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I. Introduction

THE standard approach [1–3] to solving trajectory optimization
problems under parametric (e.g., model) uncertainties involves

two sequential steps. In the first step, one designs an optimal feed-
forward controller under nominal conditions, in which the parameters
are assumed to be known and fixed to their nominal values. Then, in
the second step, the system is linearized about this nominal solution,
and an optimal feedback controller is obtained (say, by solving a
linear quadratic [LQ] problem), in which the state and control varia-
tions are appropriately penalized. This two-step procedure, which we
refer to in this work as the decoupled design, has a clear purpose: the
open-loop control generates the nominal trajectory, and the feedback
control is used to mitigate the effect of uncertainties on the state. In
this decoupled design, the open-loop control plays no part in reducing
the sensitivity with respect to the uncertainties. As such, several
works have focused on reducing the dispersion of the trajectories
by the suitable selection of the nominal trajectory, i.e., something akin
to robust open-loop control design. Early works on this sensitivity

reduction design include Winsor and Roy [4], who were among the
first to design controllers that achieve similar performance under
model uncertainties for linear systems. Other techniques for sensitiv-
ity reduction include augmented system analysis [5], augmented cost
function [6–8], and even feedback [9,10]. This theory was later
extended to nonlinear systems with constraints by the work of
Seywald et al. [11–13], who also coined the term "desensitized
optimal control" (DOC) for this open-loop robust control approach.
Regardless of the nominal controller used, and since the linear-

ized system is a function of the nominal solution, the optimal gains
obtained by solving the linearized problem are dependent on the
nominal controller. Therefore, if the nominal solution is sensitive to
parametric variations, the feedback controller might require very

high control effort (leading to input saturation in some cases) to
minimize the trajectory dispersion under parametric uncertainties,
thereby incurring high feedback costs. One method to avoid this
situation is to design a nominal controller that is insensitive or robust
to parameter variations. However, it might also be beneficial to
integrate the feedback control design process with the selection of
the optimal feed-forward control to handle model uncertainties more
efficiently. One expects that a coupled design that simultaneously
optimizes the nominal and the feedback control law would be more
robust. For a more thorough overview of this coupled feedback–
feedforward design framework, we refer interested readers to [14].
In this work, we follow this key idea and propose to choose a

nominal controller that also minimizes a feedback cost along with the
nominal performance metric. This feedback, or sensitivity cost, is a
function of the feedback gains of the chosen feedback subproblem.
As a result, the feedback gains are optimized simultaneously with the
open-loop, nominal controller. This, consequently, closes the control
system loop within the nominal optimization problem itself.
The specific feedback design methodology chosen to desensitize

the trajectories of the linearized system is up to the control system
designer and the problem at hand; no single feedback method is
suitable for all cases. For example, when the disturbance is Gaus-
sian, the LQG (or H2 synthesis) problem guarantees a feedback
control that minimizes the H2 norm of the closed-loop system [15].
However, when the disturbance is non-Gaussian, or some bounded
disturbance, one may opt for the more robust H∞ feedback control
design that provides guarantees on the worst-case disturbance [16].
In this work, we consider H2, H∞, and the more general mixed
H2∕H∞ feedback design problems. To this end, there are many
ways to solve these feedback problems, ranging from standard
constrained optimization techniques [17] to linear matrix inequal-
ities and semidefinite programming [18] and algebraic Riccati
equation solutions through the bounded real lemma [19,20]. It has
been shown that it is possible to solve each of these three feedback
problems through the lens of differential game theory, and each of
these problems is a specific case of a more general, non-zero-sum
Nash game [21–23]. We follow this approach and provide the H2,
H∞, and mixed H2∕H∞ solutions as special cases of a single
differential game control design problem involving two competing
players (the control designer and nature).
The main idea of the proposed optimal control architecture is

twofold: first, to reduce the effect of parametric disturbances on the
state by minimizing the sensitivity of the state to the system param-
eters; second, to reduce the magnitude of feedback control effort by
transferring part of the desensitization task to the open-loop con-
troller. Both of these outcomes result in nominal controllers that are
robust to model uncertainties. The previous work in [24] accom-
plishes the first result by augmenting the cost with sensitivity
functions that relate the variation of the state to the uncertain
parameters. This is done in a purely open-loop setting, however,
and may result in large feedback gains and input saturation. The
current work builds off [24] not only by including the sensitivities
but also by considering the feedback gains in the original problem
formulation. This gives a doubly robust solution that mitigates
uncertainties directly via sensitivity minimization and indirectly
via feedback minimization. The balance between open-loop and
closed-loop sensitivity reduction is achieved by the solution of an
optimization problem.

II. Uncertain Trajectory Optimization Problem

A. Problem Formulation

We consider the problem of finding the controller u∶�t0; tf� →
U ⊂ Rm and (perhaps) the final time tf to minimize the cost
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J �u; tf� � Γ�xtf ; tf� �
tf
t0 L�xt; ut; t� dt (1)

subject to the dynamics

_xt � f�xt; ut; p; t�; x0 � xt0∶ given (2)

along with the trajectory constraints

g�xt; ut; p; t� ≤ 0; t0 ≤ t ≤ tf (3)

and the terminal constraints

Ψ�xtf ; tf� � 0 (4)

where xt ∈ Rn is the state at time t ∈ �t0; tf�, ut ∈ U with U compact

and convex is the control input at time t ∈ �t0; tf�, and p ∈ P ⊂ Rq

with P compact is the vector of the unknown parameters. In the
previous problem formulation, f∶Rn × Rq × Rm × �t0; tf� ↦ Rn are

the dynamics, Γ∶Rn × �t0; tf� ↦ R is the terminal cost, and L∶Rn ×
Rm × �t0; tf� ↦ R is the running cost. The vector-valued functions

g∶Rn × Rq × Rm × �t0; tf� ↦ R and Ψ∶Rn × �t0; tf� ↦ R define the

trajectory constraints, and the terminal condition at the final time,
respectively. For convenience, and without loss of generality, we
assume that all these functions satisfy the required regularity
assumptions to ensure the existence of an optimal control [25].
The optimal controller that minimizes the objective (1), subject to

the dynamics (2), the path constraints (3), and the terminal con-
straint (4), can be obtained in a feed-forward or a feedback form. In
the former case, the controller is just a function of time, that is, ut,
while in the latter case, the controller is a function of both state xt
and time, that is, ut�xt�. A feedback controller is expected to handle
disturbances and model uncertainties better than an open-loop con-
troller and hence is preferable; however, obtaining optimal feedback
control in the case of a general nonlinear system is elusive except for
some very special cases. Instead, traditionally, the system is linear-
ized along some nominal trajectory resulting from an optimal feed-
forward controller, and then a linear-feedback control is obtained
using, for example, LQ regulator (LQR) theory to minimize the
deviation from the nominal trajectory. We call this traditional
approach the decoupled method, as first the open-loop control is
obtained, and only afterward is the feedback control designed from
the linearized system. In this work, we advocate a coupled approach
that computes the nominal open-loop and feedback controllers
simultaneously within the same optimization problem.

B. Sensitivity Dynamics

For the aforementioned optimal control problem (1)–(4), observe
that the resulting optimal trajectory depends on both the optimal
control input and the uncertain parameters of interest. We may explic-
itly denote this dependence by xt�p; ut�. Assuming a nominal param-
eter vector p, we define the corresponding nominal trajectory as

xt ≜ xt�p; ut�, where ut denotes the nominal control input, which is
the open-loop control we ultimately wish to optimize. Of course, if one
were to naïvely use the nominal trajectory xt under parametric uncer-
tainty, the actual state might deviate significantly from xt. Hence, it is
useful to quantify how deviations in the parameters from their nominal

values will affect the resulting state trajectory. To this end, let ~xt ≜
xt�p� − xt�p� and ~p ≜ p − p. To first order, it can be shown [26] that

~xt ≈ St ~p (5)

where St ∈ Rn×q is the sensitivity matrix. In the purely open-loop
setting, the dynamics of the sensitivity matrix are given by

_St � AtSt �Dt; St0 � 0 (6)

where the matrices At and Dt are the derivatives of the dynamics with
respect to the state and the parameters, respectively, evaluated along
the nominal trajectory xt�p�, that is,

At �
∂f
∂x

�xt; ut; p; t�; Dt �
∂f
∂p

�xt; ut; p; t� (7)

Crucially, since At and Dt are evaluated along the nominal trajectory
xt�p�, which itself is a function of the nominal control input ut, it
follows that the sensitivity function is affected by the selection of the
control inputs. Therefore, the topic of DOC aims to optimize the
nominal control input that results in optimal trajectories that are less
sensitive to parametric variations [24].
In this work, our objective is to desensitize the nominal OCP

through a coupled feed-forward/feedback approach. We use the
controlled sensitivity dynamics to guide the design of a nominal
control input that is robust against changes in p. Specifically, we
decompose the total control input as ut� ~xt� � ut � ~ut� ~xt�, where
~ut � Kt ~xt is taken to be a linear-feedback controller. The resulting
state deviation dynamics are given by

~xt � �At � BtKt� ~xt �Dt ~p; ~xt0 � 0 (8)

and similarly, invoking Eq. (5), the sensitivity matrix St obeys

_St � �At � BtKt�St �Dt; St0 � 0 (9)

where

Bt �
∂f
∂u

�xt; ut; p; t� (10)

In order to derive DOC strategies, one must assume some statistics
on the uncertain parameter vector p. We will focus on two cases. In
the first case, we will assume that ~p in Eq. (8) is distributed
according to a zero-mean Gaussian distribution with covariance

Σp, that is, ~p ∼N �0;Σp�.¶ In the second case, we assume that ~p
is a constant within a given compact set P, equivalently, is uni-
formly distributed within P, that is, ~p ∼U�P�. We remark that the
choices for the above parameter models were chosen to appropri-
ately fit the feedback problems considered in this work. The LQR
formulation assumes normally distributed disturbances, naturally
aligning with the Gaussian parameter model, while the H∞ feed-
back problem addresses worst-case disturbances, which, from a
stochastic perspective, can be approximated by a uniform distribu-
tion, representing an agnostic view of uncertainty.
In the following section, we review various feedback subpro-

blems, how they can be solved as special cases of a two-player
differential game, and finally how to embed their solutions into the
nominal optimal control problem to reduce parameter sensitivities.

III. Feedback Desensitization

The general purpose of feedback control is to design a sequence
(or function) of feedback gains that minimizes some performance
metric with respect to some dynamic system. In our context, we are
dealing with a linear system characterizing the deviation of the state
from its nominal trajectory, which is perturbed by the unknown
parameters of the system. No matter the feedback design used, a key
observation here is that the linearized system is affected not only by
the choice of the feedback matrix but also (implicitly) by the choice
of the nominal trajectory via the matrices At; Bt, andDt; see Eqs. (7)
and (10). In order to increase the levels of achievable desensitization
and also alleviate issues associated with a decoupled nominal/
feedback design, we wish to shape the nominal trajectory in tandem
with choosing a feedback controller. To this end, we modify the
nominal objective function (1) to include a penalty related to the
feedback costs, that is,

¶Strictly speaking, this violates the original assumption that p belongs to a
compact set P. However, in practice, we can always ensure that p ∈ P with
very high probability by suitably choosing Σp or by taking a truncated

Gaussian.
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J �u; tf� � J �u; tf� � ε ~J �K�u�; tf� (11)

where J is as in Eq. (1), and ~J is the feedback cost associated with

the corresponding feedback design problem (i.e.,H2,H∞), and ε > 0
is a tunable hyperparameter. Note that the feedback gain matrix K
depends on the nominal input. Minimizing the cost in Eq. (11) subject

to the nominal dynamics (2) and constraints (3) is known as feedback-

desensitized optimal control (F-DOC). In Sec. III.A we demonstrate

that all the feedback subproblems considered in this work can be seen

as special cases of a broader two-player differential game between the

controller and nature. This unified perspective provides the natural

framework we use in Sec. III.A.2 to subsequently design the feedback

cost function as defined in Eq. (11).

A. Non-Zero-Sum Nash Games

To embed feedback desensitization within the nominal OCP, we

adopt a game-theoretic approach where the interaction between the

control input and worst-case disturbances is modeled as a non-zero-

sum differential game. In the sequel, we show that the resulting

Nash equilibrium conditions naturally yield optimal feedback laws

for various performance and robustness objectives. For simplicity of

notation, in this section we drop the tilde from all variables in the

following discussion; however, each variable is still understood to

be the deviation from its nominal value.
We are interested in finding the Nash equilibrium strategies w⋆

t

and u⋆t that satisfy

J 1�u⋆t ; w⋆
t � ≤ J 1�u⋆t ; wt� ∀wt; ∀t ∈ �t0; tf� (12)

J 2�u⋆t ; w⋆
t � ≤ J 2�ut; w⋆

t � ∀ut; ∀t ∈ �t0; tf� (13)

where

J 1�u;w� �
1

2

tf

0

δ2w⊺
t wt − z⊺2;tz2;t dt (14)

J 2�u;w� �
1

2

tf

0

z⊺1;tz1;t − τ2w⊺
t wt dt (15)

with the dynamics and performance outputs

_xt � Atxt � Btut �Dtwt; x0 given (16)

z1;t �
S
1∕2
1f xf

Q
1∕2
t xt

R
1∕2
t ut

; z2;t �

S1∕22f xf

Q
1∕2
t xt

R
1∕2
t ut

(17)

where S1f; S2f ≻ 0. In this problem formulation, one of the players

(nature) chooses w to minimize cost J 1 in Eq. (14), and the other

player (the control designer) chooses u so as to minimize cost J 2 in

Eq. (15). The actions of the two players are coupled through the

dynamics (16).
We assign the same state and control weightsQt; Rt to both players

for simplicity, but this can easily be generalized to different weight

matrices. The hyperparameters δ; τ > 0 in Eqs. (14) and (15) define

the type of problem that is being solved (i.e., H2 or H∞ synthesis).

The inequality (12) represents the fact that the worst-case disturb-

ance,w⋆, achieves the lowest total cost with respect toJ 1. Achieving

the lowest cost inJ 1 implies that there is the largest energy gain from

disturbance input to output, since the second term in the integral in

Eq. (14) becomes maximized while the first term becomes mini-

mized. Similarly, inequality (13) represents the fact that the optimal

controller, u⋆, achieves the lowest total cost with respect to J 2.

Intuitively, this implies (with τ � 0) that the input regulates the state
with minimum energy, subject to the worst-possible disturbance w⋆.

The following theorem, based on the work in [21], provides the
equilibrium solution to this Nash game.
Theorem III.1: For the system described by Eqs. (16) and (17),

there exist Nash equilibrium strategies u⋆t ; w
⋆
t such that the inequal-

ity (12) given by the cost (14) is satisfied for all wt and the inequal-
ity (13) given by the cost (15) is satisfied for all ut if and only if the
coupled Riccati matrix differential equations

− _S1;t � S1;tAt � A⊺
t S1;t −Qt

− S1;t S2;t
δ−2DtD

⊺
t BtR

−1
t B⊺

t

BtR
−1
t B⊺

t BtR
−1
t B⊺

t

S1;t

S2;t;
;

S1;tf � S1f

(18)

− _S2;t � S2;tAt � A⊺
t S2;t �Qt

− S1;t S2;t
τ2δ−4DtD

⊺
t δ−2DtD

⊺
t

δ−2DtD
⊺
t BtR

−1
t B⊺

t

S1;t

S2;t
;

S2;tf � S2f

�19�

have solutions S1;t ⪯ 0 and S2;t ⪰ 0 on �t0; tf�. If the solutions exist,
the Nash equilibrium strategies are uniquely specified by

w⋆
t � δ−2D⊺

t S1;txt (20)

u⋆t � −R−1
t B⊺

t S2;txt (21)

We consider the following three cases by varying the values of τ and
δ in Eqs. (14) and (15).

1. Linear Quadratic Regulator

The standard LQR problem is obtained by setting −S1;f �
S2;f � Qf, τ � 0, and δ → ∞, in which case S1;t � −Pt and

S2;t � Pt, where Pt satisfies the usual LQ Riccati equation:

− _Pt � PtAt � A⊺
t Pt − PtBtR

−1
t B⊺

t Pt �Qt; Ptf � Qf (22)

The corresponding optimal values for the control and the disturb-

ance are u⋆t � −R−1
t B⊺

t Ptxt and w⋆
t ≡ 0, respectively. Note that in

this case, the problem turns into just a single-player game, i.e., a

standard optimal control problem.

2. H∞ Synthesis

To formulate theH∞ control problem, we set −S1;f � S2;f � Qf

and τ � δ, which yields P∞;t � −S1;t � S2;t, where P∞;t satisfies

− _P∞;t � A⊺
t P∞;t � P∞;tAt − P∞;t�BtR

−1
t B⊺

t − δ−2DtD
⊺
t �P∞;t �Qt;

P∞;tf � Qf (23)

The optimal strategies in this case become u⋆t � −R−1B⊺P∞;txt,
and w⋆

t � δ−2D⊺
t P∞;txt. Comparing the costs (14 and 15), we see

that J ⋆ � −J ⋆
1 � J ⋆

2 in the case τ � δ, so the H∞ solution

corresponds to a zero-sum Nash game.

3. Mixed H2∕H∞ Synthesis

The mixed H2∕H∞ problem is retrieved by setting τ � 0 for

some δ < ∞. This gives P1;t � S1;t and P2;t � S2;t with S1; S2 given
by Eqs. (18) and (19). The corresponding equilibrium solutions are
given in Eqs. (20) and (21). Note that, in this case, the two optimal

costs J ⋆
1 and J ⋆

2 will not be equal to each other. As a result, this is a

non-zero-sum game. The reader is referred to [21] for a rigorous
proof of how this solution minimizes the H2 norm while satisfying
the H∞ constraint.
In the following section, we use the solution to the above differ-

ential game (and its limiting cases) to desensitize the nominal OCP.

Specifically, we will take the expected value of the optimal controller
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cost J ⋆
2 � J 2�u⋆t ; w⋆

t � in Eq. (15) with respect to the distribution of
parameter deviations ~p ∼N �0;Σp� as the desensitized cost ~J
in Eq. (11).

B. Construction of Desensitized Costs

In the following, we derive the desensitized costs for the various

feedback subproblems presented in Sec. III.A.2 and show their

dependence on the sensitivity components and feedback gains.

The general idea is to quantify the expected feedback cost due to

parametric uncertainties and integrate this cost into the nominal

optimization problem. It should be reminded that the desensitized

cost function and the associated feedback control gain are computed

after the original nonlinear system is linearized about the state and

control nominal trajectory.

1. Open-Loop DOC

As a comparison with the proposed method, we will use the

desensitized cost ~J arising from purely open-loop control [24],

which results from the F-DOC cost by setting all the feedback gains

to zero. To this end, the only variables that are included in the

feedback cost are the state deviations. Taking the standard LQR cost

(equivalently, Eq. (15) with ut ≡ 0) and removing the control devia-

tions yields

~J OL�ut; tf� � E
1

2
~x⊺fQf ~xf �

1

2

tf

t0

~x⊺t Qt ~xt dt (24)

Using the first-order approximation of the state variations in Eq. (5)

and taking the expectation with respect to the parameter deviations

gives

~J OL�ut; tf� �
1

2
E� ~p⊺S⊺fQfSf ~p� �

1

2

tf

t0

E� ~pS⊺t QtSt ~p� dt

� 1

2
trE�QfSf ~p ~p⊺S⊺f� �

1

2

tf

t0

trE�QtSt ~p ~p⊺S⊺t � dt

� 1

2
tr�QfSfΣpS

⊺
f� �

1

2

tf

t0

tr�QtStΣpS
⊺
t � dt

�25�

where in the second equality we cyclically arrange the terms under

the trace operator, and in the last equality, we use the statistical

properties of the uncertain parameter. DOC solutions are more

robust than just optimizing the nominal trajectory, as we are incor-

porating the sensitivity of the states with respect to the parameters

directly into the optimization problem through the additional term
~J OL in Eq. (25).

2. H2-Feedback DOC

Taking the expectation of the optimal LQR feedback cost in

Eq. (15) yields

~JH2
�ut; tf� � E

1

2
~x⊺fQf ~xf �

1

2

tf

t0

~x⊺t �Qt � KtRtK
⊺
t � ~xt dt (26)

Following a similar logic to open-loop DOC, we obtain

~JH2
�ut; tf� � tr�QfSfΣpS

⊺
f� �

tf

t0

tr��Qt � K⊺
t RtKt�StΣpS

⊺
t � dt

(27)

where Kt � −R−1
t B⊺

t Pt, and Pt satisfies the Riccati differential

equation (22). We expect solutions from LQR-FDOC to be more

robust than open-loop DOC, since we are not only incorporating the

sensitivities of the state with respect to the parameters but also

incorporating the solution to the LQR problem as a means of

desensitizing the nominal trajectory.

3. H∞-Feedback DOC

Plugging the feedback gains for the two players in Eq. (15) (with

τ � δ) and taking the expectation yields

~JH∞
�ut; tf� � tr�QfSfΣpS

⊺
f�

�
tf

t0

tr��Qt � K⊺
t RtKt − δ2L⊺

t Lt�StΣpS
⊺
t � dt (28)

where Kt � −R−1
t B⊺

t P∞;t; Lt � δ−2D⊺
t P∞;t, and P∞;t satisfies the

Riccati differential equation (23). We expect solutions from H∞
F-DOC to be more robust than LQR F-DOC since the associated

feedback problem solved is more robust, at the cost of optimality

with respect to the nominal objective function.

4. Mixed H2∕H∞ -Feedback DOC

Lastly, we incorporate both performance and robustness into our

augmented OCP by weighing the H∞ cost from Eq. (14) with the

H2 cost from Eq. (15) via

~JH2∕H∞
�ut; tf� � ~JH∞

�ut; tf� � β ~JH2
�ut; tf� (29)

where β > 0 is a weight parameter that weighs the importance of

H∞ with H2. Note that the case β � 0 corresponds to pure H∞
feedback, while the case β → ∞ corresponds to pure LQR feedback.

C. Summary of F-DOC Architecture

An overview of the F-DOC workflow is shown in Algorithm 1.

First, the nonlinear system is linearized about the nominal parameter

values and (at the moment, unknown) nominal trajectory and input.

Then, an associated feedback problem (LQR, H∞, or H2∕H∞) is

solved for the resulting linearized system, which yields the associated

Riccati matrices Pt and the corresponding feedback gains Kt. The

sensitivity dynamics are then propagated using the feedback gains

and linearized dynamics. Lastly, using Eq. (5), the desensitized cost is

constructed by taking the expectation of the optimal feedback cost

from Eq. (15) with respect to the distribution of parameter deviations

~p ∼N �0;Σp�. This resulting objective is then optimized (subject to

the nominal system dynamics and constraints, sensitivity dynamics,

and Riccati dynamics) to obtain the robust nominal trajectory and

control input, as well as the optimal feedback gains.

IV. Numerical Examples

We consider two examples illustrating the benefits of the pro-

posed control architecture to generate trajectories and feedback

controls that are insensitive to system parameter variations. For

each example below, the F-DOC problem is solved using GPOPS-

II [27], which is an off-the-shelf, general-purpose NLP solver. All
simulations were run on a 32 GB Intel i7-10750H at 2.60 GHz

desktop computer.

A. Zermelo’s Problem

We first start with a simple two-dimensional problem to compare

each DOC method. The state follows the dynamics

Algorithm 1: F-DOC Architecture

Input: Cost tradeoff ε > 0, nominal parameter �p, nonlinear system f,
feedback problem �τ; δ�, initial guess � �ut; �xt�
Output: Optimal nominal control and state trajectories � �u⋆t ; �x⋆t �, final time t⋆f
1: Compute dynamics linearizations At; Bt; Dt from Eqs. (7) and (10)

2: Compute optimal gains Kt from Eq. (21)

3: Encode sensitivity dynamics constraints from Eq. (9)
4: Compute desensitized cost ~J for chosen feedback problem

5: Minimize augmented cost (11) with respect to nominal dynamics (16)
and nominal constraints (3) and (4)
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_x � cos u� p1y (30a)

_y � sin u� p2 (30b)

where the parameters obey the statistics p ∼N �p;Σp�, where p �
�10;−0.5�⊺ and Σp � diag�σ21; σ22�, where the standard deviation of

pi �i � 1; 2� is computed as σi � �ηi∕3�pi, with η � �0.1; 0.05�⊺
the 3σ error from the mean. Equations (30) are often used to
describe the problem of steering a ship in uncertain sea currents
given by p2 in the y-direction, and p1 in the x-direction. The input is
simply the steering angle u. The nominal objective is to maximize
the range of the ship in the x-direction in the presence of the
uncertain currents, that is,

J �u� � −xf (31)

where the final time tf � 1 is fixed. Additionally, the boundary

conditions are x0 � y0 � 0 and yf � 0. The parameters for each

of the three subproblems for F-DOC are shown in Table 1. To put
each method on equal footing, we compare the closed-loop Monte
Carlo trajectories for 100 samples of the parameters, as shown in
Fig. 1. The baseline solution is the one that optimizes the nominal
cost (no feedback cost) subject to the nominal dynamics and con-
straints. For the baseline and open-loop DOC cases, we use a
decoupled control architecture, which computes the solution of an
LQR problem after the nominal trajectory and control have been
found. As mentioned, this is not needed for the F-DOCmethods since
we obtain the optimal feedback gains as a byproduct of the nominal
optimization process. Table 2 displays the terminal downrange dis-
tance xf and the volume Vf of the terminal covariance ellipses. It is

clear that among the F-DOC methods, the LQR feedback has the
largest downrange distance since it achieves the best performance (in
the sense of maximizing the cost function); however, it has the largest
terminal covariance as well. The H∞ feedback solution has the
smallest downrange distance but has the smallest covariance, and
hence it is the most robust of the three methods. Lastly, the mixed
H2∕H∞ feedback solution is in-between the two extremes, and it is
up to the designer to choose how to balance performance and robust-
ness. This point is further illustrated in Figs. 2b and 2c, which show
the sensitivity functions and nominal trajectories, respectively. We see
graphically that each method (from left to right) progressively lowers
the final downstream value (Fig. 2c) while decreasing sensitivity to
the parameters by achieving a lower terminal sensitivity Sf (Fig. 2b).
To further assess the effectiveness of each feedback strategy, we

examine the terminal points and compare their dispersions. Shown
in Fig. 3 is a comparison of the nominal (baseline) solution, open-
loop DOC, as well as the three F-DOC methods. In all cases, we
again see that coupled F-DOC feedback strategies achieve lower
terminal covariances, with even the worst-case (LQR) giving a
decrease in the covariance due to the uncertain parameters as
compared with decoupled open-loop DOC. Figure 3 also visually
confirms the results obtained in Table 2.

B. Longitudinal Hypersonic Entry Vehicle

We now address a problem of more practical interest, namely, that
of hypersonic entry in an uncertain atmosphere. The longitudinal
dynamics of a (point-mass) vehicle in unpowered, atmospheric
flight around a spherical, nonrotating planet are described by the
system of differential equations

_r � v sin γ (32a)

_ϕ � v

r
cos γ (32b)

_v � −
D

m
−
μ sin γ

r2
(32c)

_γ � L

mv
−
μ cos γ

r2v
� v cos γ

r
(32d)

where r is the radial distance from the planet to the center of the

vehicle, ϕ is the longitude, v is the planet-relative velocity, and γ is
the planet-relative flight path angle. The planet’s gravitational

parameter is denoted by μ � 3.986 × 1014 m3∕s2, the mass by m,
and the lift and drag are given by

L � 1

2
ρv2SCL�α�; D � 1

2
ρv2SCD�α� (33)

in terms of the atmospheric density ρ, the reference area S, and the

lift and drag coefficients CL and CD, which are both functions of the

angle of attack α. We assume that the atmospheric density follows

the exponential model

ρ�r� � ρ0 exp −
r − r0
Hs

(34)

where ρ0 � 1.225 kg∕m3 is density at the surface of the planet,

r0 � 6; 371 km is the radius of the planet, and Hs ∼N �Hs; σ
2
Hs
�

is the nominal scale height with statistics Hs � 7; 254.24 and

Table 1 Parameter values for open loop, LQR feedback, mixed H2∕H∞, and
H∞ feedback DOC

System LQG H∞ Mixed H2∕H∞

�p �10 − 0.5� Q I2 δ 5 β 10

η �0.1 0.05� Qf blkdiag�1; 10� Q∞ I2 Q2 I2

ε 100 R 1 Qf∞ blkdiag�1; 10� Qf2 blkdiag�1; 10�
T 1 — — — — R∞ 1 R2 1

Table 2 Nominal terminal downrange and terminal
volumes of the 3σ ellipses

Parameter Baseline Open loop LQR H2∕H∞ H∞

�xf , m 2.1415 2.1321 2.1142 1.9452 1.8608

Vf , cm
2 185.17 116.36 83.11 33.34 20.16

8.5 9 9.5 10 10.5 11 11.5
-0.53

-0.52

-0.51

-0.5

-0.49

-0.48

-0.47

Fig. 1 Monte Carlo samples of uncertain parameters.
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σHs
� 0.033Hs, which is set so that the 3σ variation is equal to 10%

of the nominal value.
There are three pathwise constraints on the vehicle, namely, the

heating rate Λ, normal load n, and dynamic pressure q, given by

Λ � kλ ρ
p

v3 ≤ Λmax (35a)

n � 1

m
L2 �D2 ≤ nmax (35b)

q � 1

2
ρv2 ≤ qmax (35c)

where kλ is a heating constant, and the thresholds are determined by
the vehicle characteristics. Lastly, define the state as x ≔ �r;ϕ; v; γ�⊺

and the input as u � α. We assume that there is some low-level
control that can accurately execute the computed optimal control

command α�k at time tk. The nominal objective is to maximize the

terminal longitude, that is, J � −ϕf, with the final time tf a free

variable. We consider a vehicle model from [28] with the application

of reentry. To this end, the initial and terminal conditions and the
vehicle parameters are given in Tables 3 and 4.
From Table 3, the initial speed is around Mach 8 and the final

speed should be in the range �0.8; 1.8� Mach. For the augmented
cost, we use the state weight matrices Qt ≡ 0; t ∈ �0; tf�, and

Qf � diag�Qr∕r20; Qϕ; Qv∕r0g0; Qγ�, where the terminal weight

is expressed in dimensional units, and Qr � Qv � 100 and Qϕ �
Qγ � 1. To improve numerical performance, the problem is first
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Fig. 2 Comparison of nominal trajectories (c) and nominal control (a), as well as sensitivity dynamics (b) among the various feedback desensitization
strategies.
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Fig. 3 Comparison of terminal splash points among all methods from
100 MC runs.

Table 3 Boundary conditions

State Initial value Final value Units

h 45,720 1,524 m

ϕ 0 — — deg

v 2,743.2 [274.32, 609.60] m/s

γ −1 �−6; 0� deg

t 0 — — s

Table 4 Space Shuttle
characteristics

Parameter Value Units

S 242.38 m2

m 92,079.34 kg

Λmax 4 × 105 W/m2

qmax 5.07 × 104 N/m2

nmax 5g0 m/s2

kλ 9.4369 × 10−5 kg1∕2∕m3∕2
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nondimensionalized with lengths and time being scaled by r0
(radius of the Earth) and r0∕g0 (where g0 is the Earth gravita-

tional acceleration at r0), respectively. For the DOC methods, we

use ε � 100; for H∞, we use δ � 200. Lastly, the control weight

is R � 1000.
As in the example in Sec. IV.A, we randomly sample 100 values

of the uncertain scale height (as shown in Fig. 4c) and use them for

each Monte Carlo run. The optimal nominal control is shown in

Fig. 4b; the trajectories in Fig. 4a; the sensitivity dynamics in Fig. 5a;

and the dynamic pressure, load factor, and heating rate histories in

Fig. 5b. From Fig. 4a, all solutions feature some form of phugoid

oscillations during the descent of the vehicle, which is standard in

high L/D vehicles [29]. The desensitized solutions, however, oscil-

late more than that of the baseline, and there is a notable divergence
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Fig. 4 Comparison of optimal trajectories (a) and control (b) between baseline (black, dash-dot), DOC (black, dot), F-DOC-LQG (blue), and F-DOC-
H∞ (red), as well as parameter samples used for Monte Carlo runs (c).
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Fig. 5 Sensitivity function components and heating rate, dynamic pressure, and load factor time histories for baseline (black, dash-dot), DOC (black,
dot), F-DOC-LQG (blue), and F-DOC-H∞ (red) methods.
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in the trajectories after 100 s elapsed time. Additionally, the flight

path angle starts oscillating near the end of the horizon for the

desensitized solutions; this occurs during the period of fastest

descent, implying that the vehicle is trying to pitch up and down

to maintain speed in the uncertain atmosphere. These oscillations

are also evident in the control, as shown in Fig. 4b, as a means of

desensitizing once the atmosphere gets thicker upon descent.

Similarly, Fig. 5b quantitatively shows how robust the various

methods are to uncertainties; the red and blue curves, corresponding

to the LQR and H∞ feedback methods, respectively, have the small-

est final sensitivities at the end of the horizon. Even the open-loop

DOC control yields a sensitivity near zero, with the exception of the

sensitivity in longitude for each case. The longitude is not affected as

much by the uncertainty in the scale height, and as a result, it does not

need to be as regulated when compared to the other three state

variables. Lastly, from Fig. 5b, all open-loop nominal trajectories

satisfy the pathwise constraints with no saturations.

To better see the differences between DOC and F-DOC for this

problem, we directly compare the decoupled (DOC+LQR feedback)

and coupled (F-DOC) splash points and also compare the open-loop

versus closed-loop performance among the F-DOC methods to see

how adding a feedback control affects desensitization. Figure 6 shows

both the samples and distributions of the terminal state error from the

nominal solution, and Fig. 7 shows the splash points between each

pair of the final state variables. The decoupled method uses the

solution to the DOC problem and adds an LQR controller after the

Fig. 6 Decoupled DOC with LQR (red) and coupled FDOC-LQG (black) terminal trajectory behaviors.

Fig. 7 Decoupled DOC with LQR feedback (red) and coupled LQR-F-DOC (black) terminal splash points.
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fact by solving the associated Riccati equation using the nominal
DOC solution; the feedback method uses the solution to the F-DOC
LQR problem and uses the same gains from the optimization.
Figure 6 shows that even though the terminal trajectories are

similar, the coupled F-DOC method achieves less dispersion at the
final time. The final longitude errors are roughly the same; however,
those errors are small to begin with, whereas the height above ground
level (AGL), speed, and flight path errors are more substantial, and
those we see more of a reduction. Furthermore, in Fig. 6a, the
terminal distribution for F-DOC is sharper-peaked around zero com-
pared to that of DOC with LQR. Interestingly, the flight path angle is
skewed for the DOC method, giving a nonzero error for all Monte
Carlo (MC) runs, whereas F-DOC is centered around zero with a
higher probability.
Lastly, Fig. 7 shows that the F-DOC method has a smaller

covariance in the terminal splash points compared to that of DOC.
There is a 25% reduction in the terminal altitude error, from a 3σ
value of 800 to 600 m, and a 33% reduction in the terminal velocity
error, from a 3σ value of 12 to 8 m/s. Clearly, both methods are
successful in lowering the sensitivity to the uncertain scale height,
but the F-DOC is significantly better, with the added benefit of
optimizing the gains and nominal control simultaneously.

V. Conclusions

In this paper, we have developed a coupled nominal/feedback
design framework to simultaneously optimize nominal controllers
that are robust to parametric uncertainties in the system’s model as
well as the associated feedback controller. This is done by solving
the associated feedback problem via the solution to an equivalent
differential game and by augmenting the nominal cost with the
associated feedback game cost. The F-DOC strategy uses the sol-
ution to the feedback problem as a means of shaping the nominal
trajectory, which is more robust than just nominal trajectory opti-
mization and open-loop trajectory desensitization alone. The pro-
posed framework has been applied to the Zermelo problem and the
hypersonic entry vehicle problem, and it was shown to result in the
most robust trajectories among all methods. Extensions of this work
may include analyzing other risk measures or cost regularizers that
will aid in the desensitization of trajectories.
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