,(Z) + IE,[2]1 - I}
5 2
=E,I1Z] -5, (22)

where (a) follows from the fact that Var,(Z7) = Var,(Z/) and E,(Z27) =
E (2, f ) for all 7. Similarly, one can verify that

(23a)
(23b)

B (2] — up )2 = up) 1 =B, (2] = u ) 2] — )],
E/[Z{]1=E,[Z]].

Notice from (22) that, if the nonlinear control law y satisfies the
constraints E [||Z v r,||2 ] < 4, then the affine policy ¢ also satisfies
the constraint ]E,»[||Z ‘ —r,||2 ] < §,. Similarly, from (23a) it follows that,
if the policy y satisfies the terminal constraints (11), then the policy 7
also satisfies the constraints (11). Therefore, if y is a feasible control
policy for Problem 3, then ¢ is also a feasible policy for Problem 3.
Furthermore, the cost under the policy # is rewritten as

T T
E[Z 270,201 = Z tr(Q,Var,(Z))) + E[Z/1"Q,E[Z7 ]
=0 t=0

= Z tr(Q,Var,(Z)) + E[Z!TQ,E[2]]

T
=E[Y, 2/70,2], 29

which proves that the cost under the policy ¢ is the same as the cost
under the policy y.

This analysis shows that it is sufficient to look for controllers of the
form U? = L, X7 + i, + ¢,. This affine policy is a randomized control
law due to the presence of the random variable ¢,. Using Lemma 3 one
concludes that the performance of the control U/ = L, X! + i, + E[{,]
is no worse than the one using U’ = L X’ + i, + ¢,. Therefore, it
is sufficient to only consider the class of control policies of the form
U, = L, X, +i,, where the matrix L, and the vector &, are deterministic.
This completes the proof.

Having characterized the structure of an optimal control policy,
in the next section we develop an optimization problem to find the
optimal feedback gain L, and the open loop input .

6. Optimal control via convex optimization

6.1. Augmented state representation

In the previous section, we showed that the class of affine con-
trollers contains the optimal controller for Problem 3. In order to
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find the optimal affine controller, let us start by defining the aug-
mented quantities as Z = [ZAT,...,ZA;]T, U = [UT,...,U;_I]T, i =
lag,....ay_ 17, X = [X],...,X]]" and = = [g&],...,&[1". Thus, the
control law (16) can be written as

Ly, 0 = 0 0
v=|? & O O%.ia
0 0 Ly, 0

Using the dynamics (8), the augmented state vector can be represented
as’

X=AX+BLX +Bi+KZ=,

where
Ly, O 0 0
co|0 L 0 0
0 0 Ly, O
0 0 0 0 0
A4 0 0 0 0
A=10 A O 0 0 ésubdiag{AO,...,AT_|},
0 0 0 .. Ay, O
Similarly, B = subdiag{By,...,Byr_;} and K = diag{K,...,Ky}. The
augmented variables X and U are expressed as
X = - (A+BL)™ (K= + Ba, (252)
U=Ld~(A+BL) N (KE+ B +a. (25b)

Notice that, due to the subdiagonal nature of A + BL, the matrix
(I —(A+ BL))™! always exists. Let us define the new variable P =
£ - (A+ BL))~! [31]. One can verify that (see Appendix A.3 for the
proof) (I - (A+BL) ' =T - A +BP),and £ = +PB)~'PU -
A). It then follows from (25) that,

X=U-A)""U+BP)(KE + Bi), (26a)
U =PKE + Bii) + i, (26b)
Z=FX+GU

= (FU - A" (I+BP)+GP)(KZ + Ba) + Gi

= (F+(C+FBP)KE+ (FB+(G+FBPB+G)i

= (F+(C+FBP)KE+(FB+Gw (26¢)

=PKE+Cv (26d)

where F 2 diag{ Fy, ..., Fr}, G 2 diag{G,, ..., Gr}, and
FAFPU-A",

vA U +PB).

Since & 1L &, for all ¢ # s, it follows that the matrix E[£57] is block
diagonal with diagonal entries E[£&7] = M,, where the matrix M, is
defined in Lemma 2.

Therefore, using (26d) one can rewrite Z, = E,Z where E, =
[0,...,0,1,0,...,0] € R*¥(T+D and
——

t—1 times
T

E [Z ZIQ,Z,] =E[27QZ]=tr (QE[ZZ2T))
=0

=tr (QfJICMICTf?T) +0'¢"06w,

7 For simplicity we assume y, = 0.
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where O = diag{Q,, ..., 0O}, and M = diag{ My, ..., M }. Furthermore,
ElIZ, = rlI3 1 = ELZ] S, Z,] - 2] SEIZ,] + ] S;r,
=tr (E] S, EPKMKTPT) +v'GTE] S, E,Gv
- ZrIS,E,QNU + r;rS,r,
=tr (E] S,EPKMKTPT) +||r, — E,lelgl.

Therefore, the cost function and the constraints are quadratic in
the optimization variables P and v. The new optimization problem is
convex and it is formally presented in Problem 4.

Problem 4. Using the augmented variables, Problem 3 is equivalently
rewritten as
mpin tr (QPKMKTPT) +0'¢TQGv + ¢

subject to ||r, — E,ull% +tr (E]S,EPKMKTPT) < §, — tr(F] S, F, %),

t=0,..,T-1,
E;PKMKTPTE] + (u; — EQu)(p; — ExGu)' < 5, — Fp 2, F],
E;Co=u;,, P=F+GP,

where ¢ = Y7 tr(Q,F, %, F).

Problem 4 can be solved using convex solvers, e.g., [32]. Once
Problem 4 is solved, one can construct £ and @ from P and v using

L=I+PB7'PU - A), i=+PB) v

6.2. Problem feasibility

We revisit Fact 1 and discuss the feasibility of the final optimization
problem, and how it is influenced by controllability, observability, and
the choice of the problem parameters such as r,, S, §;, etc. Although
controllability was not invoked in any of the preceding derivations, the
final equality constraint in Problem 3, namely, E;Cv = u 1, requires that
uy lies in the range space of E;G. To ensure feasibility for an arbitrary
Hys the matrix ETﬁ must therefore be full row rank.

Upon closer examination, we observe that

T-1 T-1
ErG= [FTHAkB() FTHAkB] FrAr_Br, (FrBr_ +GT)]‘
k=1 k=2

£xmT  matrix

In the special case where G = 0, a necessary condition for EC to have
full row rank is that the controllability matrix over horizon T — 1 has
full rank. That is,

T-1 T-1
rank([H A8y ] Ak
k=1 k=2

In addition to this controllability condition, if F; has full row rank,
then it is sufficient to ensure that EG has full row rank, and thus the
equality constraint can be satisfied for arbitrary 4 .

Observability affects feasibility in a more nuanced way. Even if the
system is observable, the problem may still be infeasible. It is not simply
a binary question of whether the system is observable, but rather how
well it is observed. In particular, the estimation error covariance X,
influences the feasibility of the inequality constraints through the terms
tr(F1S,F,%,) and FTZTF; . Systems with smaller X, generally exhibit
better feasibility. However, F, and .S, also play critical roles. Even when
%, has relatively large values, the quantities tr(F," S, F,%,) and Fr =y F}
can still be small for certain choices of F, and .S,, leading to improved
feasibility.

If a problem turns out to be infeasible, identifying the source of
the infeasibility, i.e., the specific constraints that are violated, can be
helpful for restoring feasibility. For instance, if the infeasibility arises
from the inequality constraints, it can often be addressed by increasing
8, or by reducing the eigenvalues of S, (e.g., by setting S| = asS, for
some a € (0, 1)).

Ar_1Br_y BT—1]> =h.
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6 8 10

Fig. 1. Trajectories of the system states and the corresponding covariance ellipses. Results from 500 random trials are shown as scattered colored dots.

7. Numerical example

We illustrate our theory on an output-feedback covariance steering
problem in the 2D environment shown in Fig. 1. This example is
motivated by a robotic path planning problem in the presence of
obstacles. The dark gray regions represent unsafe areas, and therefore
the state X, must remain outside these regions at all times with high
probability, as enforced by the chance constraints in (2b). The system
dynamics, sensor measurements, and output variables are defined as:

-04 12

X1 = [ 0.5 0.3] X+ U+ W

L 0,
X, + U, t#T,
vi=[l TN+ z,=]1% h
t_O 0 t t> t Xt
, t=T,
02

where I, and 0, denote the identity and zero matrices of dimension
n x n. The process and measurement noises are distributed as W, ~
N(0,0.051,) and V, ~ N'(0,0.051,), respectively, and the initial state
is distributed as X, ~ N'(0,0.11,). We solve the optimization problem
using the YALMIP toolbox [33] with the SDPT3 solver [34]. The other
parameters of Problem 1 are chosen as follows.

T=9, Q=3l, =03 S =daglel,0),
€:9 = [1.16, 0.93, 1.0, 1.06, 0.93, 1.20, 0.98, 0.98, 1.03, 1.17]

oot 23456 7 809
910 3 6 7 6 4 3 26 4 6|
I, 0
= T .= |2 v}
u; =19, 6, 0, 0]",and %, [02 02].

As discussed earlier, the chance constraints are approximated as el-
lipsoidal constraints. Furthermore, in this example, we consider chance
constraints only on the states and not on the control inputs. Hence,
we choose S, to be of the form S, = diag{e, I,,0,}, where ¢, controls
the tightness of the constraint (i.e., the larger the ¢,, the tighter the
constraint). Given the structure of .S, the (density-independent) relaxed

chance constraints (5b) become E[|| X, — r,||*)] < &,/¢. The chance
constraint regions &(r,,.S,) = {x € R? | ¢/|lx — r,]> < 1} are shown
using dotted gray circles in Fig. 1.

In these chance constraints, r, represents the reference point at time
t, which is plotted using empty blue squares in Fig. 1. We pick r, such
that they are reasonably away from the unsafe regions. The chance
constraints are designed to keep the state X, close to r,. Note that we do
not enforce the mean of the state, E[X,], to equal r,; instead, the chance
constraint ensures that the probability of deviation from the reference
trajectory remains below the threshold §6,.

The mean of the state, E[X,], at each time ¢ is plotted using filled
black circles, and the solid ellipses represent the scaled (three times)
state covariances under the designed controller. We also conducted 500
random trials, and the resulting states are shown as scattered dots.
From these random trials, we numerically computed the probability of
satisfying the chance constraints, i.e., P(X, € £(r,, S,)); see Table 1.

These results demonstrate that the chance constraints are satisfied
with high probability, as expected from the theory.

7.1. Experiment with uniform noise

Next, we consider the same setup as in the previous experiment,
except now the initial state X, and process noise W, are drawn
from a uniform distribution: [X,]; ~ U(—\/(ﬁ, \/@) and [W,]; ~
U(—\/m, \/(E), where [v]; for i = 1,2 denotes the ith component
of vector v. We purposefully chose the support of the X, (respectively,
W,) distribution to be [—\/ﬁ, \/(73] (respectively, [—\/(TIS, \/ﬁ])
so that the mean and covariance of X, (resp. W,) match those of the
previous experiment with Gaussian noise (i.e., E[X,] = E[W;] = 0
and Var(X,) = 0.11,,Var(W,) = 0.051,). The uniform distribution has
the maximum entropy among all distributions with bounded support
and given second moment, thereby highlighting the efficacy of our
approach under a distribution shift.

It should be noted that the Kalman filter is no longer optimal under
uniform noise. Nonetheless, the output feedback covariance controller
still performs well, as demonstrated in Fig. 2. The 3Var(X,) ellipses are
the same as those shown in Fig. 1. Results from 500 random trials are
also shown in Fig. 2 for comparison with Fig. 1.
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—— 3Var(X;)
............... E(r,l 5 Sr)

6 8 10

Fig. 2. Trajectories of the system states and covariance ellipses under uniformly distributed initial state and dynamics noise. Results from 500 random trials are

shown as scattered colored dots.

Table 1

Empirical computation of P(X, € &(r,,S,)) from 500 random trials under
Gaussian noise.

t=0 t=1 t=2 t=3 t=4 t=5 t=6 t=7 t=38 t=9
0.998 0.980 0.976 0.972 0974 0.970 0.964 0.968 0.970 0.962

Table 2
Empirical computation of P(X, € &(r,,S,)) from 500 random trials under
uniform noise.

t=0 t=1 t=2 t=3 t=4 t=5 t=6 t=17 t=8 t=9

1.000 0.984 0.974 0.976 0.966 0.968 0.970 0.984 0.970 0.974

Overall, the performance remains similar (see Tables 1 and 2), with
only minor differences. For example, in Fig. 1, one of the trials hits the
rectangular obstacle near x = 2 at r = 1, which does not occur under
uniform noise. In both experiments, one of the trials hits the curved
obstacle at time ¢ = 7; however, under uniform noise, it penetrates
slightly deeper into the obstacle.

8. Conclusion

In this work, we considered the chance-constrained optimal covari-
ance steering control problem for linear systems with partial and noisy
observations. We approximate the chance constraint using a tractable
formulation and characterize the optimal controller for the approximate
problem. This results in a feasibility-preserving sufficient approximation
in the sense that any feasible solution of the approximate problem will
satisfy all the constraints of the original problem. We first prove that it
is sufficient to consider the class of affine controllers when designing
the optimal controller. Based on this observation, we propose a convex
optimization problem to construct the optimal controller.

The work relies on the distribution-independent approximation of the
chance constraint using the Markov inequality. Such inequalities can
be, however, conservative. Therefore, designing a less conservative and
distribution-independent approximation of the chance constraints is a

potential direction for future study. We emphasize that the use of
Markov’s inequality introduces and preserves problem convexity, which
is instrumental in formulating the convex optimization problem in
Problem 4 and deriving our main result in Theorem 1. In contrast, other
forms of probabilistic inequalities may not inherently preserve such
desirable properties, and would therefore require additional approxi-
mations to achieve a similar convex formulation. We also note that the
conservativeness of Markov’s inequality can be mitigated by reformu-
lating the chance constraint ]P’[||Z,—r,||§t >1]<6, as ]E[||Z,—r,||2S’] < aé,
for some a > 1. In this case, « must be chosen judicially to ensure
that the Markov bound does not become an under-approximation of
the original chance constraint.

Finally, although the convexity of the optimization problem enables
us to use efficient algorithms to find an optimal solution, however, the
size of the problem can quickly become large. The complexity of solving
Problem 4 grows quadratically with the terminal time 7' (P matrix
has O(T?) block elements). Therefore, a sequential receding horizon
optimization framework instead of the augmented state representation
is desired for problems with larger time horizons.
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Appendix A

A.1. Proof of Lemma 1

It is sufficient to show that {Y,.,,U,.,} and {&,.,,U,.,} can be con-
structed from each other. We write {Y;.,,Uy.,} = {&.,,Uj.,} to denote
that these two sets of random variables are equivalent, i.e., one can be
constructed from the other.

Let us consider a state-process X[V and an observation-process Y,""
as follows

X"V = X, — z H A,BU, - HAkuO, (A.1a)
k=0 £=k+1

YV = C XY + V. (A.1b)
We use the convention that for all b < a, ZZ(') = 0 and HZ ) =
Therefore, it follows that

X:i\l)v — A chw + W (A2a)
anew - Cthnew +V, (A.2b)
XDV = Xo — pg = Wy ~ N(0, 5p). (A.2¢)

Here X[V is the uncontrolled process associated with X,, which is
independent of the control strategy. Using this definition of X7*¥ and
Y, we have X, = Xnew + (p(t Up.;—p) and ¥, = YV + C,0(t,Uy.,_)
where ot Uy.,_) = Zk _o II5s) ArBLU + TTy Axso- Therefore, we
have the equivalence between the information sets {Y;.,_;,Uj.,_;} and
(Y . Up:s—1}, i.e., one can be constructed from the other.

The innovation process associated with system (A.2) is given by

‘f;'leW = Ytnew —- ]E[)Itl'lBW | Y(;'let\zl ]

It is a standard result in Kalman filtering theory that {Ygehy = (&5 ).
Since ¢, is the innovation process associated with the system (1), it can
be shown that £ = ¢&, for all ¢ > 0. In order to prove &V = &, notice
that
& =Y, - ]E[YtlYO:t—ls Up: 1]

:anew +Cpt, Uy, i) — ]E[Y,newlYO:t—] U]

= EICe@, Uy, )Yy -1, Up:4—1]

:Ytnew IE[YI’ICW |YHBIW Iy U():[_] ]

=Ytnew — IE[)/,HCW |Y(;”let_] = f;lew.
Thus, {&.,,Up.i} = {5 Up:i} = {
Lemma is proved. [ |

Yye¥, Up. ) = {Y.4, Uy}, and the

A.2. Proof of Lemma 2

The standard results of Kalman filtering theory hold for the process
X7V with observation Y,"" defined in (A.2). It follows that 5"““’ is a
sequence of uncorrelated Gaussian noises. Thus, using standard Kalman
filtering theory, we define

1OV = X1 _ x|y | (A.32)
AP = X7 —E[X]Y Y, (A.3b)
Sy = EleMV e T, (A.30)
3, = E[APY AT, (A.3d)

Moreover,
E[X;‘ASW|}70netW] ]E[XHSW|YHEW1] + K §new’

where K, = %,,_,C] (C,Z,,.,C] + V,)_l is the Kalman gain at time .
Thus, 47 = eV — K,&*Y = (I - K,C)e;*™ — K, V. The initial conditions

Systems & Control Letters 205 (2025) 106249

are egew =X gew ~ N (0, %) and Zo-1 = Zo- Therefore, E[¢'°"] = 0 and,
M,, %,,_; and X, satisfy
M, =E[(C,e!™ + V)(C,eM™ + V)]
=C, %, Cl +V,
Z:r|t—1 =]E[e;'ewenew-r]
=E[(A,_ A" + W_ (A, A + W)
=A Z A+ W,
=, =E[(I - K,C)eMe™ (1 — K,C)1+ K, VK]
=(I - K,C) Xy, - K,C)T + K VK]
=&ql-1 T Zm_lCTTMt_lC,Z,',_l,
where K, = %,,_,CT M ! is the Kalman gain. In order to prove that

{&. ..., &) is a sequence of uncorrelated random variables, we show
that, for all 7 > s,

(@)

EEET L E [EIEET Y. Upeyl] 2 E [EIEYos,0 U, €T
(c)

=E [E[£)¢]] = 0 = B[]

where (a) follows from the law of iterated expectations, (b) follows
from the fact &, is (Y., U,.,} measurable, and (c) follows from the fact
that ¢, is independent of {Y;.,,U,.,} for all s < ¢. This concludes the
proof. [ ]

A.3. Relationship between L and P

Lemma 4. Let P = L (I — (A + BL))™'. Then,

@ I-A+BL)Y ' '=U -4 +BP),
@) L= +PB)~'PU - A).

Proof. Notice that since A, 3, £ are lower-triangular, the matrix P is
lower-triangular. It follows that,
P=L(—-(A+BL)!
= BP =BLU - (A+ BL)™!
=T+ -A)U—-(A+BL)™!
= T -A'T+BP)=U - A+ BL)™!
Therefore, statement (i) of the lemma is proved. In order to prove
statement (ii), we proceed as follows
P=°L(-(A+BL)!
=PI -(A+BL)=L
= P -A)=U+PBL

= L={+PB)'PU - A).

Due to the sub-diagonal structure of B, the matrix (I +PB) is invertible.
This proves statement (ii). [ ]
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Data will be made available on request.
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