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Abstract—In this paper we consider the problem of aerocapture
guidance inside an atmosphere with the density randomly per-
turbed according to a Gaussian process model. We formulate
the problem of solving for a single bank event as a stochastic
optimization problem and then, in terms of a 3-DoF Martian
aerocapture example, we study the properties of the proposed
approach compared to a standard deterministic approach. The
stochastic approach is shown to decrease the risk that a large
delta-V is required for maneuvering after atmospheric flight to
reach a target apoapsis and periapsis.
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1. INTRODUCTION

Aerocapture is a promising technology for increasing the
usable payload mass for planetary science missions, but the
benefits come at the cost of increased complexity and un-
certainty in terms of performance. Despite these drawbacks,
aerocapture has been extensively studied for use in planetary
missions and is considered to be an enabling technology for
an orbiter to explore the ice giants [1], [2]. Other proposed
uses of aerocapture include increasing the mass delivered to
Mars in support of human missions and enabling a smallsat
Venus orbiter [3], [4], [5S]. While, as of the writing of this
paper, aerocapture has not yet been demonstrated in an ac-
tual planetary mission, orbit adjustments using aerobreaking
have been successfully demonstrated at Earth, Venus, and
Mars [6].

An aerocapture mission involves atmospheric flight around a
planet for which the atmosphere may not be completely char-
acterized. If the true atmospheric properties do not exactly
match the preflight prediction, then the orbit of the spacecraft
following atmospheric flight cannot be predetermined with
high accuracy and confidence. Indeed, the distribution of
possible orbits following atmospheric flight is a function of
both the variations in the true atmosphere from the preflight
predictions and the state of the spacecraft during the flight.
By using feedback control, an aerocapture guidance system
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is instrumental in shaping the distribution of atmosphere exit
conditions so that the probability of failure is acceptably low.

In this work we model the density profile of an atmosphere
as a random process with known statistics, and study the
effect of closed-loop guidance on the resulting probability
density of atmospheric exit conditions. Studying aerocap-
ture guidance in this framework offers several insights. By
considering the spacecraft state to be a random variable, we
may define an optimal aerocapture maneuver in terms of the
shape of the resulting probability distribution [7], [8]. This
permits a system designer to minimize the risk associated
with a random outcome compared to simply minimizing a
mean value. In particular, we penalize the Conditional Value-
at-Risk (CVaR) of delta-V' required for maneuvering after
atmospheric flight since CVaR is a coherent measure of risk
that is well suited to optimization [9], [10].

It is well known that optimal control for linear stochastic
systems with quadratic cost and additive Gaussian noise may
be obtained by replacing the stochastic terms with their ex-
pected values and solving the resulting deterministic system
[11]. This assumption is referred to as certainty equivalence
since the controls are obtained by assuming random variables
to be equivalent to their expected values [12]. However, in
general, the optimal control for a nonlinear stochastic system
depends on the distribution of the state rather than just the
mean [13]. For aerocapture, given the spacecraft state at some
time, the density profile of the atmosphere must be known in
order to accurately predict the spacecraft state at a future time.
Therefore, the state of the aerocapture system includes both
the spacecraft and atmosphere states. It follows that, since
aerocapture dynamics are nonlinear, the optimal aerocapture
guidance commands should be computed as a function of the
distribution of the stochastic atmosphere state.

Computing guidance commands as a function of the dis-
tribution of the atmospheric density process presents new
challenges for navigation. In order to achieve closed-loop
control, the spacecraft must successively, as new measure-
ments become available, compute the updated conditional
distribution of the atmospheric density profile. In this paper,
we use standard results from Gaussian process theory to
compute the conditional distribution, with respect to past
measurements, of the atmospheric density process in terms of
its conditional mean and covariance. The resulting navigation
solution resembles a Kalman filter with the atmosphere as a
state [14]. We then, using Monte Carlo, numerically integrate
the dynamics with respect to sampled atmospheric density
profiles to approximate the distribution of future spacecraft
states induced by the conditional atmosphere distribution.
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Figure 1. «-VaR and o-CVaR for a normal random
variable, where the distribution function is shown on the
left and the density function is shown on the right.

Notation and Preliminaries

For functions f : R — R, ¢ : R?> — R and vectors
x=(T1,...,%n), Yy = (Y1,--.Ym), we write f(x) to denote
the vector with coordinates f(xz;) and g(z,y) to denote the
matrix with entries g(z;, y;).

For a random variable z, the a-Value-at-Risk (a-VaR) of z
is the smallest value 3 such that the probability of z < [ is
greater than a, that is,

a-VaR(z) =min{f e R: P(z2 < 3) > a} (1)

for a € [0,1). In other words, the «-VaR is the minimum
threshold for the upper « percentile of z. While the term
value at risk originated in finance [15], a similar concept
is used for what are called chance constraints in stochastic
optimal control (e.g., the probability that the robot hits a wall
should be less than a prescribed value) [16], [7].

The a-Conditional VaR («-CVaR) [15] of the random vari-
able z is the expected value of z conditioned on the event that
z is greater than its a-VaR:

a-CVaR(z) = E[z|z > a-VaR(z)], )

that is, «-CVaR/(z) is the mean of the upper « percentile of
z (see Figure 1).

2. PROBLEM FORMULATION

Consider a spacecraft in atmospheric flight around a spherical
body trimmed for constant lift. The longitudinal equations of
motion for this vehicle are given by [17]

7 =wvsin-y, (3a)
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where r is the radial position of the spacecraft, v is the
spacecraft planet-relative velocity, y is the spacecraft planet-
relative flight path angle defined positive up, p is the gravita-
tional parameter of the planet, p is atmospheric density, and
B =m/SCp is the spacecraft ballistic coefficient in terms of
mass m, reference area S, and drag coefficient C'p. The in-
plane component of the lift is controlled by rolling the vehicle

Figure 2. Atmospheric flight segment with lift L, drag
D, gravitational acceleration g, and control u = coso.

about the velocity vector by a bank angle 0. We assume
that the response time to roll commands is sufficiently small
so that we may consider the control input to be the vertical
fraction of the lift magnitude, given by

U = COS 0. “4)

Define the atmosphere interface (Al) to be the time ¢; when
r(t;) = 7ram, Where rym, > 0 is a fixed and known radial
distance marking the edge of the meaningful atmosphere. At
Al we assume that the spacecraft states are known to be

Let the exit time ¢, be defined as the first time after ¢; where
the spacecraft radial position is equal to r,,. Flight between
times ¢; and ¢, will be referred to as atmospheric flight. See
Figures 2 and 4.

’U(tl) = Uy,

The density of the atmosphere p(h) is assumed to be a
random process as a function of altitude h = r — R,, defined
over the altitude range [0, hym], Where hym = Tam — R,
with R, the planet radius. It follows that the spacecraft
state (r,v,y) is a random vector for all times ¢t > ¢;. We
assume that the spacecraft has perfect knowledge of its own
state during flight. On the other hand, the density of the
atmosphere is not known and must be estimated from noisy
measurements yj, taken at times ¢ according to the model

yr = dplh(tr)] + nx, (6)

where 7, are independent and identically distributed zero-
mean Gaussian random variables with variance 0727, and where
Sp=p/p—1 (7)

is the density variation from a known mean density p :
[0, ham] — (0,00). In terms of the vectors Y* and H* of
the first £ measurements and measurement altitudes given by

Y*=(y1,... H" = (h1, ..., hy), (8)
where h; = h(t;), let %, = (Y*, H*) denote the information
of the first £ measurements. Note that we are assuming
that the altitudes h(t;) at which measurements are taken are
known exactly.

Yk

Suppose for a moment that the density is a known exponen-
tial function. Then the control that minimizes the delta-V’
required to reach a target periapsis and apoapsis is composed



of a single bank maneuver from full lift up to full lift down
[18], that is,

+1, t<ts,

i) ={*) 154 ©)

where the time ¢ is called the switching time. It follows
that solving for the optimal control reduces to a line search
problem, and therefore the optimal control may be continu-
ously resolved onboard during flight. However, if there are
perturbations in the atmospheric density, then the guidance
must make corrections which are not accounted for in this
control structure. A common solution is to solve for the
switch time under the assumption that u(t > t,) > —1,
which has the effect of reserving future control authority to
make corrections [18]. Regardless, in this work we assume
that the control is of the form (9) so the optimal control prob-
lem reduces to a single dimensional optimization problem.

Finally, before we pose the problem of solving for an optimal
switch time, we must define the optimization objective. If
there are no atmospheric density perturbations, then clearly
the optimal control during atmospheric flight should be cho-
sen to minimize fuel, or, equivalently, the delta-V, required to
reach the final desired orbit. This objective has been shown
to be nearly equivalent to minimizing the apoapsis targeting
error, which is an analytically more tractable objective [19].
Therefore, modern algorithms solve for the switch time by
numerically predicting the apoapsis as a function of the cur-
rent estimated density profile [18], [5]. These algorithms, and
numerical-predictor corrector (NPC) algorithms in general,
implicitly rely on the heuristic that successively, as new
measurements become available, minimizing the predicted
delta-V will, in turn, reduce the risk of mission failure caused
by not having enough fuel to complete the required post-
atmospheric flight maneuvers. That is, these algorithms
assume certainty equivalence.

In this work, we explicitly model the atmospheric density
perturbations, and so we may directly minimize a measure
of risk. Specifically, at a time ¢4 after which k measurements
have been collected, and for a given « € [0, 1), we define the
optimal switch time to be the time ¢} > ¢, that minimizes the
cost

J(ts; #) = a-CVaR [AV (t,)]| %], (10

where AV (t,) is a function of the dynamics (3), the density
variation model, and a fixed post-atmospheric flight ma-
neuver plan uniquely determined by the spacecraft state at
atmosphere exit. In other words, the optimal switch time
minimizes the expected upper a percentile of delta-V based
on the information of all proceeding measurements. Note
that setting « to zero reduces the problem to minimizing the
expected delta-V.

3. DENSITY PERTURBATION MODEL

We model the atmospheric density variation as a zero-
mean Gaussian random process A +— dp(h) with a known
covariance function ¥ [0, ham]? — R. In partic-
ular, we model the atmospheric density variations as an
Ornstein—Uhlenbeck process with altitude-dependent vari-
ance based on the MarsGRAM perturbation model [20].
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Figure 3. Sample density variation functions from
MarsGRAM (left) and from the Gaussian process model
(right). 20 deviations are shown by shaded regions.

That is, for hy, ho € [0, hym], we assume

Y(h1,h2) = exp < - hl_hQ|)

hscale

b(min(hy,h2)), min(hi, k) < huans, (11
X
Oi,max’ min(hh h2) > htransa
where hg,e is the scale height, and where
h - h ran
b(h) = Ui,max €Xp (Cltas> . (12)

The constants hyans and cgeqe determine the scale of the expo-
nential variance model and aimax is the maximum density
variance, which is realized for altitudes h > hgans. This
model is compared with MarsGRAM in Figure 3, which
shows very close correlation between the two models.

For onboard guidance and navigation calculations, we will
only consider a finite collection of altitude values

h=(hp,- hp,) (13)
and consider the corresponding atmospheric density variation
at these altitudes:

55 = p(h) = (9p(hp,),- - 0p(hy,)) . (14)

The vector 6/’ is thus a finite-dimensional approximation of
the atmosphere state that can be represented in the navigation
filter. It follows that the atmospheric density at the altitudes
his

F=ph)[1+07]. (15)

At the start of atmospheric flight, before any measurements
are taken, dp is a zero-mean Gaussian random vector with

covariance matrix 3 (h,h). This is analogous to the state
estimate in a Kalman filter prior to taking measurements.
Since we have assumed that atmospheric density variation
measurements have additive Gaussian noise according to



(6), the density variation vector conditioned on measurement
information is a Gaussian vector

67| Ik ~ N (u(k), Q(k)) (16)
with mean
(k) = E(60]5%k)
— S(h, HY) [S(H* HY) + 021 YE (17)
and covariance

Q(k) = cov(07|2) = ©(h, )
— S(h, H*) [S(HY, HY) + 021) " S(h, HY).  (18)

We draw a fixed number N of i.i.d. samples (67;)2", from
the distribution V' (u(k), Q(k)) and compute the correspond-
ing samples

AV; = AVi(6ps,ts), i=1,...,Ns 19
by integrating the dynamics for a fixed switch time t;. The
a-VaR and a-CVaR of AV are then approximated using the
samples (AV;) as follows. First, we order the sample values
so that AV; < AV; when ¢ < j. The a-CVaR is then
approximated by

a-CVaR[AV (ts)|Fk] ~
where Ny,g = min{i € {1,..., N} : i/Ns; > a}.

4. AEROCAPTURE MISSION DESIGN

We consider an aerocapture maneuver designed to minimize
the fuel required, via a sequence of impulsive maneuvers after
atmospheric flight, to reach a target apoapsis and periapsis.
See Refs. [19], [4], [21]. The mission is divided into five seg-
ments, as shown in Figure 4, with the following transitions:

I-II Start atmospheric flight
II-IIT End atmospheric flight; lower apoapsis if necessary
III-IV Raise periapsis to target
IV-V Correct apoapsis to target

The spacecraft’s orbit immediately following the atmospheric
flight segment is determined by the spacecraft state at the time
of atmospheric exit ¢, denoted by (7, ve, Ve ). In particular,
we fix functions describing the impulsive maneuvers in terms
of the atmospheric exit conditions so that the total AV
required to reach the target orbit, described by the target
periapsis 7,, and target apoapsis 7,,, which are shown in
Figure 4, is uniquely determined by the spacecraft state at
time ¢.. In the following, we derive the expression for AV as
a function of the vehicle states at atmospheric exit.

Exit Correction Burn 1

After leaving the atmosphere, the spacecraft is not necessarily
in a closed orbit about the planet, and therefore the spacecraft
may need to perform a corrective maneuver to be captured
into a closed orbit. Indeed, if the apoapsis following the
atmospheric exit is greater than a prescribed maximum value
Ta,,max» then a correction burn is made so that the apoapsis is
equal to 74, max. To minimize the fuel cost, this burn should

AV

2

Target apoapsis
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Initial
state
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Target periapsis

Figure 4. Aerocapture mission overview.
be performed as close as possible to the periapsis, which is
directly after atmospheric exit.

The orbit following atmospheric exit has apoapsis

2 .9 .2
Tay =a111(1+ \/1— W) 2n
Har

where aj is the semi-major axis given by

.k
244/ Tam — V2

(22)

amnr =

Denoting the velocity before and after a maneuver with
superscript + and —, respectively, the first correction burn
is therefore given by

- +

v, — Ta; > Ty me

A‘/l — e e’ a 'al,mdxa (23)
0, otherwise,

where the thrust is directed opposite the velocity vector, and
where, if 74, > 74, max

ot = \/ 2rurahmax(ral,max - Tatm) (24)

e 2 2 2 ’
Tatm(ral,max — Tatm €OS ’Ye)

otherwise v = v,

- - In the following analysis we denote
Ve =V
e e

Periapsis Raising Burn 2

At the first apoapsis, the periapsis is raised from the current
periapsis 1, to the prescribed target periapsis 7,,. The
velocity betore this correction burn is given by

1 1 1/2
v, = (v?—2u - — , (25)
! Tatm Tay




where 7,, as in (21). Similarly, the velocity after this

correction burn is given by
1 1 1/2
+ _
v, =2 — — 77— , 26
“ Iu<r¢11 Q(Ttll +Tpt)> ( )

and therefore
AVo = |vf —vg |- 27)

ay
Apoapsis Correction Burn 3

At the first periapsis following the atmospheric flight seg-
ment, the apoapsis is corrected from the current value 74,
to the prescribed target value r,,. The velocity before this
maneuver is

1/2
(e —a( Lo L)Y 28
Upt (UGI) 2 Ta, Tp ) ( )

and the target velocity after the maneuver is

1 1 1/2
N Y7 [ —— 29
Upt ‘LL <Tpt Q(Tpt + rat)) ’ ( )
and therefore
AV3 = |vp+t - Up:|. 30)
Finally, the total cost is the sum
AV = AV + AV, + AVs. 31

5. NUMERICAL EXAMPLE

Consider an aerocapture at Mars with a fixed true density
variation dp provided by MarsGRAM and with parameters
given in Table 1. For a moment, suppose that the switch
time is fixed to be 165 seconds after Al, which results in
the trajectory shown in Figure 5. The spacecraft does not
know the true density profile and only has access to noisy
measurements according to the model (6) with measurements
taken at 1 Hz. The density profile §p'is evaluated at altitudes

-

h=(31,32,...,224) km.

The conditional distribution of the atmospheric density vari-
ation evaluated at 165 seconds after Al is shown in Figure 6.
This example demonstrates that if the measurement variance
is sufficiently large, then the density is not exactly known
even for altitudes at which measurements have been taken.
The corresponding conditional distribution of delta-V is ap-
proximated by N, = 2000 samples from the conditional
density variation. As the spacecraft altitude decreases and
more measurements are collected, the conditional distribution
of delta-V' approaches its true value. This is shown in
Figure 7 for times ¢ € t; + {0, 165, 180, 220, 240}. At each
guidance update time, we can see that fixing a switch time
determines a distribution delta-V. Optimizing over the switch
time in this setting equates to shaping the conditional delta-1’
distribution in some desirable way. In contrast to an approach
were only a single estimate of the atmosphere is used for the
optimization, here we are able to optimize with respect to the
best and worse case atmosphere models.

Now suppose that at 160 seconds after Al the guidance
system performs an update of the switch time. The mea-
surements collected up until that time inform a conditional

Table 1. Simulation parameters

Parameter Value Units
R, 3.397¢e3 km
Ratm 220 km

U 4.282e13 | m3/s?
r(to) 300 + R, km
v(to) 6.1e3 km/s
~(to) -17.7 deg

B 150 kg/m?

CL/Cp 0.18 -
N, 2000 -
Pscale 1.1 km
02 1480 | (kg/m®)2
Rrans 120 km
Cscale 20 km
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Figure 5. Sample trajectory with fixed t = 165. Cross
marks correspond to epochs shown as rows in Figure 7.
The switch time is shown by the dotted line.

distribution of the density variation profile, which, in turn,
determines a conditional distribution of delta-V'. Figure 8
shows, for different switch times, the -CVaR of this dis-
tribution for @ € {0.95,0.99} together with the certainty
equivalence and true costs. The certainty equivalence cost
is derived by assuming that the conditional mean density is
the true density, and the true cost is solved by knowing the
true density profile, which is not known to the spacecraft.
While this comparison is for a single true atmosphere sam-
ple, Figure 8 nonetheless demonstrates that the CVaR cost
is not equal to the certainty equivalence cost and that the
minimizing switch time depends on «. The reason for this
difference can be seen in the conditional delta-V probability
density plots for two different switch times, which are given
in Figure 9. In this example, we see that the later switch time
slightly decreases the probability of AV > 600 m/s despite
having a higher mean.
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Figure 6. Sample state of the onboard density
estimation at 165 seconds after Al

6. CONCLUSION

Aerocapture trajectories are highly sensitive to variations
in the atmospheric density of the planet, which must be
accounted for when designing an aerocapture guidance sys-
tem. This problem has been addressed in this paper by
explicitly modeling the variations in atmospheric density as
a Gaussian random process so that the sensitivity to density
perturbations may be studied statistically. It was shown that,
in this framework, aerocapture guidance commands should
be computed as a function of the distribution of atmospheric
density profiles conditioned on in-situ measurements. The
aerocapture guidance problem was then posed as a stochastic
optimization problem with the objective of minimizing risk
of mission failure, which is measured in terms of the CVaR
of delta-V required to reach a target apoapsis and periapsis.
The resulting guidance scheme was shown, via a numerical
example, to decrease the risk of a large required delta-V” when
compared to a deterministic method.
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