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If during a guided powered descent maneuver the descent vehicle deviates from the planned trajectory, then the

vehicle may need to adjust the commanded thrust in order to still reach the target landing site or to avoid violating

mission constraints. However, often the nominal thrust command at any time along aminimum-fuel powered descent

trajectory is either at the maximum or the minimum throttle, and as a result the corrective thrust command may be

outside the allowable throttle range. A margin must therefore be added between the planned throttle command and

the engine throttle limits, but this margin may be overly conservative to the detriment of performance. In this paper,

the powered descent trajectory is modeled as a stochastic process in order to nonconservatively adjust the bounds

on the feed-forward optimal thrustmagnitude command to allow for sufficient feedback authority. Themargin on the

nominal throttle is computed as a function of the covariance of the closed-loop thrust commands so that if the nominal

throttle is within the limits, plus the margin, then the closed-loop throttle is within the allowable limits with high

probability. The proposed method can be solved onboard without iteration.

I. Introduction

D URING the powered descent phase of a planetary landing

mission, a descent vehicle uses the thrust from the rocket

engines to remove the excess kinetic energy and steer the vehicle to

the desired landing site. The powered descent guidance (PDG) con-

troller is responsible for determining and executing the sequence of

thrust vectors for the vehicle to follow in order to reach the landing

site, while satisfying certain constraints, such as avoiding subsurface

flight or not exceeding a maximum velocity.

The majority of current PDG strategies still follow the powered

descent architecture developed for the Apollo program. This PDG

scheme represents trajectories as polynomials parameterized in time.

TheApollo PDG algebraically solved for the polynomial coefficients

in order to meet prescribed boundary conditions [1]. The thrust

commands were then set to track the acceleration profile obtained

by twice differentiating the polynomial representing the descent path.

The Apollo polynomial guidance was later adapted for the Mars

Science Laboratory PDG [2–4]. Although this polynomial guidance

is computationally efficient, it is not fuel-optimal [5]; that is, the

guidance solution requires more fuel than necessary in order to

complete the maneuver.

Minimum-fuel PDG, on the other hand, has, until recently, been

primarily the focus of academic research [6,7]. In the special case

when the descent trajectory is strictly vertical, the minimum-fuel

control sequence is such that the vehicle first descends in free-fall,

and then, at a particular time that can be computed algebraically, the

maximum throttle is applied until touchdown [8]. Hence, the optimal

control strategy has a bang-bang structure. For the general case of a

three-dimensional descent trajectory, however, there is no known

algebraic representation of the minimum-fuel solution, although

properties of optimal solutions can be derived from the minimum

principle. Specifically, the minimum-fuel optimal thrust profile is

nonsingular with a max-min-max structure [9].

Fortunately, due to recent theoretical developments and techno-
logical advances in onboard computational capabilities, it is now
possible to compute minimum-fuel PDG trajectories onboard as the
solution to a numerical optimization problem [10]. One such method
is due to the theory of lossless convexification, which allows for the
minimum-fuel PDG to be posed as a convex optimization problem.
As a result, the globally optimal powered descent trajectory can be
computed by convex optimization with guaranteed convergence
[11,12]. The G-FOLD algorithm, which is based on the theory of
lossless convexification, has been demonstrated in test flights [13].
Furthermore, when the descent trajectory is solved as a convex
optimization problem, it is possible to enforce convex path con-
straints, such as minimum glide slope or maximum off-vertical thrust
direction [11]. Recent works have included more complex state-
triggered and line-of-sight constraints [14,15]. Iterative methods ex-
tending lossless convexification theory have been applied to handle
nonlinear drag forces [16] and vehicle attitude dynamics [17]. The
convergence guarantees stemming from the problem convexitymake
these previous methods ideally suited for onboard closed-loop tra-
jectory generation, although to-date the approach has only been used
to autonomously generate a reference trajectory onboard, which is
then tracked using a linear controller [13].
On a different research direction, an indirect method has been

developed to solve onboard for minimum-fuel descent trajectories,
which includes optimization over the time-of-flight and themaneuver
start time [18]. This indirect method determines the optimal thrust
profile from the solution to a multivariate root-finding problem,
which can be computed quickly onboard. This approach thus enables
an implicit form of closed-loop control wherein the optimal thrust
profile is continuously resolved during the descent maneuver. On the
other hand, this indirect method does not have a guarantee of con-
vergence and does not include constraints on the glide slope or thrust-
pointing angle. See also Refs. [19–23].
Both the lossless convexification method as well as the indirect

method can enable closed-loop control during powered descent by
either continuously resolving for a nominal trajectory or by using
closed-loop tracking; however, neither approach accounts for sto-
chasticity. As has been shown in [24,25], accounting for stochasticity
yields better performance than simply applying deterministic closed-
loop guidance. This initially may seem surprising, but it is easy to see
why this is the case. While closing the loop, a purely deterministic
framework can be overly optimistic about the future of disturbances
(i.e., there will be none), and hence it will be more aggressive in its
effort to suppress the current disturbances. A stochastic treatment, on
the other hand, pays equal attention to both the current and future
disturbances when closing the loop. For this reason, in this paper we
follow a stochastic approachwith the primary objective to fill this gap
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between deterministic open-loop (or even closed-loop) guidance and
stochastic feedback control. In other words, by introducing stochas-
ticity we are able to obtain less conservative solutions that save fuel.
If the fuel-optimal PDG trajectory is given before themission starts

or even if it solved once before the initiation of the powered descent
maneuver, then the computed open-loop descent trajectory must be
tracked using feedback control in order to reject external disturbances
and to minimize the effect of unmodeled dynamics [13]. The engine
throttle along a fuel-optimal powered descent trajectory, however,
will always be either at the maximum or at the minimum allowable
value [9]. On the other hand, and because the magnitude of the
closed-loop thrust commands is not known when designing the
open-loop trajectory, conservative margins must be included on
the open-loop throttle commands. Fuel-optimality must then be traded
against the control authority allocated for closed-loop thrust correc-
tions by settingmargins on the open-loop throttle. The open-loop PDG
solution therefore implicitly depends on the intensity of the external
disturbances. Indeed, even if closed-loop control is achieved by con-
tinuously resolving for the optimal, open-loop trajectory, the robust-
ness of the trajectory to disturbances can be improved by including
control margins [26,27].
In this paper, we address this interdependency between open-loop

minimum-fuel PDG and closed-loop tracking control by studying the
powered descent trajectory as a stochastic process. The descent vehicle
states, and by extension the closed-loop thrust commands, are then
described by random vectors with known distributions. In this setting,
the nominal (i.e., open-loop) thrust steers the mean of the state dis-
tribution while the feedback gain steers the dispersion (i.e., the covari-
ance) of the state distribution [28–30]. The margins imposed on the
nominal throttle commands thus have a natural interpretation: If the
nominal control satisfies the throttle margin, then the closed-loop
control satisfies the maximum and minimum throttle constraints with
high probability. This definition of the control margin can still be
applied for the case that the open-loop trajectory is resolved during
the maneuver, in the sense that the control margin provides a probabi-
listic guarantee on resolvability.
Furthermore, the closed-loop thrust corrections are provided as the

minimum-variance control solution such that the covariance of the
descent vehicle state at the end of the maneuver is no greater than a
given maximum value [29,31]. This formulation has several implica-
tions for minimizing the fuel-cost of the nominal trajectory. First, the
variance of the feedback control influences the throttle margin, since if
the uncertainty of the future closed-loop thrust increases, then a larger
marginmust be imposed on the nominal thrust. This, in turn, increases
the fuel cost. Second, there is a tradeoff between the closed-loop
control variance and the final state variance. For a given intensity of
external disturbances, the uncertainty in the vehicle states at the end of
the maneuver can be decreased by taking more aggressive corrective
control actions. In the standard linear quadratic (LQ) optimal control
formulation, this tradeoff is achieved by manually tuning the weight
matrices for the final state error and for the running control cost [7]. For
the present problem, in contrast, we apply a recent result from con-
strained stochastic optimal control in order to solve for the minimum-
variance control while meeting a final state covariance constraint
[31–33], which removes the need to hand-tune weight matrices and
is thus is better suited for onboard implementation.
The main contributions of this paper are summarized below. First,

we extend the aforementioned existing theory on covariance control
[31–33] to allow for nonconstant, boundedmass values, as is the case
for the vehiclemass after thrusting. This result is then applied to solve
for the feedback gains such that the covariance of the closed-loop
trajectory at a final time is constrained by a user-defined upper bound.
Second, we provide a method for determining the throttle margins as
a function of the closed-loop control covariance that can be computed
onboard with convergence guarantees. The throttle margins are then
provided as the input to a deterministic minimum-fuel PDG problem;
this approach contrasts the classical method of closed-loop guidance
for which the feedback gains are computed after the determination
of the open-loop trajectory [7]. Third, we provide a link between
minimum-variance feedback control and minimum-fuel powered
descent trajectories by showing that decreasing the variance of future

feedback controls allows for smaller throttle margins, which in turn
decreases the fuel cost.
The paper is organized as follows. In Sec. II,minimum-fuel PDG is

introduced as a stochastic optimal control problem. In Sec. III.A, we
separate the system dynamics into a deterministic mean part and a
stochastic deviation from the mean part. The feedback control is
derived in Sec. III.B, the throttle margin is constructed in Sec. III.C,
the mean control is posed as a deterministic PDG problem in
Sec. III.D, and an algorithm for the proposed closed-loop PDG is
presented in Sec. III.E. The organization of Sec. III is shown graphi-
cally in Fig. 1. Finally, we present a numerical example for a powered
descent maneuver at Mars in Sec. IVand we compare the results with
a traditional approach that does not account for the closed-loop
control variance when determining the throttle margins.

II. Problem Formulation

Consider a spacecraft in powered descent modeled as a point-mass
with massm and with position and velocity x � �r; v� ∈ R3 × R3 in
a surface-fixed inertial frame. At the initial time t � 0, the mass
m�0� � m0 > 0 is assumed to be fixed and known. The initial
position and velocity x�0� � x0 � �r0; v0�, which we refer to as
the state, is assumed to be a random vector distributed as

x0 ∼N � �x0; Px0� (1)

where the positive semidefinite matrix Px0 and the vector �x0 are both
fixed and known. Random force disturbances acting on the vehicle
are modeled as a three-dimensional Brownian motion �wt� scaled by
a positive constant γ. The spacecraft motion is thus described by the
stochastic differential equation (SDE)

d

2
4 r

v

m

3
5 �

2
4 v

u∕m� g

−αkuk

3
5dt�

2
4 0

γ∕m
0

3
5dwt (2)

where g ∈ R3 is the gravitational acceleration, α is a positive mass-

flow parameter, and u ∈ R3 is the control thrust given at each time t
by the affine feedback law

u�t� � �u�t� � K�t� ~x�t� (3)

where ~x � x − E�x� is the state deviation from themean, �u � E�u� is
the mean control, and K is a feedback gain matrix to be determined.
We assume that the mean control is sufficiently larger than the feed-
back control so that we may approximate

E�kuk� ≈ k �uk (4)

From this assumption, it follows that the mass is an approximate
deterministic function of themean control, given as the solution to the
ordinary differential equation (ODE)

_m � −αk �uk (5)

with the initial valuem�0� � m0. After a still to-be-determined time-
of-flight tf > 0, we require that the mean and the covariance of the

spacecraft state satisfy the terminal constraints

E�xtf � � �xf (6a)

Cov�xtf � ≤ Pxf (6b)

where the final state mean �xf is a given vector and themaximum final

state covariance Pxf is a given positive-definite matrix.‡ The space-

craft’s engines have aminimum andmaximum throttle that cannot be

‡For any two matrices A and B, the notation A ≤ B means that the matrix
B − A is positive semidefinite.

2 Article in Advance / RIDDERHOFAND TSIOTRAS

D
ow

nl
oa

de
d 

by
 3

5.
13

6.
25

.7
5 

on
 N

ov
em

be
r 

24
, 2

02
0 

| h
ttp

://
ar

c.
ai

aa
.o

rg
 | 

D
O

I:
 1

0.
25

14
/1

.G
00

54
00

 



exceeded, and therefore the control is constrained to lie inside

the set

Ω � fu: ρ1 ≤ kuk ≤ ρ2g (7)

where ρ2 > ρ1 > 0 are the maximum and minimum throttle limits.

Since the state is initiallyGaussian distributed, therewill be a nonzero

probability that the throttle constraint is violated when the feedback

gain K is nonzero. We therefore require that the control remains

within the set Ω with high probability. During flight, the thrust

commands are saturated in the event that the throttle constraint is

violated. That is, we require that

P�u�t� ∈ Ω� ≥ 1 − β for all t ∈ �0; tf� (8)

where 1 ≥ β > 0 is a prescribed constant specifying the maximum

probability of control saturation. The parameter β allows for the

system designer to specify a balance between robustness to disturb-

ances and fuel cost: as will be shown analytically in Sec. III.D and

numerically in Sec. IV, lower values of βwill result in a larger throttle
margin and a correspondingly higher fuel cost. The mean state �x �
E�x� and mean control �u are further constrained by

� �x�t�; �u�t�� ∈ X × U for all t ∈ �0; tf� (9)

whereX is the convex set restricting the glide slope angle θ to be less
than the maximum glide slope angle θ0 ≤ π∕2, defined as

X � f��r; �v�: θ��r� ≤ θ0 ≤ π∕2g (10)

where θ��r� is the angle between the mean position vector �r and the
local vertical, and where U is the cone of thrust vectors with off-
vertical angle no more than a given maximum angle ϕ0 (see Fig. 2),
that is,

U � f �u: k �uk cosϕ0 � g⊤ �u∕kgk ≤ 0g (11)

We are interested in solving the following optimal control problem to
safely land the spacecraft while minimizing fuel consumption.
Problem 1: Find the time-of-flight tf > 0, the mean control �u�t�

for t ∈ �0; tf�, and the feedback gainK�t� for t ∈ �0; tf� that minimize

the expected fuel cost

J� �u; tf� �
Z

tf

0

k �u�t�k dt (12)

subject to the dynamics (2) with the control law (3), the initial state
distribution (1), the throttle constraint (8), the mean path constraints
(9), and the final state distribution constraint (6).

III. Problem Analysis

A. Separation of Deterministic and Stochastic Dynamics

Since the mass is deterministic due to the assumption (4), we can
take the expectation of the dynamics (2) to obtain an ODE for the
mean dynamics given by

2
64

_�r
_�v

_m

3
75 �

2
64

�v

�u∕m� g

−αk �uk

3
75 (13)

with the initial conditions ��r�0�; �v�0�� � �x0 and m�0� � m0. Then,
by subtracting the mean dynamics (13) from the original dynamics
(2), and substituting the control law (3), we obtain the SDE

d ~x � �A� BK∕m� ~xdt� �γ∕m�Bdwt (14)

for the state deviation dynamics with the initial condition
~x�0� � x0 − �x0, and where

A �
�
0 I
0 0

�
; B �

�
0

I

�
(15)

Fig. 1 Organization of solution procedure.

Fig. 2 Left: Schematic of powered descent with the state modeled as a random vector. Right: Definitions of glide slope and thrust pointing limits.
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The mass dynamics do not depend on the deviation state ~x, and
therefore the deviation state dynamics are linear. It follows that the

state x remains normally distributed over the entire problem horizon

with mean �x and covariance Px � E� ~x ~x⊤�, which comes as the

solution to the differential Riccati equation

_Px � �A� BK∕m�Px � Px�A� BK∕m�⊤ � �γ∕m�2BB⊤ (16)

with the initial condition Px�0� � Px0 . Furthermore, since the feed-

back control ~u � K ~x is also a zero-mean normal random vector with

covariance Pu � KPxK
⊤, we have that the control is distributed as

u ∼N � �u; KPxK
⊤� (17)

B. Optimal Covariance Control

The covariance dynamics (16) depend on the spacecraft mass m,

which is a functionon themean control �u. Therefore, the deviation state
dynamics, and hence the state and the control covariance evolution,

depend on the choice of the mean control. On the other hand, the set of

allowable values for themean control that satisfy the throttle constraint

(8) depends on the control covariance, and hence, by Eq. (16), on the

feedback gainK. To break this circular dependency, wewill first solve

for a feedback gain that will steer the covariance dynamics (16) to a

final state covariance that satisfies the terminal constraint (6b) for any

value of the mass that is bounded by

ml�t� ≤ m�t� ≤ mu�t� for all t ∈ �0; tf� (18)

whereml�t� andmu�t� are given functions of time. For instance, since

the throttle is bounded by ρ1 and ρ2, it follows from Eq. (5) that the

mass will always be bounded as in Eq. (18) with the bounds given by

ml�t� � m0 − ρ2αt (19)

mu�t� � m0 − ρ1αt (20)

for t ≥ 0. We first consider the following problem to find the feedback

gainKl,which steers the covariancedynamics in the case themassm is

equal to its lower bound ml over the entire problem horizon.
Problem 2:For a fixed time-of-flight tf > 0 and for themass given

as m�t� � ml�t� for t ∈ �0; tf�, find the feedback gain K�t� for t ∈
�0; tf� that steers the state covariance dynamics (16) to the final state

covariance Px�tf� � Pxf , while minimizing the cost

~J�K� �
Z

tf

0

tr�RKPxK
⊤ �QPx� dt (21)

where R � R�t� > 0 and Q � Q�t� ≥ 0 are given matrix-valued

functions for t ∈ �0; tf�. We denote the solution to this problem by

the pair �Kl; Pl
x �, where Pl

x � Pl
x �t� is the solution to Eq. (16) with

the gain Kl � Kl�t� and mass ml � ml�t�.
A solution to Problem2 is guaranteed to exist provided that the pair

�A;B� is controllable [28], which, by inspection of Eq. (15), holds for
the present problem. Furthermore, the feedback gain Kl that solves

Problem 2 is given in terms of the solution to a backward matrix

Riccati equation with the initial condition provided as a closed-form

function ofPx0 ,Pxf , and γ; see Ref. [33] (Theorem 1). Thus, Problem

2 can be solved onboard. The cost (21) penalizes the state and control

deviation the nominal trajectory, which, as wewill show in Sec. III.C,

corresponds to how much throttle margin must be allowed to allow

for closed-loop controls.
Next, we use the solution �Kl; Pl

x � of Problem 2 to construct a new

feedback gainK such that the terminal covariance constraint (6b)will

be satisfied for any mass function satisfying Eq. (18). By definition,

Pl
x solves the equation

_Pl
x � �A� BKl∕ml�Pl

x � Pl
x �A� BKl∕ml�⊤ � �γ∕ml�2BB⊤

(22)

with boundary conditions Pl
x �0� � Px0 and Pl

x �tf� � Pxf . There-

fore, if we setK as a function ofm,ml, andK
l in such a way that the

state covariance Px is always less than or equal to Pl
x , then we will

have that

Px�tf� ≤ Pl
x �tf� � Pxf (23)

Before we state our main result we will need a comparison formula
for Riccati equations, which is taken from Ref. [34] with minor
modifications.
Lemma III.1 ([34], Theorem 2.1): LetPi, i � 1; 2, be a solution of

_Pi � A⊤
i �t�Pi � PiAi�t� �Qi�t� (24)

on the interval �0; tf�. If P1�0� � P2�0�, and if

"
Q1 −Q2 A1 −A2

�A1 −A2�⊤ 0

#
≥ 0; t ∈ �0; tf� (25)

then P2�t� ≤ P1�t� for all t ∈ �0; tf�.
Theorem III.2: Let Px be the solution to Eq. (16) with feedback

gain K given by

K�t; m� � m

ml�t�
Kl�t�; t ∈ �0; tf� (26)

where m ≥ ml�t� for all t ∈ �0; tf�. Then Px�t� ≤ Pl
x �t� for

all t ∈ �0; tf�.
Proof: First, we rewrite Eq. (22) as

_Pl
x � m−2

l ��m2
lA −mlBK

l�Pl
x � Pl

x �m2
lA −mlBK

l�⊤ � γ2BB⊤�
(27)

Substituting the feedback gain (26) into Eq. (16) yields

_Px�m−2
l

��m2
lA−mlBK

l�Px�Px�m2
lA−mlBK

l�⊤��γml∕m�2BB⊤
�

(28)

Then, using

A1 � A2 � m2
lA −mlBK

l (29)

Q1 � γ2BB⊤; Q2 � γ2
m2

l

m2
BB⊤ (30)

we may rewrite Eqs. (27) and (28) as

_Pl
x � m−2

l

�
A1P

l
x � Pl

xA⊤
1 �Q1

�
(31)

_Px � m−2
l

�
A2Px � PxA⊤

2 �Q2

�
(32)

Since m ≥ ml and BB⊤ ≥ 0, it follows that

Q1 −Q2 � γ2BB⊤
�
1 −

m2
l

m2

	
≥ 0 (33)

and therefore, for all t ∈ �0; tf�,�
Q1 −Q2 0

0 0

�
≥ 0 (34)

Finally, we apply Lemma III.1 with P1 � Pl
x and P2 � Px to con-

clude that Px�t� ≤ Pl
x �t� for all t ∈ �0; tf�. □
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Corollary III.3: Let Px be the solution to Eq. (16) with the feed-

back gain K as in Eq. (26), and assume that the mass is bounded by

Eq. (18). Then, the control covariance matrix Pu � KPxK
⊤ is

bounded from above by

Pu;max �
m2

u

m2
l
KlPl

xK
l⊤ (35)

where �Kl; Pl
x � is the solution to Problem 2.

Proof: Substituting the feedback gain K from Eq. (26) into

Pu � KPxK
⊤, and using the fact that the mass m is bounded from

above by mu, along with the fact that Px ≤ Pl
x , we obtain

Pu � KPxK
⊤ � m2

m2
l
KlPxK

l⊤ ≤
m2

u

m2
l
KlPl

xK
l⊤ � Pu;max (36)

□

We note that in the special case in which the mass is known

precisely when solving Problem 2, then we can set a prior bound

on the mass such that mu � m � ml, from which it follows that

Pu � Pu;max. More generally, the difference between Pu and Pu;max

decreases monotonically as the ratio of the upper to the lower bound

on mass decreases.

C. Mean Throttle Margin

In general, solving for the optimal control with respect to the

probabilistic throttle constraint (8) is intractable. Therefore, we

develop the following relaxation. Given a control covariance Pu

and maximum saturation probability β as in Eq. (8), we wish to find

the largest subset Ωδ � Ωδ�Pu; β� of admissible controls given by

Ωδ � f �u: ρ1 � δ ≤ k �uk ≤ ρ2 − δg (37)

with the property that

u ∼N � �u; Pu� and �u ∈ Ωδ ⇒ P�u ∈ Ω� ≥ 1 − β (38)

We refer to the parameter δ as the throttle margin. In general, finding
the smallest throttle margin such that Eq. (38) holds is a nonlinear

optimization problemwith constraints given in terms of three-dimen-

sional integrals, and thus is not computationally feasible for onboard

applications. We therefore solve the following problem: find the

smallest value of the radius for a three-dimensional ball centered at
�u that has probability of containing u of at least equal to 1 − β. This
radius will, in turn, provide a conservative value for the throttle

margin δ in Eq. (37), as shown geometrically in Fig. 3.

Lemma III.4: Let ~u ∼N �0; Pu� and let σ2u be the maximum

eigenvalue of Pu. Then, for all δ ≥ 0,

P�k ~uk ≤ δ� ≥ erf

�
δ

σu




2

p
	
−

2δ

σu







2π

p e−δ
2∕2σ2u (39)

Proof: It can be shown [35] that for any a ≥ 0,

P� ~u⊤P−1
u ~u ≤ a2� � erf

�
a



2

p
	
−

2a






2π

p e−a
2∕2 (40)

To obtain the desired result we find the radius δ of a ball that contains
the ellipsoid f ~u: ~u⊤P−1

u ~u ≤ a2g. First, we diagonalize the control

covariance matrix by Pu � UDU⊤, where U is orthogonal and D
is a diagonal matrix of the eigenvalues λi of Pu. Since σ2u ≥ λi, it
follows that

D−1 � 1

σ2u
diag�σ2u∕λi� ≥

1

σ2u
I (41)

From the previous expression it follows that

~u⊤P−1
u ~u � ~u⊤UD−1U⊤ ~u ≥ k ~uk2∕σ2u (42)

The inequality ~u⊤P−1
u ~u ≤ a2 implies that

k ~uk2∕σ2u ≤ ~u⊤P−1
u ~u ≤ a2 (43)

For δ2 � a2σ2u, this implies k ~uk2 ≤ δ2 and thus k ~uk ≤ δ. Therefore
f ~u: ~u⊤P−1

u ~u ≤ a2g ⊆ f ~u: k ~uk ≤ δg, and hence P� ~u⊤P−1
u ~u ≤ a2� ≤

P�k ~uk ≤ δ�. The result follows by substituting a � δ∕σu into

Eq. (40):

P�k ~uk≤ δ�≥ P� ~u⊤P−1
u ~u≤ δ2∕σ2u�≥ erf

�
δ

σu




2

p
	
−

2δ

σu







2π

p e−δ
2∕2σ2u

(44)

□

Theorem III.5: Let u ∼N � �u; Pu�, and let Ωδ be defined as in

Eq. (37), where the throttle margin δ satisfies

erf

�
δ

σu




2

p
	
−

2δ

σu







2π

p e−δ
2∕2σ2u ≥ 1 − β (45)

where σ2u be the maximum eigenvalue of Pu. Then Eq. (38) holds.

Fig. 3 Conversion from stochastic to deterministic problem with throttle margin.
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Proof: If �u ∈ Ωδ and k ~uk ≤ δ, then

kuk � k �u� ~uk ≤ k �uk � k ~uk ≤ ρ2 − δ� δ � ρ2 (46)

kuk � k �u� ~uk ≥ k �uk − k ~uk ≥ ρ1 � δ − δ � ρ1 (47)

Hence fu: �u ∈ Ωδ; k ~uk ≤ δg ⊆ Ω, which implies that P�u ∈ Ω� ≥
P�k ~uk ≥ δ� when �u ∈ Ωδ. Lastly, if δ satisfies inequality (45), we
conclude from Lemma III.4 that P�u ∈ Ω� ≥ 1 − β. □

Proposition III.6: If there exists a value of δ that satisfies inequality
(45), then the minimum value of δ satisfying Eq. (45) is the unique
solution to

erf

�
δ

σu




2

p
	
−

2δ

σu







2π

p e−δ
2∕2σ2u − 1� β � 0 (48)

Proof: Take ξ�δ� to be the left-hand side of inequality (45).
We have that ξ�0� � 0. Then, taking the derivative, we obtain

dξ

dδ
�δ� � 2δ2

σ3u







2π

p e−δ
2∕2σ2u (49)

which is strictly positive for δ > 0. Hence ξ�δ� is monotonically
increasing for positive δ, and so the minimum value of δ that satisfies
Eq. (45) is the unique solution to Eq. (48). □

Therefore, given a control covariancePu and maximum saturation
threshold β, we can obtain the set Ωδ by solving a one-dimensional
zero-finding problem for Eq. (48), which can be performed onboard.
We henceforth denote dependence of variables on Pu and β by a
subscript δ, since the thrust margin δ is a function of Pu and β, that
is, δ � δ�t; β� � δ�Pu�t�; β�.

D. Optimal Mean Control

Suppose that, for a given time-of-flight tf > 0, we have solved for
both the feedback gain K from Eq. (26) and the corresponding
maximum control covariance Pu;max from Eq. (35). The throttle

margin δ�t� is then computed fromEq. (48) to obtain themean control
constraint setΩδ�t�.We are nowprepared to solve for themean control

by substituting the probabilistic thrust constraint Eq. (8) in Problem 1
with the deterministic constraint

�u�t� ∈ Ωδ�t� for all t ∈ �0; tf� (50)

The mean control problem is formalized as follows.
Problem 3: For a fixed time-of-flight tf > 0 and given throttle

margin δ�t� for t ∈ �0; tf�, find the mean control �u�t� for t ∈ �0; tf�
that minimizes the expected fuel cost (12) subject to the mean
dynamics (13), the mean throttle constraint (50), the mean path
constraints (9), and the final mean state constraint (6).
Remark III.7:Problem3 is a standard, deterministic PDGproblem,

and therefore may be solved by existing methods, such as Ref. [11].
The mean control solving Problem 3 satisfies the mean throttle

constraint (50), and therefore, by Theorem III.5, the original prob-
abilistic thrust constraint (8) is satisfied. Furthermore, we obtain the
optimal time-of-flight as

t�f � argmin J�δ �tf� (51)

where J�δ �tf� denotes the optimal cost for Problem 3 with the throttle
margin δ and time-of-flight tf; that is, for a given throttle margin δ �
δ�t� and time-of-flight tf > 0, the resulting optimal cost for Problem

3 is J�δ �tf�. The function J�δ �tf� is unimodal [11], and therefore, for a

fixed throttle margin, the optimal time-of-flight can be found by a
simple line search. It is well known that the control solving Problem 3
is bang-bang, which we formally state in the following theorem.
Theorem III.8:The optimal thrust profile �u� solving Problem 3 has

a max-min-max structure with no singular arcs. That is, for any time-
of-flight tf > 0 (including tf � t�f),

k �u��t�k �

8>><
>>:

ρ2 − δ�t�; 0 ≤ t ≤ t1;

ρ1 � δ�t�; t1 < t ≤ t2;

ρ2 − δ�t�; t2 < t ≤ tf

(52)

for all t ∈ �0; tf�.
Proof: See Refs. [6,9,11]. □

Corollary III.9: Let δ1 and δ2 be piecewise continuous, positive
functions defined over the interval �0; tf� such that δ1�t� ≤ δ2�t� for
all t ∈ �0; tf�. If, in addition, δ1�t� < δ2�t� for any nonzero time

interval, then J�δ1�tf� < J�δ2�tf�.
Proof: Let tf > 0 be fixed, and let �u�2 be the control solving

Problem 3 with the throttle margin δ2. First, we observe that the
control �u�2 satisfies the throttle constraint with the margin δ1, since
ρ1 � δ1 ≤ k �u�2k ≤ ρ2 − δ1 for all time. Since J�δ1�tf� is the minimum

cost for all controls that satisfy this constraint, it follows that

J�δ1 �tf� ≤ J� �u2; tf� � J�δ2 �tf� (53)

It remains to show that equality does not hold. Indeed, if the throttle
margin is given by δ1, then ρ1 � δ1 < k �u�2k < ρ2 − δ1 on a nonzero

interval implies that the control �u�2 is singular on a nonzero interval.
This contradicts Theorem III.8, and thus �u�2 is not an optimal control

for Problem 3 with margin δ1, which implies that the inequality in
Eq. (53) is strict. □

Corollary III.10: Increasing the maximum probability of throttle
saturation β decreases the fuel cost.
Proof: As β increases, then, by Eqs. (48) and (49), the throttle

margin δ decreases; see Fig. 4. Suppose first that the time-of-flight is
held constant while β is increased. Then the throttle margin will
decrease at every time instant, and thus, by Corollary III.9, the fuel
cost will decrease. It follows that the fuel will also decrease when the
time-of-flight is left as an optimization variable. □

Corollary III.9 is a formal statement of the intuitive result that
decreasing the throttle margin at any point along the trajectory will
decrease the fuel cost. Furthermore, since our definition (48) of the
throttle margin depends on the control covariance, Corollary III.9
implies a connection between minimum-variance feedback control
and constrained minimum-fuel control: if the control variance
increases, then the fuel cost increases. We also observe, as a conse-
quence of Corollary III.9, that the noise intensity γ and maximum
probability of control saturation β influence the fuel cost. Indeed,
either increasing γ or decreasing β will increase the throttle margin,
and hence will increase the fuel cost. These observations were con-
firmed by our numerical experiments reported in Sec. IV.

E. Closed-Loop Powered Descent Guidance

The results of the preceding sections are summarized in the follow-
ing algorithm.
Proposition III.11:Thecontrol lawu�t; x� returnedbyAlgorithm1.0

provides a feasible solution to Problem 1.
Proof: Since the mean control is the solution to Problem 3, the

mean path constraints (9) and the final mean state (6a) constraint are
satisfied. Furthermore, by Theorem III.2, we have thatPx�t� ≤ Pl

x �t�

Fig. 4 Diagram of ξ�δ� as in Eqs. (48) and (49).
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for all t ∈ �0; tf�. Taking t � tf we have that the final state covariance
constraint (6b) is satisfied.
Next, we show that the throttle constraint (8) is satisfied as well.

For fixed δ > 0, the function

g�σu� � erf

�
δ

σu




2

p
	
−

2δ

σu







2π

p e−δ
2∕2σ2u (54)

is strictly decreasing since

dg

dσu
�σu� � −

2δ3











2πσ2u

p e−δ
2∕2σ2u < 0 (55)

It follows that g
� 



















λmax�Pu�
p �

≥ g
� 



























λmax�Pu;max�
p �

since Pu ≤
Pu;max. Therefore, the inequality (45) holds for u distributed as

N � �u; Pu� and δ as given by Algorithm 1, and thus, by Theorem III.5,
we have that P�u ∈ Ω� ≤ 1 − β. Thus, we have shown that all of the
constraints in Problem 1 are satisfied. □

IV. Numerical Example

Consider a Mars Science Laboratory–like descent vehicle, with
parameters as shown in Table 1, performing a powered descent
maneuver at Mars. We use a surface-fixed frame with the first
coordinate as the altitude, and we construct the maneuver so that
the mean trajectory remains in the plane defined by the first and third
coordinates. The initial mean position, velocity, and mass of the
vehicle are given as

�r0��1.9;0;1.5�km; �v0��−80;0;40�m∕s; m0�1905kg (56)

The initial position and velocity have covariance

Cov

��
r0
v0

�	
�

� �15 m∕3�2I 0

0 �5 m ⋅ s−1∕3�2I
�

(57)

The target mean position and velocity are

�rf � �100; 0; 100� m; �vf � �0; 0; 0� m∕s (58)

and the final covariance of the position and velocity is constrained per
Eq. (6b) by

Cov

��
r�tf�
v�tf�

�	
≤ Pxf �

� �5 m∕3�2I 0

0 �3 m ⋅ s−1∕3�2I
�

(59)

that is, the standard deviation of each position and velocity coordinate

at the final time should be at most 5∕3 ≈ 1.67 m and 1 m∕s, respec-
tively. The disturbance intensity γ is set to be 5% of the maximum

thrust given in Table 1. The constant weighting matrices

Q �
�
75I 0

0 0.5I

�
; R � I (60)

where used when solving Problem 2. These values forQ and Rwere

chosen qualitatively in order to balance the state covariance and the

control covariance along the closed-loop trajectory.
The optimal mean control was solved as a convex program, as in

Ref. [11], for a time-discretization of Δt � 1 s, in MATLAB with

CVXandMosek [36–38]. Theoptimal times-of-flightwere computed

by golden section line search. We solved for the closed-loop PDG

following Algorithm 3.5 for probabilities of throttle saturation β �
10%; 30%; 50%, and 70%. For comparison, we also solved for the

optimal mean control for a range of fixed (not time-varying) throttle

marginswith the feedback controls given as the solution to Problem2.

The simulation cases are listed in Table 2. We compare the targeting

performance for each solution by the root-norm error metric given by

error �








































λmax�Px�tf� − Pxf �

q
(61)

The fuel cost and the position error, the velocity error, and the

targeting error (61) are shown in Figures 5–7 for each of the solution

cases listed in Table 2. We see that, for a comparable targeting error,

the fuel cost is decreased by setting dynamic throttle margins per

Table 1 Vehicle properties

Property Value Unit

Specific impulse 210 S
Maximum thrust 16,573 N
Minimum throttle 30 %
Maximum throttle 80 %
Pointing angle θpc0 75 deg

Glide slope angle θgs0 70 deg

Wet mass m0 1,905 kg

Propellant mass 400 kg

Algorithm 1: Closed-loop powered descent guidance

Input: tf; m0; β; γ > 0, Px0 ; Pxf > 0, �x0, and ml�t�; mu�t� for t ∈ �0; tf �
Output: Control law u�t; x�

1 Solve Problem 2 to obtain Pl
x �t� and Kl�t� for t ∈ �0; tf �

2 Set K�t; m� � mKl�t�∕ml�t�;
3 Solve (48) with σu � 
































λmax�Pu;max�t��
p

, where Pu;max given as in (35),
to obtain δ�t� for t ∈ �0; tf �

4 Solve Problem 3 to obtain �x�t�, �u�t�, and m�t� for t ∈ �0; tf �;
5 Return control law u�t; x� � �u�t� � K�t; m�t���x − �x�t��.

Table 2 Simulation results

Throttle limits (%) Max std. dev.a

Case
number β (%) Lower Upper

Fuel
cost (kg) Pos. (m)

Vel.
(m/s)

Root-norm
error

1 10 —— —— 260.7 1.70 1.08 0.409
2 30 —— —— 256.3 1.82 1.08 0.713
3 50 —— —— 254.0 2.30 1.17 1.59
4 70 —— —— 252.4 3.20 1.26 2.75
5 —— 35 75 266.0 2.28 1.09 1.56
6 —— 33 77 254.7 4.12 1.23 3.77
7 —— 32 78 251.8 5.28 1.34 5.01
8 —— 30 80 248.3 8.57 2.40 8.41

aSquare root of the maximum eigenvalue of the covariance matrix.

Pos. = Position.

Vel. = Velocity.
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Fig. 5 Maximumvelocity covariance standard deviation for cases listed
in Table 2.
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Algorithm 1. Intuitively, the fixed throttle margins must be large

enough to allow for themost extremecorrective control actions,which

may only be required for a short segment of the trajectory.

Consider, for example, the solution for β � 30%, which is shown

in Fig. 8. The optimal time-of-flight was 53 s. The 3σ position

uncertainty is shown every 4 s, where the covariance was computed

by both the analytical solution per Eq. (16), which is shown in gray,

and by a 2000-trial Monte Carlo, which is shown as dotted lines.

The trajectory segment during which the thrust is at the minimum

value is emphasized. We see that, despite some throttle saturation

events, the covariance of the closed-loop trajectory closely tracks the

predicted covariance solution. Near the end of the trajectory, the

feedback control actions become more aggressive in order to meet

the final state-covariance constraint. Therefore, the throttle variance

is largest near the end of the trajectory, and the throttle margin

increases accordingly; that is, the nominal trajectory is adjusted in

response to predicted future disturbances. A planar view of the

control sample path trajectories in polar coordinates, with zero

degrees corresponding to the vertical, for the PDG solution with β �
30% is shown in Fig. 9. Herewe can see two-dimensional slices of the

δ-balls corresponding to the throttle margin as in Fig. 3, which are

shown every 4 s, and samples of the closed-loop control.

The solutions for β � 10% and 70% are shown in Fig. 10. When

β � 10%, the throttle margins are large enough so that the state

covariance computed from Monte Carlo closely tracks the predicted

solution. On the other hand, when β � 70%, the throttle frequently

saturates and the state covariance increases. However, as we see in

Figs. 5–7, and as given by Corollary III.10, there is a corresponding

decrease in the fuel cost.

Next, we consider the PDG solutions for fixed throttle margins.

The trajectories for the two cases with numbers six and eight from

Table 2 are compared in Fig. 11. The throttle limits for the nominal

trajectory are shown in gray and the absolute throttle limits are shown

in black. We see that in the absence of any throttle margin, the state

covariance increases and the final targeting error is significant. As

expected, increasing the constant throttle margin improves targeting

performance. However, for the nonzero fixed margin case shown in

Fig. 11, there is a high probability of control saturation in the final

10 s of the trajectory. Consequently, the targeting error is larger than

for any of the cases with dynamic margins, including the case that

β � 70%. For comparison, we increased the fixed throttle margin

until the targeting error was comparable to the case when β � 50%;

the fuel cost was approximately 12 kg, or 4.7%, greater than the fuel

cost for the dynamic margin with β � 50%.

0 2 4 6 8 10
Max final position error (m)
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)
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Fig. 6 Maximumposition covariance standard deviation for cases listed
in Table 2.
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Fig. 7 Comparison of covariance targeting performance for cases listed
in Table 2. The error is given by the square root of the maximum
eigenvalue of the matrix Px�tf � − Pxf as in Eq. (61).
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Fig. 8 Solution with β � 30%. Left: Powered descent trajectories with 3σ confidence ellipses. Right: Closed-loop throttle trajectories with 1 − β
confidence intervals.
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Finally, recall that as a consequence of the assumption (4), the

mass dynamics were modeled as a deterministic function of the

mean throttle. This assumption is supported by the Monte Carlo

results: For the solution with β � 30%, for example, the 3σ error in

the final mass as computed from theMonte Carlowas approximately

10 kg, which amounts to a 0.6% deviation from the deterministic

predicted final mass value of 1648 kg. The small error between the

targeted final state covariance and the final state covariance computed

from Monte Carlo, as reported in Table 2, further supports this

assumption.
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Fig. 9 Solution with β � 30%. Left: Planar view of sample control trajectories. Right: Control samples at t � 0, 34, and 47 s, and the mean constrained

throttle (dashed) at these times.
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Fig. 10 Solutions with β � 10% (top) and β � 70% (bottom). Left: Powered descent trajectories with 3σ confidence ellipses. Right: Closed-loop throttle
trajectories with 1 − β confidence intervals.
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V. Conclusions

In this paper, a method has been presented for adding closed-loop

control to existing open-loop PDG solutions. An important property

of the closed-loop control law is that the feedback gains are computed

before the feed-forward controls, and therefore iteratively solving

for the feedback gains and the feed-forward controls can be avoided.

Furthermore, the feedback gains are computed by integrating a

system of ordinary differential equations with the initial condition

given algebraically. The throttle margin is computed by solving for

the root of a monotonic function, and the nominal trajectory is solved

by any existing method, such as convex programming, using the

provided throttle margin. Therefore, the proposed closed-loop PDG

can be computed onboard. In numerical simulations, it is demon-

strated that dynamically setting the throttle margins, per the proposed

method, results in lower fuel costs required to meet particular termi-

nal position and velocity covariance requirements when compared

with just scaling constant throttle margins.
The proposed method has several limitations that may be addressed

in future work. First, aerodynamic forces are not included in the

powered descent model, and the disturbance process is assumed to

be Brownian with a constant intensity. Furthermore, in order to enable

quick onboard computation and to provide performance guarantees,

the proposed method solves for the feedback gains before solving for

the nominal control; however, in principle, performance may be

improved by jointly optimizing the feedback gains and the nominal
control.
Looking forward, the framework presented in this paper can be

applied to other nonsingular optimal control problems with external
disturbances, since, for general optimal control problems with con-
strained control inputs, the nominal control is coupled to the statistics
of the closed-loop system. The proposed method constitutes a com-
putationally straightforward method for computing a closed-loop
control law by means of setting open-loop control margins while
avoiding iterative methods.
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Fig. 11 Solutions no. 6 (top) and no. 8 (bottom) with fixed margins as given in Table 2. Left: Powered descent trajectories with 3σ confidence ellipses.
Right: Closed-loop throttle trajectories.

10 Article in Advance / RIDDERHOFAND TSIOTRAS

D
ow

nl
oa

de
d 

by
 3

5.
13

6.
25

.7
5 

on
 N

ov
em

be
r 

24
, 2

02
0 

| h
ttp

://
ar

c.
ai

aa
.o

rg
 | 

D
O

I:
 1

0.
25

14
/1

.G
00

54
00

 

https://doi.org/10.1016/0005-1098(74)90019-3
https://doi.org/10.1016/0005-1098(74)90019-3
https://doi.org/10.1016/0005-1098(74)90019-3
https://doi.org/10.2514/1.19220
https://doi.org/10.2514/1.19220
https://doi.org/10.2514/1.19220
https://doi.org/10.2514/1.19220


[3] Singh, G., Miguel San Martin, A., and Wong, E. C., “Guidance and
Control Design for PoweredDescent and Landing onMars,” 2007 IEEE
Aerospace Conference, IEEE, New York, 2007, pp. 1–8.
https://doi.org/10.1109/AERO.2007.352818

[4] Sell, S. W., Davis, J., Miguel San Martin, A., and Serricchio, F.,
“Powered Flight Design and Performance Summary for the Mars Sci-
ence Laboratory Mission,” Journal of Spacecraft and Rockets, Vol. 51,
No. 4, 2014, pp. 1197–1207.
https://doi.org/10.2514/1.A32682

[5] Ross, I., “How to Find Minimum-Fuel Controllers,” AIAA Guidance,

Navigation, and Control Conference and Exhibit, AIAA Paper 2004-
5346, 2004.
https://doi.org/10.2514/6.2004-5346

[6] Marec, J. P., Optimal Space Trajectories, Studies in Astronautics,
Elsevier Scientific, Amsterdam, 1979.

[7] Bryson, A. E., and Ho, Y.-C., Applied Optimal Control: Optimization,

Estimation and Control, Ginn and Company, Waltham, 1975.
https://doi.org/10.1201/9781315137667

[8] Meditch, J., “On the Problem of Optimal Thrust Programming for a
Lunar Soft Landing,” IEEE Transactions on Automatic Control, Vol. 9,
No. 4, 1964, pp. 477–484.
https://doi.org/10.1109/TAC.1964.1105758

[9] Topcu, U., Casoliva, J., and Mease, K. D., “Minimum-Fuel Powered
Descent for Mars Pinpoint Landing,” Journal of Spacecraft and Rock-

ets, Vol. 44, No. 2, 2007, pp. 324–331.
https://doi.org/10.2514/1.25023

[10] Song, Z., Wang, C., Theil, S., Seelbinder, D., Sagliano, M., Liu, X., and
Shao, Z., “Survey of Autonomous Guidance Methods for Powered
Planetary Landing,” Frontiers of Information Technology & Electronic

Engineering, Vol. 21, May 2020, pp. 652–674.
https://doi.org/10.1631/FITEE.1900458

[11] Açkmeşe, B., and Ploen, S. R., “Convex Programming Approach to
Powered Descent Guidance for Mars Landing,” Journal of Guidance,
Control, and Dynamics, Vol. 30, No. 5, 2007, pp. 1353–1366.
https://doi.org/10.2514/1.27553

[12] Açkmeşe, B., Carson, J. M., III, and Blackmore, L., “Lossless Convex-
ification of Nonconvex Control Bound and Pointing Constraints of the
Soft LandingOptimal Control Problem,” IEEETransactions onControl

Systems Technology, Vol. 21, No. 6, 2013, pp. 2104–2113.
https://doi.org/10.1109/TCST.2012.2237346

[13] Scharf, D. P., Açkmeşe, B., Dueri, D., Benito, J., and Casoliva, J., “Imple-
mentation and Experimental Demonstration of Onboard Powered-Descent
Guidance,” Journal of Guidance, Control, and Dynamics, Vol. 40, No. 2,
2017, pp. 213–229.
https://doi.org/10.2514/1.G000399

[14] Reynolds, T., Szmuk, M., Malyuta, D., Mesbahi, M., Açkmeşe, B., and
Carson, J. M., “A State-Triggered Line of Sight Constraint for 6-DoF
Powered Descent Guidance Problems,” AIAA SciTech 2019 Forum,
AIAA Paper 2019-0924, 2019.
https://doi.org/10.2514/6.2019-0924

[15] Lee, U., and Mesbahi, M., “Constrained Autonomous Precision Land-
ing via Dual Quaternions and Model Predictive Control,” Journal of

Guidance, Control, and Dynamics, Vol. 40, No. 2, 2017, pp. 292–308.
https://doi.org/10.2514/1.G001879

[16] Szmuk, M., Açkmeşe, B., and Berning, A. W., “Successive Convexifi-
cation for Fuel-Optimal Powered Landing with Aerodynamic Drag and
Non-Convex Constraints,” AIAA Guidance, Navigation, and Control

Conference, AIAA Paper 2016-0378, 2016.
https://doi.org/10.2514/6.2016-0378

[17] Szmuk,M., Reynolds, T., Açkmeşe, B.,Mesbahi,M., andCarson, J.M.,
“Successive Convexification for 6-DoF Powered Descent Guidance
with Compound State-Triggered Constraints,” AIAA SciTech 2019

Forum, AIAA Paper 2019-0926, 2019.
https://doi.org/10.2514/6.2019-0926

[18] Lu, P., “Propellant-Optimal Powered Descent Guidance,” Journal of

Guidance, Control, and Dynamics, Vol. 41, No. 4, 2018, pp. 813–826.
https://doi.org/10.2514/1.G003243

[19] Lu, P., Sostaric, R. R., andMendeck, G. F., “Adaptive Powered Descent
Initiation and Fuel-Optimal Guidance for Mars Applications,” 2018

AIAA Guidance, Navigation, and Control Conference, AIAA Paper
2018-0616, 2018.
https://doi.org/10.2514/6.2018-0616

[20] Lu, P., “Augmented Apollo Powered Descent Guidance,” Journal of

Guidance, Control, and Dynamics, Vol. 42, No. 3, 2019, pp. 447–457.
https://doi.org/10.2514/1.G004048

[21] Lu, P., “Theory of Fractional-Polynomial Powered Descent Guidance,”
Journal of Guidance, Control, and Dynamics, Vol. 43, No. 3, 2020,
pp. 398–409.
https://doi.org/10.2514/1.G004556

[22] Johnson, B. J., Sostaric, R. R., and Lu, P., “MidLift-to-Drag Ratio Rigid
Vehicle 6-DoF Performance for HumanMars Entry, Descent, and Land-
ing: A Fractional Polynomial Powered Descent Guidance Approach,”
AIAA SciTech 2020 Forum, AIAA Paper 20202-1513, 2020.
https://doi.org/10.2514/6.2020-1513

[23] Johnston, H., Schiassi, E., Furfaro, R., and Mortari, D., “Fuel-Efficient
Powered Descent Guidance on Large Planetary Bodies via Theory of
Functional Connections,” arXiv:2001.03572, 2020.

[24] Exarchos, I., Theodorou, E., and Tsiotras, P., “L1-Optimal Control via
Forward and Backward Stochastic Differential Equations,” Systems and
Control Letters, Vol. 118, Aug. 2018, pp. 101–108.
https://doi.org/10.1016/j.sysconle.2018.06.005

[25] Exarchos, I., Theodorou, E., andTsiotras, P., “Optimal Thrust Profile for
Planetary Soft Landing Under Stochastic Disturbances,” Journal of

Guidance, Control, and Dynamics, Vol. 42, No. 1, 2019, pp. 209–216.
https://doi.org/10.2514/1.G003598

[26] Açkmeşe, B., Carson, J. M., III, and Bayard, D. S., “A Robust Model
Predictive Control Algorithm for Incrementally Conic Uncertain/Non-
linear Systems,” International Journal of Robust and Nonlinear Con-

trol, Vol. 21, No. 5, 2011, pp. 563–590.
https://doi.org/10.1002/rnc.1613

[27] Lu, P., “Entry Guidance: A Unified Method,” Journal of Guidance,

Control, and Dynamics, Vol. 37, No. 3, 2014, pp. 713–728.
https://doi.org/10.2514/1.62605

[28] Alabau-Boussouira, F., Brockett, R., Glass, O., Le Rousseau, J., and
Zuazua, E., Control of Partial Differential Equations, Lecture Notes in
Mathematics, Vol. 2048, Springer, Berlin, 2012, Chap. 2.
https://doi.org/10.1007/978-3-642-27893-8

[29] Ridderhof, J., and Tsiotras, P., “Minimum-Fuel Powered Descent in the
Presence of Random Disturbances,” AIAA Guidance, Navigation, and

Control Conference, AIAA Paper 2019-0646, 2019.
https://doi.org/10.2514/6.2019-0646

[30] Okamoto, K., Goldshtein, M., and Tsiotras, P., “Optimal Covariance
Control for Stochastic Systems Under Chance Constraints,” IEEE Con-

trol Systems Letters, Vol. 2, No. 2, 2018, pp. 266–271.
https://doi.org/10.1109/LCSYS.2018.2826038

[31] Chen, Y., Georgiou, T. T., and Pavon, M., “Optimal Steering of a Linear
Stochastic System to a Final Probability Distribution, Part I,” IEEETrans-

actions on Automatic Control, Vol. 61, No. 5, 2016, pp. 1158–1169.
https://doi.org/10.1109/TAC.2015.2457784

[32] Chen, Y., Georgiou, T. T., and Pavon, M., “Optimal Steering of a Linear
Stochastic System to a Final Probability Distribution, Part II,” IEEE

Transactions onAutomatic Control, Vol. 61,No. 5, 2016, pp. 1170–1180.
https://doi.org/10.1109/TAC.2015.2457791

[33] Chen, Y., Georgiou, T. T., and Pavon, M., “Optimal Steering of a Linear
Stochastic System to a Final Probability Distribution, Part III,” IEEE

Transactions onAutomatic Control, Vol. 63,No. 9, 2016, pp. 3112–3118.
https://doi.org/10.1109/TAC.2018.2791362

[34] Freiling, G., Jank, G., and Abou-Kandil, H., “Generalized Riccati
Difference and Differential Equations,” Linear Algebra and Its Appli-

cations, Vol. 241, July 1996, pp. 291–303.
https://doi.org/10.1016/0024-3795(95)00587-0

[35] Chirikjian, G. S., Stochastic Models, Information Theory, and Lie
Groups, Volume 1 Classical Results and Geometric Methods, Applied
and Numerical Harmonic Analysis, Birkhäuser, Boston, MA, 2009.
https://doi.org/10.1007/978-0-8176-4803-9

[36] “CVX: Matlab Software for Disciplined Convex Programming,” Ver.
2.0, CVX Research, Inc., Aug. 2012, http://cvxr.com/cvx.

[37] Grant, M., and Boyd, S., “Graph Implementations for Nonsmooth
Convex Programs,” Recent Advances in Learning and Control, edited
by V. Blondel, S. Boyd, and H. Kimura, Lecture Notes in Control and
Information Sciences, Springer–Verlag, New York, 2008, pp. 95–110.
https://doi.org/10.1007/978-1-84800-155-8_7

[38] The MOSEK Optimization Toolbox for MATLAB Manual, Ver. 9.1,
Mosek ApS, Copenhagen, Denmark, 2019.

Article in Advance / RIDDERHOFAND TSIOTRAS 11

D
ow

nl
oa

de
d 

by
 3

5.
13

6.
25

.7
5 

on
 N

ov
em

be
r 

24
, 2

02
0 

| h
ttp

://
ar

c.
ai

aa
.o

rg
 | 

D
O

I:
 1

0.
25

14
/1

.G
00

54
00

 

https://doi.org/10.1109/AERO.2007.352818
https://doi.org/10.1109/AERO.2007.352818
https://doi.org/10.1109/AERO.2007.352818
https://doi.org/10.1109/AERO.2007.352818
https://doi.org/10.1109/AERO.2007.352818
https://doi.org/10.2514/1.A32682
https://doi.org/10.2514/1.A32682
https://doi.org/10.2514/1.A32682
https://doi.org/10.2514/1.A32682
https://doi.org/10.2514/6.2004-5346
https://doi.org/10.2514/6.2004-5346
https://doi.org/10.2514/6.2004-5346
https://doi.org/10.2514/6.2004-5346
https://doi.org/10.1201/9781315137667
https://doi.org/10.1201/9781315137667
https://doi.org/10.1201/9781315137667
https://doi.org/10.1109/TAC.1964.1105758
https://doi.org/10.1109/TAC.1964.1105758
https://doi.org/10.1109/TAC.1964.1105758
https://doi.org/10.1109/TAC.1964.1105758
https://doi.org/10.1109/TAC.1964.1105758
https://doi.org/10.2514/1.25023
https://doi.org/10.2514/1.25023
https://doi.org/10.2514/1.25023
https://doi.org/10.2514/1.25023
https://doi.org/10.1631/FITEE.1900458
https://doi.org/10.1631/FITEE.1900458
https://doi.org/10.1631/FITEE.1900458
https://doi.org/10.1631/FITEE.1900458
https://doi.org/10.2514/1.27553
https://doi.org/10.2514/1.27553
https://doi.org/10.2514/1.27553
https://doi.org/10.2514/1.27553
https://doi.org/10.1109/TCST.2012.2237346
https://doi.org/10.1109/TCST.2012.2237346
https://doi.org/10.1109/TCST.2012.2237346
https://doi.org/10.1109/TCST.2012.2237346
https://doi.org/10.1109/TCST.2012.2237346
https://doi.org/10.2514/1.G000399
https://doi.org/10.2514/1.G000399
https://doi.org/10.2514/1.G000399
https://doi.org/10.2514/1.G000399
https://doi.org/10.2514/6.2019-0924
https://doi.org/10.2514/6.2019-0924
https://doi.org/10.2514/6.2019-0924
https://doi.org/10.2514/6.2019-0924
https://doi.org/10.2514/1.G001879
https://doi.org/10.2514/1.G001879
https://doi.org/10.2514/1.G001879
https://doi.org/10.2514/1.G001879
https://doi.org/10.2514/6.2016-0378
https://doi.org/10.2514/6.2016-0378
https://doi.org/10.2514/6.2016-0378
https://doi.org/10.2514/6.2016-0378
https://doi.org/10.2514/6.2019-0926
https://doi.org/10.2514/6.2019-0926
https://doi.org/10.2514/6.2019-0926
https://doi.org/10.2514/6.2019-0926
https://doi.org/10.2514/1.G003243
https://doi.org/10.2514/1.G003243
https://doi.org/10.2514/1.G003243
https://doi.org/10.2514/1.G003243
https://doi.org/10.2514/6.2018-0616
https://doi.org/10.2514/6.2018-0616
https://doi.org/10.2514/6.2018-0616
https://doi.org/10.2514/6.2018-0616
https://doi.org/10.2514/1.G004048
https://doi.org/10.2514/1.G004048
https://doi.org/10.2514/1.G004048
https://doi.org/10.2514/1.G004048
https://doi.org/10.2514/1.G004556
https://doi.org/10.2514/1.G004556
https://doi.org/10.2514/1.G004556
https://doi.org/10.2514/1.G004556
https://doi.org/10.2514/6.2020-1513
https://doi.org/10.2514/6.2020-1513
https://doi.org/10.2514/6.2020-1513
https://doi.org/10.2514/6.2020-1513
https://doi.org/10.1016/j.sysconle.2018.06.005
https://doi.org/10.1016/j.sysconle.2018.06.005
https://doi.org/10.1016/j.sysconle.2018.06.005
https://doi.org/10.1016/j.sysconle.2018.06.005
https://doi.org/10.1016/j.sysconle.2018.06.005
https://doi.org/10.1016/j.sysconle.2018.06.005
https://doi.org/10.1016/j.sysconle.2018.06.005
https://doi.org/10.2514/1.G003598
https://doi.org/10.2514/1.G003598
https://doi.org/10.2514/1.G003598
https://doi.org/10.2514/1.G003598
https://doi.org/10.1002/rnc.1613
https://doi.org/10.1002/rnc.1613
https://doi.org/10.1002/rnc.1613
https://doi.org/10.1002/rnc.1613
https://doi.org/10.2514/1.62605
https://doi.org/10.2514/1.62605
https://doi.org/10.2514/1.62605
https://doi.org/10.2514/1.62605
https://doi.org/10.1007/978-3-642-27893-8
https://doi.org/10.1007/978-3-642-27893-8
https://doi.org/10.1007/978-3-642-27893-8
https://doi.org/10.2514/6.2019-0646
https://doi.org/10.2514/6.2019-0646
https://doi.org/10.2514/6.2019-0646
https://doi.org/10.2514/6.2019-0646
https://doi.org/10.1109/LCSYS.2018.2826038
https://doi.org/10.1109/LCSYS.2018.2826038
https://doi.org/10.1109/LCSYS.2018.2826038
https://doi.org/10.1109/LCSYS.2018.2826038
https://doi.org/10.1109/LCSYS.2018.2826038
https://doi.org/10.1109/TAC.2015.2457784
https://doi.org/10.1109/TAC.2015.2457784
https://doi.org/10.1109/TAC.2015.2457784
https://doi.org/10.1109/TAC.2015.2457784
https://doi.org/10.1109/TAC.2015.2457784
https://doi.org/10.1109/TAC.2015.2457791
https://doi.org/10.1109/TAC.2015.2457791
https://doi.org/10.1109/TAC.2015.2457791
https://doi.org/10.1109/TAC.2015.2457791
https://doi.org/10.1109/TAC.2015.2457791
https://doi.org/10.1109/TAC.2018.2791362
https://doi.org/10.1109/TAC.2018.2791362
https://doi.org/10.1109/TAC.2018.2791362
https://doi.org/10.1109/TAC.2018.2791362
https://doi.org/10.1109/TAC.2018.2791362
https://doi.org/10.1016/0024-3795(95)00587-0
https://doi.org/10.1016/0024-3795(95)00587-0
https://doi.org/10.1016/0024-3795(95)00587-0
https://doi.org/10.1007/978-0-8176-4803-9
https://doi.org/10.1007/978-0-8176-4803-9
https://doi.org/10.1007/978-0-8176-4803-9
http://cvxr.com/cvx
http://cvxr.com/cvx
https://doi.org/10.1007/978-1-84800-155-8_7
https://doi.org/10.1007/978-1-84800-155-8_7
https://doi.org/10.1007/978-1-84800-155-8_7

