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Abstract— In this paper, we study the optimal control prob-
lem for steering the state covariance of a discrete-time linear
stochastic system over a finite time horizon. First, we establish
the existence and uniqueness of the optimal control law for
a quadratic cost function. Then, we show the separation of
the optimal mean and the covariance steering problems. We
also develop efficient computational methods to solve for the
optimal control law, which is identified as the solution to a semi-
definite program. The effectiveness of the proposed approach
is demonstrated through numerical examples. In the process,
we also obtain some novel theoretical results for a matrix Ric-
cati difference equation, which may be of independent interest.

Index Terms—Covariance steering, semi-definite program,
Riccati difference equation.

I. INTRODUCTION

In recent years, the need to quantify and control the uncertainty in
physical systems has prompted a burgeoning interest in studying the
evolution of the distribution of the trajectories of stochastic systems.
A special case of this point of view is covariance control, the earliest
research of which can be traced back to a series of articles from
1985 onward on the assignability of the state covariance via state
feedback over an infinite time horizon [1]–[6]. The optimal control
that assigns a prescribed stationary state covariance with minimum
control energy was developed in [7]. More recent studies address
the problem of optimally steering the state covariance of a linear
stochastic system over a finite time horizon [8]–[12], including
probabilistic (chance) constraints.

For discrete-time optimal covariance steering, the approach taken
by most of the current work involves three steps: 1) reformulate the
problem as an optimization problem in an augmented state space
that includes the entire history of the state; 2) relax the non-convex
chance constraints to convex constraints for a tractable convex
optimization problem; 3) solve the convex optimization problem
numerically to approximate the optimal control. One of the main
reasons for the above approach is that, when chance constraints on
the sample paths of the input and the state are present, the state-mean
and state-covariance constraints are coupled, which makes it difficult
to find the optimal control analytically [8], [9], [11]. When there
are no chance constraints, the desired terminal covariance can be
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replaced with a soft constraint on the Wasserstein distance between
the desired and the actual terminal Gaussian distributions, which
can be solved using a randomized state feedback control in terms
of a (convex) semi-definite program (SDP) [13]. Finite-horizon
covariance control has also been applied to a model-predictive-
control setting [14], [15], in which, at each time step, an optimal
covariance steering problem is solved in a receding-horizon fashion.

In addition to controlling the first two moments of the state
of a stochastic system, it is also possible to steer the entire state
distribution using optimization techniques [?]. The continuous-time
counterpart for the finite-horizon covariance steering problem is
investigated in [?], [?], [16]–[18]. By quantifying the uncertainty
directly, covariance control theory can be applied to various
practical scenarios, such as spacecraft landing [19], spacecraft
trajectory optimization [20], vehicle path planning [15], [21], and
aircraft motion planning [22].

Despite the success in finding an approximate solution to the
optimal covariance steering problem using convex optimization,
little is known regarding fundamental questions, such as the
existence and uniqueness of the optimal control. Additionally, very
little is known regarding the conservativeness of the approximate
solution compared to the optimal control, if one exists. In this
paper, we provide answers to these questions for the discrete-time
covariance steering case.

The contributions and technical challenges of this work can
be summarized as follows: We first establish an analytical result
(Theorem 1) on the existence and uniqueness of the optimal control
law for steering the state covariance of a discrete-time linear
stochastic system with respect to a quadratic cost function. In the
process of proving Theorem 1, the main technical challenge is to
derive useful necessary and sufficient conditions (Theorem 2) for a
critical property (Property 1) of a matrix Riccati difference equation.
Then, in the absence of any chance constraints, we demonstrate
that the optimal state mean and covariance can be controlled
independently (Theorem 3). Lastly, we show that the optimal control
law can be computed by reformulating the problem as an SDP
(Theorem 4), and that the control law takes a state-feedback form
(Theorem 5). To the best of our knowledge, this is the first work
to analyze the existence and uniqueness of the optimal control for
steering the state covariance to any given terminal value in discrete
time and to show that the optimal control can be solved exactly.

The rest of the paper is organized as follows. The discrete-time
covariance steering problem considered in this paper is formulated
in Section II. The existence and uniqueness of the optimal control as



well as the separation of the optimal mean and covariance steering
problems are shown in Section III. The methods for computing the
optimal control are provided in Section IV. A numerical example
is presented in Section V. For conciseness and ease of exposition,
most of the proofs and auxiliary results are given in the Appendices.

II. PROBLEM FORMULATION

Consider the linear time-varying stochastic system corrupted by
noise,

xk+1=Akxk+Bkuk+Dkwk, k=0,1,...,N−1, (1)

where xk ∈ Rn is the state, uk ∈ Rp is the control input at time
step k, wk ∈Rq is the square-integrable noise independent of xk
and uk, such that E[wk] = 0 and E[wkw

T
k] = Iq, and Ak ∈Rn×n,

Bk∈Rn×p, andDk∈Rn×q are the system coefficient matrices.

The initial state x0 and the desired terminal state xN are
characterized by their mean and their covariance matrices given by

E[x0]=µ̄0, E
[
(x0−µ̄0)(x0−µ̄0)T

]
=Σ̄0≻0, (2a)

E[xN ]=µ̄N ,

E
[
(xN−µ̄N)(xN−µ̄N)T

]
=Σ̄N ≻DN−1D

T
N−1. (2b)

Assumption 1. For all k = 0, 1, ... ,N − 1, the matrix Ak is
invertible.1

With Assumption 1, we can define the state transition matrix
ΦA(k,ℓ) from time ℓ to k as

ΦA(k,ℓ)≜


Ak−1Ak−2···Aℓ, 0≤ℓ<k≤N,
In, 0≤ℓ=k≤N,
A−1

k A−1
k+1···A

−1
ℓ−1, 0≤k<ℓ≤N.

The reachability GramianG(k,ℓ) of (1) from time ℓ to k is defined as

G(k,ℓ)≜
∑k−1

i=ℓ ΦA(k,i+1)BiB
T
iΦA(k,i+1)T, 0≤ℓ<k≤N,

0n×n, 0≤ℓ=k≤N,
−
∑ℓ−1

i=kΦA(k,i+1)BiB
T
iΦA(k,i+1)T, 0≤k<ℓ≤N.

Assumption 2. System (1) is controllable from time 0 toN . That
is, the reachability GramianG(N,0)≻0.

Assumption 3. For all k=1,2,...,N−1, rangeΦA(N,k)Dk−1⊆
rangeG(N,k).

We point out that, for system (1), Assumption 3 together with
Assumption 2 is a necessary and sufficient condition for all terminal
state covariances Σ̄N ≻DN−1D

T
N−1 to be reachable from a given

initial state covariance Σ̄0≻0 [?, Theorem 2].

The control input {uk}N−1
k=0 , is said to be admissible if each uk

depends only on k and, perhaps, on the past history of the states

1This assumption requires that the system xk+1 = Akxk + Bkuk is time
reversible. This is a reasonable assumption, as it follows from discretizing the system
ẋ(t)=A(t)x(t)+B(t)u(t) that Ak=In+A(t)δt, where δt is the discrete time
step, and for a sufficiently small δt, Ak is invertible.

x0,x1, ... ,xk, such that the desired boundary constraints (2) are
satisfied. Without loss of generality, we may assume that the desired
mean terminal state is µ̄N = 0. In this case, we introduce a cost
functional defined by

J≜E

[
N−1∑
k=0

xT
kQkxk+u

T
kRkuk

]
, (3)

where Qk ⪰ 0 and Rk ≻ 0 are matrices of dimensions n×n and
p×p, respectively.

Optimal Covariance Steering Problem: Determine the optimal
admissible control u∗k that minimizes the quadratic cost (3) subject
to the initial and terminal state constraints (2).

III. EXISTENCE & UNIQUENESS OF THE OPTIMAL CONTROL

The main theorem on the existence and uniqueness of the optimal
control is summarized below.

Theorem 1. Let Σ̄0≻0 and Σ̄N ≻DN−1D
T
N−1. Under Assump-

tions 1-3, the unique optimal control law that solves the covariance
steering problem for system (1) is given, for all k=0,1,...,N−1, by

u∗k=−
(
Rk+B

T
kΠk+1Bk

)−1
BT

kΠk+1Akxk

−
(
Rk+B

T
kΠk+1Bk

)−1
BT

kΦĀ(N,k+1)T

×

(
N−1∑
i=0

ΦĀ(N,i+1)Bi

(
Ri+B

T
iΠi+1Bi

)−1

×BT
iΦĀ(N,i+1)T

)−1(
ΦĀ(N,0)µ̄0−µ̄N

)
, (4)

where Πk is the unique solution of the coupled matrix difference
equations

Πk=A
T
kΠk+1

(
In+BkR

−1
k BT

kΠk+1

)−1
Ak+Qk, (5a)

Σk+1=
(
In+BkR

−1
k BT

kΠk+1

)−1
AkΣkA

T
k

×
(
In+Πk+1BkR

−1
k BT

k

)−1
+DkD

T
k, (5b)

Σ0=Σ̄0, ΣN =Σ̄N . (5c)

Furthermore, for all k = 0, 1, ... , N − 1, it holds that Rk +
BT

kΠk+1Bk≻0, where ΦĀ(ℓ,s) is the state transition matrix of

Āk≜
(
In+BkR

−1
k BT

kΠk+1

)−1
Ak, k=0,1,...,N−1, (6)

from time s to ℓ.

Remark 1. It will be shown in Section III-D that the optimal
control (4) can be written in the form u∗k = Kk

(
xk −µk

)
+ vk,

where Kk is the feedback gain matrix, µk is the state mean, and
vk is the feed-forward term.

Remark 2. Notice that, unlike the case of the Kalman filter or
the linear-quadratic regulator problems, the Riccati equation (5a)
does not have an initial or terminal condition, while the Lyapunov
equation (5b) has split boundary conditions (5c). This distinction
poses major challenges in solving the coupled equations (5).

For ease of reference, an important property of the Riccati
equation (5a) in Theorem 1 is summarized below.



Property 1. For all k = 0, 1, ... , N − 1, the matrix
Rk+B

T
kΠk+1Bk≻0.

At this point, it suffices to note that Property 1 does not follow
immediately from Rk ≻ 0, since Πk+1 is not necessarily positive
semi-definite. Necessary and sufficient conditions for Property 1
to hold are provided by Theorem 2 in Section III-B.

Remark 3. Since Rk ≻ 0, Property 1 implies that, for all
k = 0,1,...,N −1, the matrix In+BkR

−1
k BT

kΠk+1 is invertible
according to the Sherman–Morrison–Woodbury formula [23].

Remark 4. In the continuous-time case, when D(t)D(t)T ≡
κB(t)R−1(t)B(t)T for some κ > 0, there exists a closed-form
solution of Π(0) for the continuous-time counterpart of the
coupled matrix equations (5) [16], [18]. In the discrete-time case,
however, there may not be a closed-form solution for Π0 even when
DkD

T
k ≡ BkR

−1
k BT

k. Interestingly, a closed-form solution exists
for the discrete-time maximum entropy optimal covariance control
problem [24].

The rest of this section is dedicated to proving Theorem 1 and
the separation of the mean and covariance steering problems, for
which several intermediate results are needed. First, we show that
(4) is a candidate optimal control law, provided the coupled matrix
difference equations (5) admit a solution that satisfies Property 1.
Then, we give necessary and sufficient conditions for the Riccati
difference equation (5a) to have a unique solution, which satisfies
Property 1. Next, we show the existence and uniqueness of the
solution to the coupled equations (5), which completes the proof of
Theorem 1. Finally, we show the separation of mean and covariance
steering problems.

Most of the proofs in this section are provided in the Appendices.
Specifically, Appendix A gives two auxiliary results which are
eventually used in the proofs of all the main results of this section.
Appendix B shows some properties of the Riccati difference
equation. Appendix C establishes some useful equalities and
inequalities of the state transition matrix of the coefficient matrices
of the Riccati difference equation. Appendix D proves several
equivalent conditions for the Riccati difference equation to satisfy
Property 1. Appendix E presents two auxiliary results for showing
the main results of this section.

A. Candidate Optimal Control

A candidate optimal control law is derived using a “completion of
squares” argument. To this end, let Π0, Π1, ..., ΠN ∈Rn×n be sym-
metric matrices, and let ψ0, ψ1, ..., ψN ∈Rn be adjoint state vectors
to be defined below. In view of (2), the expected values E

[
xT
0Π0x0

]
,

E
[
xT
NΠNxN

]
, E
[
ψT
0x0
]
, and E

[
ψT
NxN

]
are independent of the

control. Since adding to the original cost function (3) extra terms that
are independent of the control does not change the optimal control,
we obtain an equivalent optimization problem with cost function

J̃=E

[
N−1∑
k=0

xT
kQkxk+u

T
kRkuk

]
+E
[
xT
NΠNxN−xT

0Π0x0+2ψT
NxN−2ψT

0x0
]

=E

[
N−1∑
k=0

(
uT
k+x

T
kA

T
kΠk+1BkS

−1
k +ψT

k+1BkS
−1
k

)
Sk

×
(
uk+S

−1
k BT

kΠk+1Akxk+S
−1
k BT

kψk+1

)]

+

N−1∑
k=0

[
trace

(
Πk+1DkD

T
k

)
−ψT

k+1BkS
−1
k BT

kψk+1

]
,

where Sk≜Rk+B
T
kΠk+1Bk, Πk satisfies the difference equation

(5a), and ψk satisfies the difference equation

ψk=A
T
k

(
In+Πk+1BkR

−1
k BT

k

)−1
ψk+1. (7)

Since
∑N−1

k=0

[
trace

(
Πk+1DkD

T
k

)
− ψT

k+1BkS
−1
k BT

kψk+1

]
is

independent of the control, a candidate optimal control is given, for
all k=0,1,...,N−1, as follows

u∗k=−
(
Rk+B

T
kΠk+1Bk

)−1
BT

kΠk+1Akxk

−
(
Rk+B

T
kΠk+1Bk

)−1
BT

kψk+1, (8)

provided that Sk ≻ 0, that is, if Property 1 holds. Hence, for all
k=0,1,...,N−1, the corresponding optimal process is given by

x∗k+1=
(
In+BkR

−1
k BT

kΠk+1

)−1
Akx

∗
k

−Bk

(
Rk+B

T
kΠk+1Bk

)−1
BT

kψk+1+Dkwk. (9)

Let µk ≜ E[x∗k] be the state mean at time k = 0,1,...,N , which
satisfies the difference equation

µk+1=
(
In+BkR

−1
k BT

kΠk+1

)−1
Akµk

−Bk

(
Rk+B

T
kΠk+1Bk

)−1
BT

kψk+1, (10)

with boundary conditions µ0=µ̄0 and µN =µ̄N . In light of (7) and
(6), we can rewrite equation (10) as

µk+1=Ākµk−Bk

(
Rk+B

T
kΠk+1Bk

)−1
BT

kΦĀ(N,k+1)TψN .

From the above equation and the boundary conditions µ0=µ̄0 and
µN =µ̄N , we obtain

µ̄N =ΦĀ(N,0)µ̄0−
N−1∑
i=0

ΦĀ(N,i+1)Bi

(
Ri+B

T
iΠi+1Bi

)−1

×BT
iΦĀ(N,i+1)TψN . (11)

To proceed, we make use of the fact that

N−1∑
i=0

ΦĀ(N,i+1)Bi

(
Ri+B

T
iΠi+1Bi

)−1
BT

iΦĀ(N,i+1)T≻0,

(12)
which is proved in Lemma 2 in Appendix A. From equations (11)
and (12) we obtain an expression ofψN . It then follows from (7) that

ψk+1=

ΦĀ(N,k+1)T

(
N−1∑
i=0

ΦĀ(N,i+1)Bi

(
Ri+B

T
iΠi+1Bi

)−1
BT

i

×ΦĀ(N,i+1)T

)−1(
ΦĀ(N,0)µ̄0−µ̄N

)
. (13)



Plugging (13) into (8) and (9) yields (4).

It is clear from (9) and (10) that

x∗k+1−µk+1=
(
In+BkR

−1
k BT

kΠk+1

)−1
Ak(x

∗
k−µk)+Dkwk.

Therefore, the state covariance Σk ≜ E
[
(x∗k−µk)(x∗k−µk)T

]
at

time k = 0,1,...,N satisfies the difference equation (5b) and the
boundary conditions (5c) in light of (2).

We have thus shown the following result.

Proposition 1. Under Assumptions 1 and 2, let Πk,Σk ∈Rn×n

be such that, for k = 0,1,...,N −1, Property 1 and the coupled
equations (5) hold. Then, the state feedback control u∗ given by
(4) is optimal for the covariance steering problem. Furthermore,
if there exists a unique solution to the coupled equations (5), then,
the optimal control u∗ is unique.

Since Rk ≻ 0 can always be absorbed into Bk by re-defining
B̂k ≜ BkR

−1
2

k , without loss of generality and for the sake of
notational simplicity for the rest of the paper, unless stated
otherwise, we assumeRk≡Ip.

B. Riccati Difference Equation

In this section, we give a necessary and sufficient condition for
the unique solution Πk of the Riccati difference equation (5a) to
exist from time 0 toN . A stronger condition for the solution of (5a)
to also satisfy Property 1 is provided as well. To this end, let,

Mk≜

Ak+BkB
T
kA

−T
k Qk −BkB

T
kA

−T
k

−A−T
k Qk A−T

k

≜
Mk,1 Mk,2

Mk,3 Mk,4


(14)

It can be checked that Mk is invertible, since A−T
k and its Schur

complement Ak+BkB
T
kA

−T
k Qk−BkB

T
kA

−T
k AT

kA
−T
k Qk =Ak in

Mk are invertible. Let ΦM(k,s) denote the state transition matrix
ofMk from time s to k decomposed as follows

ΦM(k,s)≜

Φ11(k,s) Φ12(k,s)

Φ21(k,s) Φ22(k,s)

. (15)

First, we give the condition for the existence of a solution to the
matrix equation (5a).

Proposition 2. Suppose Assumption 1 holds. Given an initial
condition Π0, (5a) has a solution from time 0 toN if and only if, for
all k=0,1,...,N , the matrix Φ11(k,0)+Φ12(k,0)Π0 is invertible.
In this case, the solution of (5a) is unique and is given by

Πk=
(
Φ21(k,0)+Φ22(k,0)Π0

)(
Φ11(k,0)+Φ12(k,0)Π0

)−1

.

(16)
Moreover, for all ℓ=0,1,...,N ,

Πk=
(
Φ21(k,ℓ)+Φ22(k,ℓ)Πℓ

)(
Φ11(k,ℓ)+Φ12(k,ℓ)Πℓ

)−1

.

(17)

Proof. The proof of Proposition 2 is given in Appendix B.

A number of necessary and sufficient conditions for the
solution of the matrix Riccati difference equation (5a) to
exist and to satisfy Property 1 are summarized below. Before
proceeding, and for the sake of notational simplicity, define, for
all k = 0,1, ... ,N − 1, the matrices Lk ≜ Φ11(k,0)

−1A−1
k Bk,

Tk≜Ip+BT
kA

−T
k

(
Qk−Φ21(k,0)Φ11(k,0)

−1
)
A−1

k Bk≻0, and

Uk≜
Tk 0 0 0

0 Tk−1 0 0

0 0
. . . 0

0 0 0 T0

−

LT
k

LT
k−1

...

LT
0

Π0

[
Lk Lk−1 ··· L0

]
.

Theorem 2. Under Assumption 1, the following statements are
equivalent regarding the solution Πk of (5a).

i) For all k=0,1,...,N−1, Ip+BT
kΠk+1Bk ≻ 0 (respectively,

for all k=0,1,...,N , Πk exists).

ii) For all k=0,1,...,N−1, Ip−BT
kA

−T
k

(
Πk−Qk

)
A−1

k Bk≻0
(respectively, is invertible).

iii) For all k=1,2,...,N−1, U0,Uk/Uk−1≻0 (respectively, are
invertible), where Uk/Uk−1 denotes the Schur complement
of the block Uk−1 in the matrix Uk.

iv) For all k=0,1,...,N−1, Uk≻0 (respectively, is invertible).

v) UN−1≻0 (respectively, is invertible).

vi) For all k = 0, 1, ... , N , the eigenvalues of
In + Φ11(k, 0)

−1Φ12(k, 0)Π0 are positive (respectively,
are nonzero).

vii) All eigenvalues of In+Φ11(N,0)
−1Φ12(N,0)Π0 are positive

(respectively, are nonzero).

Under Assumptions 1 and 2, any of the above statements is also
equivalent to the statement that

Π0+Φ12(N,0)
−1Φ11(N,0)≺0 (respectively, is invertible).

Proof. The proof of Theorem 2 is given in Appendix D.

C. Existence and Uniqueness of the Solution

In this section, we show that the solution of the coupled matrix
difference equations (5) exists and it is unique. First, we need an alter-
native expression for the state transition matrix of Āk in Theorem 1.

Proposition 3. Under Assumption 1, suppose the condition in
Proposition 2 holds so that (5a) admits a solution Πk from time 0
to N . Then, for all s,k=0,1,...,N , the state transition matrix of
Āk is given by

ΦĀ(k,s)=Φ11(k,s)+Φ12(k,s)Πs. (18)

Proof. When s=k, we can check that ΦĀ(s,s)=In=Φ11(s,s)+
Φ12(s,s)Π(s). It is easy to verify that ΦĀ(k,s)=Āk−1ΦĀ(k−1,s),



regardless of k>s or k<s. From (15) and (17), we haveΦ11(k,s)+
Φ12(k,s)Πs=Āk−1

(
Φ11(k−1,s)+Φ12(k−1,s)Πs

)
.

The solution of the covariance equation (5b) is given as follows.

Proposition 4. Let Assumptions 1 and 2 hold, and suppose
Π0≺−Φ12(N,0)

−1Φ11(N,0). Let Σ0=Σ̄0≻0. Then, the solution
Σk of (5b) from time 0 toN is given by,

Σk+1=ΦĀ(k+1,0)Σ̄0ΦĀ(k+1,0)T

+

k∑
i=0

ΦĀ(k+1,i+1)DiD
T
iΦĀ(k+1,i+1)T, (19)

where ΦĀ(k,s) is given by (18) and Πk is given by (16). For all
ℓ=1,2,...,n, if ℓ eigenvalues of Π0 go to −∞, then, ℓ eigenvalues
of ΣN approach +∞. Furthermore, when Assumption 3 also holds,
if ℓ eigenvalues of −Φ12(N,0)

−1Φ11(N,0)−Π0 go to 0, then, ℓ
eigenvalues of ΣN−DN−1D

T
N−1 approach 0.

Proof. Clearly, (19) is the solution of (5b). It follows from
Corollary 2 and [?, Lemma 4] that if ℓ eigenvalues of Π0 go to −∞,
then, ℓ eigenvalues of In +Φ11(N,0)

−1Φ12(N,0)Π0 approach
+∞. Since ΦĀ(N,0)=Φ11(N,0)

[
In+Φ11(N,0)

−1Φ12(N,0)Π0

]
,

from the invertibility of Φ11(N,0) and the fact that Σ̄0 ≻ 0 it
follows that ℓ eigenvalues of ΦĀ(N,0)Σ̄0ΦĀ(N,0)

T approach +∞.
In light of (19), ℓ eigenvalues of ΣN approach +∞.

Let Assumption 3 hold. Let P̄ ⪯−Φ12(N,0)
−1Φ11(N,0) such

that ℓ eigenvalues of −Φ12(N,0)
−1Φ11(N,0)− P̄ are 0. Since

Φ11(N,0) is invertible, it suffices to show that, as Π0 → P̄ , then,
ℓ eigenvalues of Φ11(N,0)

−1
(
ΣN −DN−1D

T
N−1

)
Φ11(N,0)

−T

approach 0. In view of (19) and the fact that Σ̄0≻0, if ℓ eigenvalues
of Φ11(N, 0)

−1
(
ΣN − DN−1D

T
N−1

)
Φ11(N, 0)

−T approach 0,
then, ℓ eigenvalues of In + Φ11(N, 0)

−1Φ12(N, 0)Π0 go to
0. In light of [?, Lemma 4], only the positive eigenvalues of
Π0 can possibly make In + Φ11(N,0)

−1Φ12(N,0)Π0 singular.
Hence, it suffices to consider the case when P̄ ≻ 0. The case
when P̄ is not positive definite can be reduced to the case
when P̄ ≻ 0. Since −Φ12(N, 0)

−1Φ11(N, 0) ⪰ P̄ ≻ 0 and
ℓ eigenvalues of −Φ12(N, 0)

−1Φ11(N, 0) − P̄ ⪰ 0 are 0, it
follows from Woodbury matrix identity [23] that ℓ eigenvalues
of P̄−1 −

(
− Φ11(N, 0)

−1Φ12(N, 0)
)
⪰ 0 are 0. Hence, we

can write P̄ =
(
− Φ11(N, 0)

−1Φ12(N, 0) + ΓΓT
)−1

, where
Γ∈Rn×(n−ℓ) and rankΓ=n−ℓ. In view of the Woodbury identity,
as Π0 → P̄ , then, In+Φ11(N,0)

−1Φ12(N,0)Π0 →−Γ
(
In−ℓ−

ΓTΦ12(N, 0)
−1Φ11(N, 0)Γ

)−1
ΓTΦ12(N, 0)

−1Φ11(N, 0). Let
z ∈ ker(ΓΓT) be a nonzero vector, then, zTΓ = 0. It follows that,
as Π0→P̄ , then, In+Φ11(N,0)

−1Φ12(N,0)Π0 approaches some
matrix for which z is in its left null space.

Next, we show that as Π0→ P̄ , then, for each i=0,1,...,N−2,
Φ11(N,0)

−1ΦĀ(N,i+1)Di approaches some matrix for which
z is in its left null space as well. Let i = 0, 1, ... , N − 2
be fixed. From Assumption 3, (48), and (49), it follows that
range Di ⊆ range Φ11(N, i + 1)−1Φ12(N, i + 1). Since
Φ11 is invertible, it suffices to consider the left null space of
Φ11(N,0)

−1ΦĀ(N,i+1)Φ11(N,i+1)−1Φ12(N,i+1)Φ11(N,i+
1)TΦ11(N, 0)

−T = Φ11(N, 0)
−1
[
Φ11(N, i + 1)Φ12(N, i +

1)T + Φ12(N, i + 1)Πi+1Φ12(N, i + 1)T
]
Φ11(N, 0)

−T. From
(15) and Lemma 4 it follows that −Φ11(N, 0)

−1Φ12(N, 0) +
Φ11(i + 1, 0)−1Φ12(i + 1, 0) = −Φ11(i + 1, 0)−1Φ12(N, i +
1)TΦ11(N,0)

−T≜W⪰0. In view of (53), it follows that as Π0→P̄ ,
then, Φ11(N, 0)

−1
[
Φ11(N, i + 1)Φ12(N, i + 1)T + Φ12(N, i +

1)Πi+1Φ12(N,i+ 1)T
]
Φ11(N,0)

−T → W(ΓΓT +W)+W −W ,
whereM+ denotes the pseudo-inverse of the matrixM . Thus, it suf-
fices to show that zT

[
W(ΓΓT+W)+W−W

]
=0. Let rankW=r

and rank[W Γ] = m, where r ≤ m ≤ n. With an appropriate
coordinate transformation, we can partitionW and Γ as follows:

Wn×n=


W1 0r×(n−r)

0(m−r)×r 0

0(n−m)×r 0

, Γn×(n−ℓ)=


Γ1

Γ2

0

,
where W1 ∈ Rr×r, W1 ≻ 0, Γ1 ∈ Rr×(n−ℓ), and
Γ2 ∈ R(m−r)×(n−ℓ). Let z = [zT

1 zT
2 zT

3]
T ∈ Rn, where

z1 ∈ Rr, z2 ∈ Rm−r, and z3 ∈ Rn−m. Since zTΓ = 0, we
have zT

1Γ1 + zT
2Γ2 = 0. Since Γ2P2 = 0, it follows that

zT
1Γ1P2 = zT

2Γ2P2 = 0. Since W − W(W + ΓΓT)+W =Γ1P2(In−ℓ+P2Γ
T
1W

−1
1 Γ1P2)

−1P2Γ
T
1 0r×(n−r)

0(n−r)×r 0(n−r)×(n−r)

, where

P2 ≜ In−ℓ − ΓT
2(Γ2Γ

T
2)

−1Γ2 [?, Lemma 5], we can verify
that zT

(
W − W(W + ΓΓT)+W

)
= 0. Since z can take ℓ

linearly independent values, in light of (19), ℓ eigenvalues of
ΣN−DN−1D

T
N−1 approach 0.

Proposition 4 can be used to provide an explicit map from Π0

to ΣN for the coupled matrix difference equations (5a) and (5b)
with Σ0=Σ̄0≻0. Specifically, from (19) we can write

ΣN =ΦĀ(N,0)

[
Σ̄0+

N−1∑
i=0

ΦĀ(0,i+1)DiD
T
iΦĀ(0,i+1)T

]
×ΦĀ(N,0)

T. (20)

Let P ≜
{
Π ∈ Rn×n |Π = ΠT ≺ −Φ12(N,0)

−1Φ11(N,0)
}

and
R≜

{
Σ∈Rn×n|Σ=ΣT≻DN−1D

T
N−1

}
. From (20) and (18), let

f :P→R be defined by ΣN =f(Π0), where

f(Π0)=
(
Φ11(N,0)+Φ12(N,0)Π0

)[
Σ̄0

+

N−1∑
i=0

(
Φ11(i+1,0)+Φ12(i+1,0)Π0

)−1

DiD
T
i

(
Φ11(i+1,0)

T

+Π0Φ12(i+1,0)
T
)−1

](
Φ11(N,0)

T+Π0Φ12(N,0)
T
)
. (21)

Remark 5. In light of Proposition 1, under Assumptions 1 and 2,
if Σ̄N ∈ image(f)⊆R, then, the control u∗ given by (4) is optimal
for the covariance steering problem.

To proceed, we compute the Jacobian of the map f defined
by (21). For notational simplicity, we will use the notation
Φk,0
ij ≜Φij(k,0), where i,j ∈ {1,2} and let ∆Π0 denote a small



increment in Π0. Then, from [25] we can write(
Φi+1,0
11 +Φi+1,0

12 Π0+Φ
i+1,0
12 ∆Π0

)−1

=
(
Φi+1,0
11 +Φi+1,0

12 Π0

)−1

−
(
Φi+1,0
11 +Φi+1,0

12 Π0

)−1

Φi+1,0
12 ∆Π0

(
Φi+1,0
11 +Φi+1,0

12 Π0

)−1

+O
(∥∥∆Π0

∥∥2).
After collecting all the first order terms of ∆Π0, we obtain

f
(
Π0+∆Π0

)
−f
(
Π0

)
=O
(∥∥∆Π0

∥∥2)+ΦN,0

Ā

[
WN,0∆Π0Σ̄0

+Σ̄0∆Π0WN,0+

N−1∑
i=0

[(
WN,0−Wi+1,0

)
∆Π0Pi

+Pi∆Π0

(
WN,0−Wi+1,0

)]](
ΦN,0
Ā

)T
, (22)

where ΦN,0

Ā
≜ΦĀ(N,0), and, for k= 0,1,...,N , Pi ≜

(
Φi+1,0
11 +

Φi+1,0
12 Π0

)−1

DiD
T
i

((
Φi+1,0
11

)T
+Π0

(
Φi+1,0
12

)T
)−1

⪰0, and

Wk,0≜ (23)(
In+Φ11(k,0)

−1Φ12(k,0)Π0

)−1

Φ11(k,0)
−1Φ12(k,0)⪯0.

Given an n × n matrix H = [hij], its vectorized version is
vec(H)≜ [h11 ... hn1 h12 ... hn2 ... h1n ... hnn]

T. Define the
map f̄ :

{
vec(Π0)∈Rn2 ∣∣Π0∈P

}
→
{
vec(ΣN)∈Rn2 ∣∣ΣN ∈R

}
such that f̄

(
vec(Π0)

)
=vec

(
f(Π0)

)
, where f is defined in (21).

It follows from vectorizing both sides of (22) that

f̄
(
vec(Π0)+vec(∆Π0)

)
−f̄
(
vec(Π0)

)
=

∂f̄
(
vec(Π0)

)
vec
(
∆Π0

)
+O
(∥∥∆Π0

∥∥2),
where,

∂f̄
(
vec(Π0)

)
=ΦN,0

Ā
⊗ΦN,0

Ā

[
Σ̄0⊗WN,0+WN,0⊗Σ̄0

+

N−1∑
i=0

[
Pi⊗

(
WN,0−Wi+1,0

)
+
(
WN,0−Wi+1,0

)
⊗Pi

]]
, (24)

where ⊗ denotes the Kronecker product. Thus, ∂f̄
(
vec(Π0)

)
is the

Jacobian of the map f̄ at vec(Π0).

Finally, we are ready to show the existence and uniqueness of
the solution to the coupled matrix difference equations (5).

Proposition 5. Let Assumptions 1-3 hold. Then, for any given
Σ̄0≻0, the map f defined by (21) is a homeomorphism. Thus, for
any ΣN ∈R, there exists a unique Π0∈P such that ΣN =f(Π0).

Proof. Clearly, ∂f̄
(
vec(Π0)

)
is continuous in vec(Π0). First, we

show that, for each Π0 ∈ P, ∂f̄
(
vec(Π0)

)
is nonsingular. Since

ΦN,0

Ā
⊗ΦN,0

Ā
is nonsingular, it suffices to show that the term in the

large square brackets of (24), that is, S≜Σ̄0⊗WN,0+WN,0⊗Σ̄0+∑N−1
i=0

[
Pi⊗

(
WN,0−Wi+1,0

)
+
(
WN,0−Wi+1,0

)
⊗Pi

]
is nonsin-

gular. From Lemma 4 and Corollary 2 in Appendix C, we have that
Φ11(N,0) and Φ12(N,0) are invertible. It then follows from (23)
that WN,0=

(
Φ12(N,0)

−1Φ11(N,0)+Π0

)−1
. Since Π0∈P, we

haveWN,0≺0. From Lemma 7 in Appendix E, it follows that, for
all i=0,1,...,N−1,WN,0−Wi+1,0⪯0. One can readily check that
S is symmetric, because Σ̄0 ≻ 0, WN,0 ≺ 0, Pi ⪰ 0, and WN,0−
Wi+1,0⪯0 are all symmetric. LetX ≠0 be an n×nmatrix. Then,

vec(X)TSvec(X)

=trace

(
XTWN,0XΣ̄0+X

TΣ̄0XWN,0+

N−1∑
i=0

[
XT

×
(
WN,0−Wi+1,0

)
XPi+X

TPiX
(
WN,0−Wi+1,0

)])
≤trace

(
Σ̄

1
2
0X

TWN,0XΣ̄
1
2
0 +Σ̄

1
2
0XWN,0X

TΣ̄
1
2
0

)
<0.

Thus, S ≺ 0. Therefore, ∂f̄
(
vec(Π0)

)
is nonsingular at each

vec(Π0) in the domain of f̄ .

Next, we show that f is proper, that is, for any compact subset
K ⊆ R, the inverse image f−1(K) ⊆ P is compact. Since K is
bounded in Rn×n, in view of (21), the set{(

ΦN,0
11 +ΦN,0

12 Π0

)
Σ̄0

((
ΦN,0
11

)T
+Π0

(
ΦN,0
12

)T
)∣∣∣Π0∈f−1(K)

}
is also bounded in Rn×n. Since Σ̄0 and ΦN,0

12 are invertible, f−1(K)
is bounded in Rn×n. In light of Proposition 4, as Π0 approaches the
boundary of P, then, ΣN approaches the boundary of R. Since f
is continuous and K is closed in Rn×n, the inverse image f−1(K)
is also closed in Rn×n. Therefore, f−1(K) is compact, and thus
f is proper. Since the set R is convex, it is simply connected [26].
From Hadamard’s global inverse function theorem [26], f is a
homeomorphism.

D. Separation of Mean and Covariance Steering

In this section, we establish the independence of the optimal
mean steering and covariance steering problems.

Theorem 3. Under Assumptions 1 and 2, the optimal control (4)
can be written in the form

u∗k=Kk

(
x∗k−µk

)
+vk, (25)

where Kk = −
(
Rk + BT

kΠk+1Bk

)−1
BT

kΠk+1Ak is the state
feedback matrix, µk≜E[x∗k] is the optimal state mean given by

µk=
(
Φ11(k,0)−Φ12(k,0)Φ12(N,0)

−1Φ11(N,0)
)
µ̄0

+Φ12(k,0)Φ12(N,0)
−1µ̄N , (26)

and vk is the optimal feed-forward control term given by

vk=−R−1
k BT

k

(
Φ21(k+1,0)−Φ22(k+1,0)Φ12(N,0)

−1

×Φ11(N,0)
)
µ̄0−R−1

k BT
kΦ22(k+1,0)Φ12(N,0)

−1µ̄N . (27)

Proof. First, let

B̄k≜Bk

(
Rk+B

T
kΠk+1Bk

)−1
2 . (28)

Let Ḡ(k, s) denote the reachability Gramian of the pair{(
Āi,B̄i

)∣∣i= s,s±1,...,k
}

from time s to k. From Lemma 8 in



Appendix E, it follows that Ḡ(k,s)=−Φ12(k,s)ΦĀ(k,s)
T. In light

of (4) and (25), we have

Kk=−
(
Rk+B

T
kΠk+1Bk

)−1
BT

kΠk+1Ak. (29)

To show (26), notice that from (10), (13), (56), and (18), it follows
that µk =

(
Φ11(k, 0) − Φ12(k, 0)Φ12(N, 0)

−1Φ11(N, 0)
)
µ̄0 +

Φ12(k,0)Φ12(N,0)
−1µ̄N . Next, we show (27). In view of (4), (25),

(26), and (56), we obtain

vk=
[
Kk

(
Φ11(k,0)−Φ12(k,0)Φ12(N,0)

−1Φ11(N,0)
)

+
(
Rk+B

T
kΠk+1Bk

)−1
BT

kΦĀ(0,k+1)TΦ12(N,0)
−1

×ΦĀ(N,0)
]
µ̄0+

[
KkΦ12(k,0)Φ12(N,0)

−1

−
(
Rk+B

T
kΠk+1Bk

)−1
BT

kΦĀ(0,k+1)
TΦ12(N,0)

−1
]
µ̄N .

Since ΦM(k,0) =M−1
k ΦM(k+1,0), it follows from (39), after

replacingBkB
T
k withBkR

−1
k BT

k, that

Φ11(k,0)=A
−1
k Φ11(k+1,0)+A

−1
k BkR

−1
k BT

kΦ21(k+1,0), (30a)

Φ12(k,0)=A
−1
k Φ12(k+1,0)+A

−1
k BkR

−1
k BT

kΦ22(k+1,0). (30b)

From (29), (30b), (18), (46a), and (45), it follows that the coefficient
for µ̄N in vk is −R−1

k BT
kΦ22(k + 1,0)Φ12(N, 0)

−1. Similarly,
from (29), (30), (18), (46a), (45), and (16), it follows that the
coefficient for µ̄0 in vk is −R−1

k BT
k

(
Φ21(k + 1, 0) − Φ22(k +

1,0)Φ12(N,0)
−1Φ11(N,0)

)
. Thus, (27) holds.

Remark 6. Note that in the optimal control (25) the state feedback
matrix Kk depends on Πk+1, which is determined solely by the
initial and terminal state covariances. On the other hand, the
state mean dynamics µk and the feed-forward control term vk are
determined solely by the initial and terminal state means.

IV. COMPUTATION OF THE OPTIMAL CONTROL

In this section, we propose two numerical algorithms to solve
for the optimal control law of the covariance steering problem
formulated in Section II. The first algorithm adopts Newton’s root
finding method to compute Π0 by exploiting the map f given by
(21) and its Jacobian, given by (24). The second algorithm recasts
the optimal covariance steering problem as a convex optimization
problem, specifically, a semi-definite program (SDP). It is shown
that the optimal solution to the SDP problem also solves the original
non-convex covariance steering problem.

A. Newton’s Method

We describe an approach based on Newton’s root-finding method
for solving the optimal covariance control problem.

The first step is to absorb Rk ≻ 0 into Bk by defining, for
k=0,1,...,N−1, B̂k≜BkR

−1
2

k and R̂k≡Ip. For ease of notation,
we will substituteBk andRk below with B̂k and R̂k, respectively.
The second step is, for i,j=1,2 and k=0,1,...,N−1, to determine
the coefficient matrices Φij(k+1,0) and Φij(N,k) from (15). The

third step is to compute Π0 using Newton’s method. That is, starting
from an initial guess of Π0,0∈P, iterate the equation

vec
(
Π0,i+1

)
=vec

(
Π0,i

)
−
[
∂f̄
(
vec(Π0,i)

)]−1

×
[
f̄
(
vec(Π0,i)

)
−vec

(
Σ̄N

)]
, i=0,1,...,

where Π0,i denotes the value of Π0 at the ith iteration of the
Newton’s method. This iteration should be terminated when∥∥f̄(vec(Π0,i)

)
−vec

(
Σ̄N

)∥∥ is sufficiently small. The fourth step
is, for k=0,1,...,N−1, to calculate Πk+1 via (16) and ΦĀ(N,k)
via (18). Finally, the optimal control u∗k can be computed using (4).

B. Semi-Definite Program

In this section, we develop an SDP-based formulation for solving
the optimal covariance control problem. Our approach extends the
results of [13] by showing that the calculated control law is globally
optimal among the class of all admissible, linear or nonlinear
feedback control laws. First, it follows from Theorem 1 that, with
Assumptions 1-3, the optimal control takes the state feedback form.

The next proposition states that without Assumptions 1-3 the
optimal control that solves the covariance steering problem takes
the form of a randomized state feedback control. This result, of
independent interest, illustrates the fact that the solution of the opti-
mal covariance steering problem belongs to the class of randomized
state-feedback controls. In case the additional Assumptions 1-3
hold, this randomization can be injected implicitly by the state xk.

Proposition 6. For any admissible control û of system (1), there
exists a control u of the form

uk=Kk(xk−µk)+vk+νk, (31)

where Kk ∈ Rp×n is the state feedback matrix, vk ∈ Rp is the
feed-forward term, µk = E[xk], and νk ∈ Rp is an independent,
square-integrable random vector with E[νk]=0 and E[νkνT

k]⪰0,
such that, for all k = 1,2,...,N , the covariances of the state xk
under û and u are the same and have the same cost (3).

Proof. Let the state covariance of system (1) under the control
û be denoted by Σ̂k. Let v̂k ≜E[ûk]. Notice from (1) that, for all
k=0,1,...,N−1,

Σ̂k+1=E
[(
Ak(xk−µk)+Bk(ûk−v̂k)

)
×
(
Ak(xk−µk)+Bk(ûk−v̂k)

)T
]
+DkD

T
k

=AkΣ̂kA
T
k+BkΣ̂

ux
k AT

k+AkΣ̂
uxT
k BT

k+BkΣ̂
uu
k BT

k+DkD
T
k, (32)

where Σ̂ux
k ≜ E

[
(ûk − v̂k)(xk − µk)

T
]

∈ Rp×n and
Σ̂uu
k ≜ E

[
(ûk − v̂k)(ûk − v̂k)

T
]
∈ Rp×p are treated as the

control in (32). Let z∈kerΣ̂k. Then, it follows that (xk−µk)Tz=0
almost surely. It follows immediately that Σ̂ux

k z = 0. Thus,
ker Σ̂k ⊆ ker Σ̂ux

k . Therefore, there exists Kk ∈ Rp×n such

that Σ̂ux
k = KkΣ̂k. Since

 Σ̂k Σ̂uxT
k

Σ̂ux
k Σ̂uu

k

 ⪰ 0, Σ̂k ⪰ 0, and

Σ̂ux
k =KkΣ̂k, it follows that Σ̂uu

k ⪰KkΣ̂kK
T
k [27, Theorem 1.20].



Hence, there exists Vk⪰0 such that Σ̂uu
k =KkΣ̂kK

T
k+Vk. Then,

(32) can be written, equivalently, as

Σ̂k+1=
(
Ak+BkKk

)
Σ̂k

(
Ak+BkKk

)T
+BkVkB

T
k+DkD

T
k,
(33)

where Kk and Vk are the control variables of (33). Clearly,
the covariance equation (33) can be achieved by a control of
the form (31), where vk = v̂k = E[uk] and E [νkν

T
k] = Vk ⪰ 0.

Notice that E
[
(uk − vk)(xk − µk)

T
]
= KkΣ̂k = Σ̂ux

k and
E
[
(uk−vk)(uk−vk)T

]
=KkΣ̂kK

T
k+Vk=Σ̂uu

k .

Furthermore, the cost function (3) for û is

Ĵ=

N−1∑
k=0

trace
(
QkE

[
xkx

T
k

])
+trace

(
RkE

[
ûkû

T
k

])
=

N−1∑
k=0

trace
(
Qk

(
Σ̂k+µkµ

T
k

))
+trace

(
Rk

(
Σ̂uu
k +v̂kv̂

T
k

))
.

From (32), Σ̂ is determined by Σ̂ux and Σ̂uu. Since
µk+1 = Akµk + Bkv̂k, µ is determined by v̂. As u can
achieve the same Σ̂ux, Σ̂uu, and v̂ as û, their costs are the same.

Let µk = E[xk], Σk = E
[
(xk − µk)(xk − µk)

T
]
, vk = E[uk],

Yk =E
[
(uk−vk)(uk−vk)T

]
, and Uk =E

[
(uk−vk)(xk−µk)T

]
.

Using the properties of the trace and the expectation operator [8],
along with the covariance propagation equation (32), the optimal
covariance steering problem can be written in the equivalent form

min
Σk,Uk,Yk,µk,vk

J=

N−1∑
k=0

trace
(
QkΣk

)
+trace

(
RkYk

)
+µT

kQkµk+v
T
kRkvk, (34a)

such that, for allk=0,1,...,N−1,

µk+1=Akµk+Bkvk, (34b)
AkΣkA

T
k+BkUkA

T
k+AkU

T
kB

T
k+DkD

T
k

+BkYkB
T
k−Σk+1=0, (34c)Σk UT

k

Uk Yk

⪰0, (34d)

µ0=µ̄0, µN =µ̄N , (34e)
Σ0=Σ̄0, ΣN =Σ̄N . (34f)

The optimization variables of (34) are Σ1, Σ2, ..., ΣN−1, U0, U1,
..., UN−1, v0, v1, ..., vN−1, µ1, µ2, ..., µN−1, Y0, Y1, ..., YN−1,
whereas µ0, µN , Σ0, and ΣN are given. To this end, we have
shown the following result.

Theorem 4. The optimal solution to the convex problem (34), if it
exists, is the same as the optimal solution to the covariance steering
problem formulated at the end of Section II. If either optimal
solution does not exist, neither does the other.

The cost function (34a) can be further decomposed into

J=JΣ(Σk,Uk,Yk)+Jµ(µk,vk), where

JΣ≜
N−1∑
k=0

trace
(
QkΣk

)
+trace

(
RkYk

)
,

Jµ≜
N−1∑
k=0

µT
kQkµk+v

T
kRkvk.

Since there is no coupling, the two optimization problems of Jµ
and JΣ can be treated separately. The optimization of Jµ subject to
the constraint (34b) and the boundary condition (34e) is the mean
steering subproblem of (34), which is straighforward and can even
be solved analytically [28]. We therefore focus solely on the opti-
mization of JΣ subject to (34c), (34d), and (34f), which is an SDP
and will be referred to as the covariance steering subproblem of (34).

If, for all k=0,1,...,N−1, Σk≻0, then, the covariance steering
subproblem of (34) becomes

min
Σk,Uk,Yk

JΣ=

N−1∑
k=0

trace
(
QkΣk

)
+trace

(
RkYk

)
, (35a)

such that, for allk=0,1,...,N−1,

Ck≜UkΣ
−1
k UT

k−Yk⪯0, (35b)

Gk≜AkΣkA
T
k+BkUkA

T
k+AkU

T
kB

T
k

+BkYkB
T
k+DkD

T
k−Σk+1=0, (35c)

Σ0=Σ̄0, ΣN =Σ̄N . (35d)

Remark 7. We can find the solution Πk of the coupled matrix equa-
tions (5) as follows. First, from the SDP solution of (35) we obtain
Uk and Σk. Then, fromKk=UkΣ

−1
k , we obtain Āk=Ak+BkKk.

Next, we compute the state transition matrix ΦĀ(N,0). Lastly, since
Φ11(N,0) and Φ12(N,0) are known, we can recover Π0 from (18).

In the rest of this section, we show that the optimal solution to
the SDP problem (35) satisfies, for all k=0,1,...,N−1, Ck =0.
From the definition of Uk in (34), there exists Kk ∈ Rp×n such
that Uk=KkΣk. Then, it follows from Ck=0 that Yk=KkΣkK

T
k.

Hence, the optimal solution to (35) takes the state feedback form,
as expected. To show Ck=0, we first need the following result.

Lemma 1. Let A and B be n × n symmetric matrices with
A⪰ 0, B⪯ 0, and trace(AB)=0. If B has at least one nonzero
eigenvalue, then,A is singular.

Proof. Since A ⪰ 0 and B ⪯ 0, the product AB has only
non-positive eigenvalues λi ≤ 0, where, for i = 1, 2, ... , n,
λi∈spec(AB) [23]. It follows from trace(AB)=0=

∑n
i=1λi that

spec(AB)={0}. Now we assume A≻0. Since the matrix AB is
similar to A

1
2BA

1
2 , we have spec(AB)=spec

(
A

1
2BA

1
2

)
={0}.

Furthermore, B is congruent to A
1
2BA

1
2 , and thus both matrices

have the same number of zero and nonzero eigenvalues. It follows
that all eigenvalues of B are zero, which is a contradiction.
Therefore,A has to be singular.

Theorem 5. Let Assumption 1 hold, and let the Slater’s
condition [29] be satisfied. Then, the optimal solution to the SDP
problem (35) satisfies, for all k=0,1,...,N−1, Ck=0.



Proof. Using the Lagrange multipliers Mk and Λk for the
constraints in Ck and Gk, respectively, we define a Lagrangian
function as

L(Σk,Uk,Yk,Mk,Λk)= J̄Σ+

N−1∑
k=0

trace
(
MT

kCk

)
+trace

(
ΛT
kGk

)
.

Since Slater’s condition holds, it follows that strong duality and
the KKT conditions also hold [29]. The first-order optimality
conditions are

∂L
∂Σk

=Qk−Σ−1
k UT

kMkUkΣ
−1
k +AT

kΛkAk−Λk−1=0, (36a)

∂L
∂Uk

=2MkUkΣ
−1
k +2BT

kΛkAk=0, (36b)

∂L
∂Yk

=Rk−Mk+B
T
kΛkBk=0, (36c)

Gk=0, Ck⪯0, Mk⪰0, (36d)

trace
(
MT

kCk

)
=0. (36e)

Next, we prove that the optimal solution to (35) satisfies, for all k,
Ck=0. To this end, assume that, for some k, Ck has at least one
nonzero eigenvalue. In light of Lemma 1 and the complementary
slackness condition (36e), it follows that Mk has to be singular.
The optimality condition (36b) can be rewritten as BT

kΛk =
−MkUkΣ

−1
k A−1

k . Substituting the above equation into (36c) yields

Rk=Mk

(
Ip+UkΣ

−1
k A−1

k Bk

)
. (37)

Calculating the determinants of both sides of (37), yields

det(Rk)=det(Mk)det
(
Ip+UkΣ

−1
k A−1

k Bk

)
=0.

This clearly contradicts the fact that Rk ≻ 0. Therefore, at
the optimal solution to problem (35), the matrix Ck has all its
eigenvalues equal to zero. Since Ck ⪯ 0, it follows that, for all
k=0,1,...,N−1, Ck=0.

Corollary 1. Let Assumptions 1-3 hold. Then, the optimal solution
to the SDP problem (35) satisfies, for all k=0,1,...,N−1, Ck=0.

Proof. For Slater’s condition, it suffices to find some strictly
feasible values of Σk,Uk, and Yk, such that, for all k=0,1,...,N−1,
Ck ≺ 0 and Gk =0. For some ε> 0, let Ck =−εIp. This choice
corresponds to a new system, where the noise coefficient
matrices Dk are replaced with D̄k such that, for some ε > 0,
D̄kD̄

T
k =DkD

T
k+εBkB

T
k. Then, it follows from [?, Theorem 3]

that, for a sufficiently small ε, all terminal state covariances Σ̄N ≻
DN−1D

T
N−1 are reachable when the new system starts from a given

initial state covariance Σ̄0≻0. Thus, the Slater’s condition holds.

V. NUMERICAL EXAMPLE

In this section, we use a two-dimensional system to illustrate our
theoretical results. Specifically, we consider a linear time-invariant
system over a horizon of N =30 steps, and we seek to design a
feedback controller to steer all trajectories with initial conditions
distributed according to a given Gaussian distribution to another

given final Gaussian distribution within the time horizon. It is
assumed that the state-space matrices are given by

A=

1 0.2

0 1

, B=

0.02
0.2

, D=

0.4 0

0.4 0.6

.
The boundary conditions and cost function parameters are

Σ̄0=

 5 −1

−1 1

, Σ̄N =

 0.5 −0.4

−0.4 2

, µ̄0=
30
−5

,
µ̄N =

0
0

, Qk≡0.5I2, Rk≡1.

We compute the optimal controller using both approaches in
Section IV. Namely, we first compute the optimal control using
Newton’s method, as described in Section IV-A. Ten sample paths
along with their mean and their covariance ellipses are shown in
Figure 1a, where the initial and target state means (respectively,
the initial and target three-standard-deviation tolerance regions) are
marked with red dots (respectively, red ellipses), and the optimal
state mean (respectively, the optimal three-standard-deviation
tolerance region) at each time step is marked with a black dash
(respectively, a blue ellipse). Then, using the SDP method described
in Section IV-B, we also solve the corresponding optimization
problem using YALMIP [30] and MOSEK [31]. The optimal
solution is shown in Figure 1b, where ten sample paths of the
optimal process are plotted, along with the optimal state mean and
three-standard-deviation ellipses. As expected, the two solutions
are identical. However, our experience has shown that Newton’s
method is very sensitive to initialization and does not scale well,
with higher dimensional systems and longer time horizons. On the
contrary, the SDP method is numerically more robust and scales
much better with the problem parameters.

VI. CONCLUDING REMARKS

We have established the existence and uniqueness of the optimal
control for the covariance steering of a discrete-time linear stochastic
system. We have also shown the separation of the optimal mean and
the optimal covariance steering problems, and have demonstrated
that the exact covariance steering problem can be recast as a convex
semi-definite programming problem, which can be solved efficiently
using standard convex solvers. In the process, we have investigated
various properties of a matrix Riccati difference equation that shows
up in the solution for the optimal control. In the future, we would
like to study the optimal covariance steering problem for stochastic
systems subject to multiplicative noise and chance constraints, and
to develop efficient data-driven algorithms for estimating the noise
covariance for real-life engineering problems.
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APPENDIX A

In this appendix, we show two auxiliary results for proving
Proposition 1, Proposition 7, and Lemma 7.

Lemma 2. Suppose Assumption 1, Assumption 2, and Property 1
hold. Then,

N−1∑
i=0

ΦĀ(N,i+1)Bi

(
Ri+B

T
iΠi+1Bi

)−1
BT

iΦĀ(N,i+1)T≻0.

Proof. It is clear that we can write
∑N−1

i=0 ΦĀ(N, i +

1)Bi

(
Ri + BT

iΠi+1Bi

)−1
BT

iΦĀ(N, i + 1)T = ΞΛΞT, where
Ξ ≜

[
BN−1 ĀN−1BN−2 ··· ĀN−1ĀN−2 ··· Ā1B0

]
and Λ ≜ blkdiag

[
(RN−1 + BT

N−1ΠNBN−1)
−1, (RN−2 +

BT
N−2ΠN−1BN−2)

−1, ... , (R0 + BT
0Π1B0)

−1
]
. From

Property 1, Λ ≻ 0. Thus, it suffices to show that
rankΞ = n. From Assumption 2, the reachability Gramian
G(N,0) ≻ 0. From the Woodbury formula [23], we can write



Āk =Ak+BkFk for some Fk ∈Rp×n. It follows that rangeΞ=
range

[
BN−1 AN−1BN−2 ··· AN−1AN−2 ···A1B0

]
= Rn.

Therefore, rankΞ=n.

The following result is used to show the monotonicity of the
solution to (5a) and of the matrixWk,0 defined by (23).

Lemma 3. LetX≻0 be a j×j matrix, written as

X≜

X1 X2

XT
2 X4

≻0,

where X1 is an i× i matrix for some i < j. Let Y be an i× i
symmetric matrix. Then,

X−1=

X1 X2

XT
2 X4

−1

≻ (respectively,⪰)

Y 0

0 0


⇐⇒ X−1

1 ≻ (respectively,⪰) Y.

Proof. The fact of X ≻ 0 implies that X1 ≻ 0 and its Schur
complement X/X1 ≜ X4 − XT

2X
−1
1 X2 ≻ 0 [23]. Using the

expression forX−1, we get

Z≜X−1−

Y 0

0 0

=
X−1

1 +X−1
1 X2(X/X1)

−1XT
2X

−1
1 −Y −X−1

1 X2(X/X1)
−1

−(X/X1)
−1XT

2X
−1
1 (X/X1)

−1

.
We can check that the Schur complement of (X/X1)

−1 in Z is
X−1

1 −Y . Since (X/X1)
−1≻0, it follows that Z≻0 (respectively,

Z ⪰ 0) if and only if the Schur complement X−1
1 − Y ≻ 0

(respectively,X−1
1 −Y ⪰0).

APPENDIX B

In this appendix, we give the proof of Proposition 2 in Section III-
B, along with some related results that are used to prove Theorem 2.

Proof of Proposition 2. First, we show that if, for a given initial
condition Π0, equation (5a) has a solution from time 0 toN , then,
this solution is unique. Let Sn be the set of n × n symmetric
matrices. In view of (5a), it suffices to show that the map g :{Π|Π∈
Sn, In+BB

TΠ is invertible}→Sn withB∈Rn×p, defined by

g :Π 7→Π
(
In+BB

TΠ
)−1

,

is injective. SupposeH=g(Π) for some Π. IfH is invertible, then
Π must be invertible. It follows that H=

(
Π−1+BBT

)−1
. Then,

Π=
(
H−1−BBT

)−1
is unique.

If H is singular, then any Π that satisfies H = g(Π) must be
singular. Moreover, for any such Π, we have kerH=kerΠ, since,
for some z∈Rn, zTH=0 if and only if zTΠ=0. Hence, we can

quotient out the common kernel of H and Π. Since H,Π ∈ Sn,
there exists an n×n orthogonal matrix V ≜ [V̄ Ṽ ] such that

H=
[
V̄ Ṽ

]Λ̄ 0

0 0

V̄ T

Ṽ T

,Π=
[
V̄ Ṽ

]Π̄ 0

0 0

V̄ T

Ṽ T

,
where kerH=kerΠ=rangeṼ and Λ̄ is an r×r diagonal matrix.
It can be checked that Λ̄ = Π̄

(
Ir + T Π̄

)−1
, where T is the rth

leading principal submatrix (that is, the upper-left r×r submatrix)
of V TBBTV . Since Π̄ is invertible by construction, we have
Λ̄=

(
Π̄−1+T

)−1
. Thus, Π̄ is unique. It follows immediately that

Π is also unique.

Next, we show the necessary and sufficient condition for the
existence of the solution (16). (Sufficiency) Suppose, for all
k=0,1,...,N , the matrix Φ11(k,0)+Φ12(k,0)Π0 is invertible. We
will show that the matrix Πk given by (16) is a solution of (5a).
Since ΦM(k+1,0)=MkΦM(k,0), it follows thatΦ11(k,0)+Φ12(k,0)Π0

Φ21(k,0)+Φ22(k,0)Π0

=
M−1

k

Φ11(k+1,0)+Φ12(k+1,0)Π0

Φ21(k+1,0)+Φ22(k+1,0)Π0

. (38)

Moreover, we can compute that

M−1
k =

 A−1
k A−1

k BkB
T
k

QkA
−1
k AT

k+QkA
−1
k BkB

T
k

. (39)

Putting (38) and (39) together, it can be checked that the Πk given
by (16) satisfies (5a).

(Necessity) Suppose (5a) has a solution from time 0 to
N , denoted by Πk. Then, this solution is unique. Clearly,
Φ11(0, 0) + Φ12(0, 0)Π0 = In is invertible. Assume that there
exists 0 ≤ k ≤ N − 1 such that, for all i = 0,1,...,k, the matrix
Φ11(i,0)+Φ12(i,0)Π0 is invertible, but the matrix Φ11(k+1,0)+
Φ12(k+1,0)Π0 is singular. In view of the proof for sufficiency, the
unique solution of (5a) up to time k is given by (16). From (5a),
and sinceAk is invertible and Πk is symmetric, it follows that

Πk=
(
A−T

k +Πk+1BkB
T
kA

−T
k

)−1

×
(
Πk+1Ak+

(
A−T

k +Πk+1BkB
T
kA

−T
k

)
Qk

)
.

From (16) and (38), it follows that

Πk=
(
QkA

−1
k

[
Φ11(k+1,0)+Φ12(k+1,0)Π0

]
+
(
AT

k+QkA
−1
k BkB

T
k

)[
Φ21(k+1,0)+Φ22(k+1,0)Π0

])
×
(
A−1

k

[
Φ11(k+1,0)+Φ12(k+1,0)Π0

]
+A−1

k BkB
T
k

[
Φ21(k+1,0)+Φ22(k+1,0)Π0

])−1

.



Equating the above two equations and canceling out the common
terms yields

Φ21(k+1,0)+Φ22(k+1,0)Π0=

Πk+1

(
Φ11(k+1,0)+Φ12(k+1,0)Π0

)
.

There exists Πk+1 such that the above equation holds if and only if

0≠ker
(
Φ11(k+1,0)+Φ12(k+1,0)Π0

)
⊆

ker
(
Φ21(k+1,0)+Φ22(k+1,0)Π0

)
.

It follows that there exists ξ∈Rn with ξ≠0 such that the right-hand
side of (38) times ξ equals zero. However, the left-hand side of (38)
times ξ is nonzero, since Φ11(k,0)+Φ12(k,0)Π0 is invertible. We
have thus reached a contradiction.

Lastly, we will prove (17) by induction. For ℓ=0, we know that
(17) holds because of (16). Assume that, for ℓ=i, where i≤N−1,
(17) holds. It can be checked that ΦM(k,i) = ΦM(k,i+ 1)Mi

regardless of i<k or i≥k. Thus, for ℓ=i+1, (17) holds.

The next result on the monotonicity of the solution to (5a) is
used to establish the invertibility of Φ11 in Lemma 4.

Proposition 7. Let P1
k and P2

k be the respective solutions to the
following Riccati difference equations

P1
k =A

T
kP

1
k+1

(
In+ΥkP

1
k+1

)−1
Ak+Ωk, P1

0 =0n×n,

P2
k =A

T
kP

2
k+1

(
In+ΓkP

2
k+1

)−1
Ak+Qk, P2

0 =0n×n,

where Ak is invertible and Υk,Γk,Ωk,Qk ⪰ 0 over the maximal
integer time intervals of existence of the respective solutions P1

k and
P2
k . Let I⊆Z denote the common integer time intervals of existence

of P1
k and P2

k . If, for all k∈I, Ωk⪰Qk and Υk⪯Γk, then,

P1
k ⪰P2

k ⪰0, k∈I, k≤0, (40a)

P1
k ⪯P2

k ⪯0, k∈I, k≥0. (40b)

Proof. For the case k≤0, (40a) follows directly from [32]. We will
prove (40b) by induction. To this end, let P1

0 =P2
0 =0; thus, for

k=0, (40b) holds. Assume, for k=i≥0, that (40b) holds. We will
show that, for k=i+1∈I, (40b) also holds. SinceΩi⪰Qi, we have

P1
i+1

(
In+ΥiP

1
i+1

)−1⪯P2
i+1

(
In+ΓiP

2
i+1

)−1⪯0. (41)

It follows that kerP1
i+1⊆kerP2

i+1.

If P1
i+1 and P2

i+1 are invertible, it follows that((
P1
i+1

)−1
+ Υi

)−1 ⪯
((
P2
i+1

)−1
+ Γi

)−1 ≺ 0. Hence,(
P2
i+1

)−1
+Γi⪯

(
P1
i+1

)−1
+Υi≺0. Since Γk⪰Υk⪰0, it follows

that
(
P2
i+1

)−1⪯
(
P1
i+1

)−1≺0. Thus, we have P1
i+1⪯P2

i+1≺0.

Without loss of generality, assume P1
i+1 and P2

i+1 are singular
and kerP1

i+1 is a proper subset of kerP2
i+1. The cases when P1

i+1

is invertible and P2
i+1 is singular or when kerP1

i+1=kerP2
i+1 can

be proved in a similar way. Since kerP1
i+1⊆kerP2

i+1, there exists
an n×n orthogonal matrix U≜ [Ū Ũ ] such that

P1
i+1=

[
Ū Ũ

]P̄1 0

0 0

ŪT

ŨT

,P2
i+1=

[
Ū Ũ

]P̄2 0

0 0

ŪT

ŨT

,

where kerP1
i+1 = rangeŨ and P̄1 is an r×r diagonal matrix. It

suffices to show that P̄1⪯P̄2⪯0.

Since kerP1
i+1≠kerP2

i+1, there exists an r×r orthogonal matrix
V ≜ [V̂ Ṽ ] such that

P̄2=
[
V̂ Ṽ

]P̂2 0

0 0

V̂ T

Ṽ T

,
where kerP̄2=rangeṼ and P̂2 is an ρ×ρ diagonal matrix. To this
end, it suffices to show that

V TP̄1V ⪯

P̂2 0

0 0

⪯0.

Multiplying (41) by UT on the left and by U on the right yields
the matrix inequality((

P̄1
)−1

+Ῡ
)−1

=P̄1
(
Ir+ῩP̄1

)−1⪯P̄2
(
Ir+Γ̄P̄2

)−1⪯0,

(42)
where Ῡ and Γ̄ are the rth leading principal submatrices of UTΥiU
and UTΓiU , respectively. Multiplying (42) by V T on the left and
by V on the right yields

(
V T
(
P̄1
)−1

V +V TῩV
)−1

⪯

((P̂2
)−1

+Γ̂
)−1

0

0 0

⪯0,

(43)
where Γ̂ is the ρth leading principal submatrix of V TΓ̄V . Let

V T
(
P̄1
)−1

V ≜

 Ẑ Ẑ2

ẐT
2 Ẑ4

, V TῩV ≜

 Υ̂ Υ̂2

Υ̂T
2 Υ̂4

.
Since

(
V T
(
P̄1
)−1

V +V TῩV
)−1 ≺ 0, the matrix inequality (43)

and Lemma 3 imply that
(
Ẑ+Υ̂

)−1 ⪯
(
(P̂2)−1+Γ̂

)−1 ≺ 0. It
follows that

(
P̂2
)−1

+Γ̂⪯ Ẑ+Υ̂≺0. Since Γ̂⪰Υ̂⪰0, it follows
that

(
P̂2
)−1⪯ Ẑ≺0. Thus, we have Ẑ−1⪯ P̂2≺0. The fact that(

V T(P̄1)−1V +V TῩV
)−1 ≺ 0 implies that V TP̄1V ≺ 0. It then

follows from Lemma 3 that

V TP̄1V =

 Ẑ Ẑ2

ẐT
2 Ẑ4

−1

⪯

P̂2 0

0 0

⪯0.

This completes the proof.

APPENDIX C

In this appendix, we present some useful properties of the state
transition matrix ΦM defined by (15). These properties are used
to prove Theorem 1, Theorem 2, and Theorem 3.

Let

ΦM(k,s)−1=ΦM(s,k)≜

Φ11(s,k) Φ12(s,k)

Φ21(s,k) Φ22(s,k)

.



Lemma 4. Assume, for all k ∈Z, Ak is invertible. Then, for all
k,s∈Z,

Φ12(k,s)
TΦ22(k,s)=Φ22(k,s)

TΦ12(k,s), (44a)
Φ21(k,s)

TΦ11(k,s)=Φ11(k,s)
TΦ21(k,s), (44b)

Φ12(k,s)Φ11(k,s)
T=Φ11(k,s)Φ12(k,s)

T, (44c)
Φ21(k,s)Φ22(k,s)

T=Φ22(k,s)Φ21(k,s)
T, (44d)

Φ11(k,s)
TΦ22(k,s)−Φ21(k,s)

TΦ12(k,s)=In, (44e)
Φ11(k,s)Φ22(k,s)

T−Φ12(k,s)Φ21(k,s)
T=In. (44f)

Moreover, Φ11(k,s) and Φ22(k,s) are invertible with

Φ11(k,s)=Φ22(s,k)
T. (45)

Furthermore,

Φ12(k,s)=−Φ12(s,k)
T, (46a)

Φ21(k,s)=−Φ21(s,k)
T. (46b)

Proof. First, we show (44). When s = k, we have
Φ11(s, s) = Φ22(s, s) = In and Φ12(s, s) = Φ21(s, s) = 0.
Clearly, for s=k, (44) holds. Let

J̄≜

 0 In

−In 0

.
It can be checked that MT

kJ̄Mk = J̄ =MkJ̄M
T
k. When s < k,

we have ΦM(k,s) =Mk−1ΦM(k−1,s). It follows immediately
that ΦM(k,s)TJ̄ΦM(k,s) =ΦM(k−1,s)TMT

k−1J̄Mk−1ΦM(k−
1,s)=ΦM(k−1,s)TJ̄ΦM(k−1,s). Since, for all s<k, the above
equation holds, we have by induction that ΦM(k,s)TJ̄ΦM(k,s)=
ΦM(s, s)TJ̄ΦM(s, s) = J̄. Similarly, ΦM(k, s)J̄ΦM(k, s)T =
Mk−1···MsΦM(s,s)J̄ΦM(s,s)TMT

s ···MT
k−1= J̄. Thus, for s<k,

(44) holds. Similarly, it can be shown that, for s>k, (44) holds.

Then, we show that Φ11(k,s) is invertible. Let Πk be the solution
to (5a) with Π0 = 0n×n, and let I0 ⊆ Z be the maximal integer
time interval of existence of Πk. Let Π̄k be the solution to (5a)
when Qk≡0n×n and Π̄0=0n×n. Clearly, we have, for all k∈Z,
Π̄k ≡ 0n×n. Let Π̂k be the solution to (5a) when Bk ≡ 0n×n

and Π̂0 = 0n×n. Since when Bk ≡ 0n×n, (5a) is a linear matrix
equation, it follows that, for all k ∈ Z, the solution Π̂k exists.
Moreover, it is easy to see that, for k<0, Π̂k ⪰0, and, for k>0,
Π̂k ⪯ 0. From the monotonicity of the matrix Riccati difference
equation in Proposition 7, we have

0≡Π̄k⪯Πk⪯Π̂k, k∈I0, k≤0,

Π̂k⪯Πk⪯Π̄k≡0, k∈I0, k≥0.

Hence,Πk has no finite escape time and I0=Z. From Proposition 2,
for all k∈Z, Φ11(k,0) is invertible. A similar argument shows that,
for all k,s∈Z, Φ11(k,s) is invertible.

Next, we show (45). From (44f) and (44c), it follows that

Φ11(k,s)
−1=Φ22(k,s)

T−Φ12(k,s)
TΦ11(k,s)

−TΦ21(k,s)
T.

Since Φ11(k, s) is invertible, the Schur complement of the
block matrix Φ11(k, s) in the matrix ΦM(k, s) is given by
Φ22(k, s) − Φ21(k, s)Φ11(k, s)

−1Φ12(k, s) = Φ22(s, k)
−1.

Therefore, we have Φ11(k,s)=Φ22(s,k)
T.

Lastly, we show (46). It follows from equation (44c) and the
invertibility of Φ11(k,s) that

Φ12(k,s)=Φ22(s,k)
TΦ12(k,s)

TΦ11(k,s)
−T.

Since ΦM(k, s)ΦM(s, k) = I2n, it follows immediately that
Φ11(k,s)Φ12(s,k)+Φ12(k,s)Φ22(s,k)=0. Thus,

−Φ12(s,k)
T=Φ22(s,k)

TΦ12(k,s)
TΦ11(k,s)

−T=Φ12(k,s).

Similarly, it follows from equation (44d) and the invertibility of
Φ22(k,s) that

Φ21(k,s)=Φ11(s,k)
TΦ21(k,s)

TΦ22(k,s)
−T.

Since Φ21(k,s)Φ11(s,k)+Φ22(k,s)Φ21(s,k)=0, we have

−Φ21(s,k)
T=Φ11(s,k)

TΦ21(k,s)
TΦ22(k,s)

−T=Φ21(k,s).

This completes the proof.

The next result plays a critical role in the proof of Theorem 2.

Lemma 5. Suppose Assumption 1 holds. For all k=0,1,...,N ,

Φ21(k,0)Φ11(k,0)
−1=Φ11(k,0)

−TΦ21(k,0)
T⪯0. (47)

For all k=1,2,...,N ,

−Φ11(k,0)
−1Φ12(k,0)=Φ12(0,k)Φ22(0,k)

−1=

k−1∑
i=0

Xi, (48)

where

Xi≜Φ11(i,0)
−1A−1

i Bi

(
Ip+B

T
iA

−T
i

(
Qi−Φ21(i,0)

×Φ11(i,0)
−1
)
A−1

i Bi

)−1

BT
iA

−T
i Φ11(i,0)

−T⪰0.

For all k=0,1,...,N−1,
k∑

i=0

range
(
Φ11(i,0)

−1A−1
i Bi

)
=

k∑
i=0

range
(
ΦA(0,i)A

−1
i Bi

)
. (49)

Proof. From (44b), we have Φ21(k, s)TΦ11(k, s) =
Φ11(k, s)

TΦ21(k, s). From Lemma 4, Φ11(k, s) is invertible.
It follows that Φ21(k,0)Φ11(k,0)

−1=Φ11(k,0)
−TΦ21(k,0)

T.

Then, we show that Φ21(k, 0)Φ11(k, 0)−1 ⪯ 0 by
induction. When k = 0, Φ21(0, 0)Φ11(0, 0)

−1 = 0. For
k = i, assume Φ21(i, 0)Φ11(i, 0)

−1 ⪯ 0. It follows from
ΦM(i+1,0)=MiΦM(i,0) that

Φ11(i+1,0)= (50a)

AiΦ11(i,0)+BiB
T
iA

−T
i

(
Qi−Φ21(i,0)Φ11(i,0)

−1
)
Φ11(i,0),

Φ21(i+1,0)=−A−T
i

(
Qi−Φ21(i,0)Φ11(i,0)

−1
)
Φ11(i,0). (50b)

Thus, from (50), we have

Φ11(i+1,0)TΦ21(i+1,0)=−Φ11(i,0)
T
(
Qi−Φ21(i,0)

×Φ11(i,0)
−1
)
Φ11(i,0)−Φ11(i,0)

T
(
Qi−Φ21(i,0)Φ11(i,0)

−1
)

×A−1
i BiB

T
iA

−T
i

(
Qi−Φ21(i,0)Φ11(i,0)

−1
)
Φ11(i,0).

Since Φ21(i, 0)Φ11(i, 0)
−1 ⪯ 0 and Qi ⪰ 0, it follows that

Φ11(i + 1, 0)TΦ21(i + 1, 0) ⪯ 0. Therefore, it follows that
Φ21(i+1,0)Φ11(i+1,0)−1⪯0.



Next, we show (48). From Lemma 4, Φ11(k,0) and Φ22(0,k) are
invertible. Multiplying Φ11(k,0)Φ12(0,k)+Φ12(k,0)Φ22(0,k)=0
by Φ11(k,0)

−1 on the left and by Φ22(0,k)
−1 on the right yields

−Φ11(k,0)
−1Φ12(k,0)=Φ12(0,k)Φ22(0,k)

−1.

It follows from (47) that Xi ⪰ 0. For all k=0,1,...,N−1, we
can compute that,

−Φ12(k+1,0)Φ11(k,0)
T=−Φ11(k+1,0)Φ12(k,0)

T−Mk,2,

where Mk,1 and Mk,2 are given in (14). In view of Lemma 4, we
have

−Φ11(k+1,0)−1Φ12(k+1,0)=−Φ11(k,0)
−1Φ12(k,0)

+Φ11(k+1,0)−1BkB
T
kA

−T
k Φ11(k,0)

−T.

It is easy to check that(
Ak+BkB

T
kA

−T
k

(
Qk−Φ21(k,0)Φ11(k,0)

−1
))
A−1

k Bk

=Bk

(
Ip+B

T
kA

−T
k

(
Qk−Φ21(k,0)Φ11(k,0)

−1
)
A−1

k Bk

)
.

It follows from (50a) and the above equation that

Φ11(k+1,0)−1BkB
T
kA

−T
k Φ11(k,0)

−T=Xk.

Lastly, we show by induction the following stronger statements,
for all k=0,1,...,N−1,

k∑
i=0

range
(
Φ11(i,0)

−1A−1
i Bi

)
=

k∑
i=0

range
(
ΦA(0,i)A

−1
i Bi

)
,

Φ11(k,0)
−1=ΦA(0,k)+

k−1∑
i=0

Φ11(i,0)
−1A−1

i BiZi,k, (51)

for some Zi,k ∈ Rp×n, with the convention that, for k = 0, (51)
reduces to Φ11(0,0)

−1=ΦA(0,0)=In.

When k = 0, we know that (51) holds and we can check that
Φ11(0,0)

−1A−1
0 B0 =ΦA(0,0)A

−1
0 B0, so their ranges are equal,

and thus (49) holds.

Assume now that, for all k=0,1,...,j, where j≤N−2, (49) and
(51) hold. Since ΦM(j+1,0)=MjΦM(j,0), we have ΦM(j,0)=
M−1

j ΦM(j+1,0), whereM−1
j is given by (39). Hence,Φ11(j,0)=

A−1
j Φ11(j+1,0)+A−1

j BjB
T
jΦ21(j+1,0). It follows that

Φ11(j+1,0)−1=
(
AjΦ11(j,0)−BjB

T
jΦ21(j+1,0)

)−1

=Φ11(j,0)
−1A−1

j +Φ11(j,0)
−1A−1

j BjYj, for some Yj,

=ΦA(0,j+1)+

j∑
i=0

Φ11(i,0)
−1A−1

i BiZi,j+1,for some Zi,j+1.

Thus, for k=j+1, (51) holds. Next, we show (49). Since

Φ11(j+1,0)−1A−1
j+1Bj+1=ΦA(0,j+1)A−1

j+1Bj+1

+

j∑
i=0

Φ11(i,0)
−1A−1

i BiZi,j+1A
−1
j+1Bj+1,

it follows from the above equation and the induction
assumption that range

(
Φ11(j + 1, 0)−1A−1

j+1Bj+1

)
⊆

∑j+1
i=0 range

(
ΦA(0, i)A

−1
i Bi

)
, and range

(
ΦA(0, j +

1)A−1
j+1Bj+1

)
⊆
∑j+1

i=0range
(
Φ11(i,0)

−1A−1
i Bi

)
. Therefore, for

k=j+1, (49) holds.

We are now ready to show the positive definiteness of
−Φ11(N,0)

−1Φ12(N,0), which will be utilized as an upper bound
on Π0 for the subsequent results.

Corollary 2. Under Assumption 1 and Assumption 2,
−Φ11(N,0)

−1Φ12(N,0)≻0. It follows that Φ12(N,0) is invertible.

Proof. From (48), −Φ11(N, 0)−1Φ12(N, 0) ⪰ 0.
Assume there exists ζ ∈ Rn with ζ ≠ 0 such that
ζT
(
− Φ11(N, 0)

−1Φ12(N, 0)
)
ζ = 0. It follows that, for all

k=0,1,...,N−1, ζTXkζ=0. The expression of Xk implies that,
for all k = 0,1,...,N − 1, ζTΦ11(k,0)

−1A−1
k Bk = 0. In view of

(49), for all k=0,1,...,N−1, we have ζTA−1
0 A−1

1 ...A−1
k Bk =0.

Thus, ζTG(0,N)ζ=−ζTΦA(0,N)G(N,0)ΦA(0,N)Tζ=0, which
contradicts either Assumption 1 or Assumption 2.

APPENDIX D

In this appendix, we prove Theorem 2, which provides necessary
and sufficient conditions for the solution of the Riccati difference
equation (5a) to satisfy Property 1. The first result is an alternative
statement of Property 1.

Lemma 6. Under Assumption 1, suppose the condition in
Proposition 2 holds so that (5a) admits a solution Πk from time 0
toN . Then, for all k=0,1,...,N−1, we have that

Ip+B
T
kΠk+1Bk=

(
Ip−BT

kA
−T
k

(
Πk−Qk

)
A−1

k Bk

)−1
. (52)

Thus, Ip + BT
kΠk+1Bk ≻ 0 if and only if Ip − BT

kA
−T
k

(
Πk −

Qk

)
A−1

k Bk ≻ 0. Moreover, equation (16) can be written,
equivalently, as

Πk=Φ21(k,0)Φ11(k,0)
−1+Φ11(k,0)

−TΠ0

×
(
In+Φ11(k,0)

−1Φ12(k,0)Π0

)−1

Φ11(k,0)
−1. (53)

Proof. In view of (15) and (17), we can compute that

Πk+1=A
−T
k

(
Πk−Qk

)(
Ak−BkB

T
kA

−T
k

(
Πk−Qk

))−1
.

It follows that

Ip+B
T
kΠk+1Bk=

(
Ip−BT

kA
−T
k

(
Πk−Qk

)
A−1

k Bk

)−1

.

In view of (44b), (44e), and the invertibility of Φ11(k, 0),
we have Φ21(k, 0) + Φ22(k, 0)Π0 = Φ11(k, 0)

−T
(
Π0 +

Φ21(k, 0)
T
(
Φ11(k, 0) + Φ12(k, 0)Π0

))
. From (16), the above

equation, (44b), and the invertibility of Φ11(k,0), it follows that
(53) holds.

The second set of necessary and sufficient conditions for
Property 1 is now stated as follows.

Proposition 8. Under Assumption 1, the following statements are
equivalent.



i) Property 1 holds.

ii) For all k=1,2,...,N−1, U0≻0 and Uk/Uk−1≻0.

iii) For all k=0,1,...,N−1, Uk≻0.

iv) UN−1≻0.

v) For all k = 0, 1, ... , N , the eigenvalues of
In+Φ11(k,0)

−1Φ12(k,0)Π0 are positive.

vi) The eigenvalues of In+Φ11(N,0)
−1Φ12(N,0)Π0 are positive.

Proof. First, we claim that U0 = Ip−BT
0A

−T
0

(
Π0−Q0

)
A−1

0 B0,
and, for all k = 1, 2, ... , N − 1, the Schur complement
of the block Uk−1 in the matrix Uk is Uk/Uk−1 =
Ip − BT

kA
−T
k

(
Πk − Qk

)
A−1

k Bk. Then, the equivalence of i)
and ii) follows from (52) and the above claim. The equivalence
of ii), iii), and iv) follows from Sylvester’s criterion [23].

Next, for k=0, v) holds. In light of (48), for all k=1,2,...,N ,
we have −Φ11(k,0)

−1Φ12(k,0)=
∑k−1

i=0Xi=
∑k−1

i=0 LiT
−1
i LT

i. It
follows that,

−Φ11(k+1,0)−1Φ12(k+1,0)=

[
Lk ··· L0

]
T−1
k 0 0

0
. . . 0

0 0 T−1
0



LT
k

...

LT
0

.
Hence, for all k=0,1,...,N−1, all eigenvalues of In+Φ11(k+
1,0)−1Φ12(k+1,0)Π0 are positive if and only if Uk≻0.

Lastly, we show the claim. For notational simplicity, below we
will use the notation Φk,0

ij ≜Φij(k,0), where i,j∈{1,2}. We first
check that U0 = T0−LT

0Π0L0 = Ip−BT
0A

−T
0

(
Π0−Q0

)
A−1

0 B0.
Then, we compute that

U−1
k−1=


T−1
k−1 0 0

0
. . . 0

0 0 T−1
0

+

T−1
k−1 0 0

0
. . . 0

0 0 T−1
0



LT
k−1

...

LT
0

Π0

×
(
In+
(
Φk,0
11

)−1
Φk,0
12 Π0

)−1[
Lk−1 ··· L0

]
T−1
k−1 0 0

0
. . . 0

0 0 T−1
0

.
It follows that the desired Schur complement is

Uk/Uk−1=Ip−BT
kA

−T
k

(
Πk−Qk

)
A−1

k Bk,

where we have used (53).

With the addition of Assumption 2, we can derive the following
necessary and sufficient condition for Property 1.

Corollary 3. Under Assumptions 1 and 2, Property 1 holds if and
only if Π0≺−Φ12(N,0)

−1Φ11(N,0).

Proof. From Corollary 2, −Φ11(N, 0)
−1Φ12(N, 0) ≻ 0.

Statement vi) in Proposition 8 is equivalent to In −
(
−

Φ11(N, 0)
−1Φ12(N, 0)

)1
2Π0

(
− Φ11(N, 0)

−1Φ12(N, 0)
)1

2 ≻ 0,
which is equivalent to

(
−Φ11(N,0)

−1Φ12(N,0)
)−1 −Π0 ≻ 0.

In view of Proposition 8, Property 1 holds if and only if
Π0≺−Φ12(N,0)

−1Φ11(N,0).

APPENDIX E

In this appendix, we provide two auxiliary results for proving
Proposition 5 and Theorem 3, respectively. The following matrix
inequality is used in the proof of Proposition 5.

Lemma 7. Under Assumptions 1 and 2, suppose
Π0≺−Φ12(N,0)

−1Φ11(N,0). Then, for allN≥k≥i≥0,

−Wk,0⪰−Wi,0⪰0. (54)

Proof. For notational simplicity, we define the matrix
Θk ≜ −Φ11(k,0)

−1Φ12(k,0) ⪰ 0. For i = 0, we can check that(
In−Θ0Π0

)−1
Θ0 =0. Next, assume i≥ 1. It follows from (48)

that Θk⪰Θi⪰0. This implies that kerΘk⊆kerΘi. If Θk⪰Θi≻0,
we have

(
Θ−1

k −Π0

)−1⪰
(
Θi−Π0

)−1≻0. Hence, (54) holds.

Without loss of generality, assume that Θk and Θi are singular
and kerΘk⊊kerΘi. The case whenΘk≻0 or when kerΘk=kerΘi

can be proved in a similar way. Since kerΘk⊆kerΘi, there exists
an n×n orthogonal matrix U such that2

Θk=U

Θ̄k 0

0 0

UT, Θi=U

Θ̄i 0

0 0

UT,

Θ−1
N =U

Θ̄−1
N ×

× ×

UT, Π0=U

Π̄0 ×

× ×

UT,

where Θ̄k ≻0, Θ̄i⪰0, Θ̄N ≻0, and Π̄0 are r×r matrices. Since
Θ−1

N ≻Π0, we have Θ̄−1
N ≻ Π̄0. Since ΘN ⪰Θk ⪰ 0, Lemma 3

implies that Θ̄N ⪰ Θ̄k ≻ 0. It follows that Θ̄−1
k ⪰ Θ̄−1

N ≻ Π̄0. In
view of (54), it suffices to show that(

Θ̄−1
k −Π̄0

)−1

⪰
(
Ir−Θ̄iΠ̄0

)−1

Θ̄i⪰0. (55)

Since kerΘk ≠kerΘi, there exists an r×r orthogonal matrix V
such that

Θ̄−1
k =V

Θ̂−1
k ×

× ×

V T, Θ̄i=V

Θ̂i 0

0 0

V T,

Π̄0=V

Π̂0 ×

× ×

V T,

where Θ̂k≻0, Θ̂i≻0, and Π̂0 are ρ×ρmatrices. Since Θ̄k⪰Θ̄i⪰
0, it follows from Lemma 3 that Θ̂k⪰Θ̂i≻0. It follows that Θ̂−1

i ⪰

2The entries denoted by × do not affect the logic of the proof and thus are hidden.



Θ̂−1
k ≻Π̂0. To this end, in view of (55), it suffices to show thatΘ̂−1

k −Π̂0 ×

× ×

−1

⪰

(Θ̂−1
i −Π̂0

)−1

0

0 0

⪰0.

Since Θ̄−1
k −Π̄0≻0, in light of Lemma 3, it suffices to show that

(Θ̂−1
k −Π̂0)

−1⪰(Θ̂−1
i −Π̂0)

−1≻0. Hence, it is sufficient to show
that Θ̂−1

i −Π̂0⪰Θ̂−1
k −Π̂0≻0, which is a direct result of the fact

that Θ̂−1
i ⪰Θ̂−1

k ≻Π̂0.

The fact below is used to prove Theorem 3.

Lemma 8. If, for all k∈Z,Ak is invertible, then, for all k,s∈Z,

Ḡ(k,s)=−Φ12(k,s)ΦĀ(k,s)
T. (56)

Proof. The proof is by induction on k. For k=s, it is not difficult
to see that (56) holds.

Now assume that for k = j (56) holds. It can be verified that
Ḡ(j+1,s) = B̄jB̄

T
j + ĀjḠ(j,s)Ā

T
j, regardless of s≤ j or s > j.

Thus, it suffices to show that

B̄jB̄
T
j−ĀjΦ12(j,s)ΦĀ(j,s)

TĀT
j=−Φ12(j+1,s)ΦĀ(j+1,s)T.

Since ΦM(j, s) = M−1
j ΦM(j + 1, s), it follows

from (39), by replacing BkB
T
k with BkR

−1
k BT

k, that
Φ12(j, s) = A−1

j Φ12(j + 1, s) + A−1
j BjR

−1
j BT

jΦ22(j + 1, s).
Since ΦĀ(j, s)

TĀT
j = ΦĀ(j + 1, s)T, in light of (6) and (28), it

suffices to show that Bj

(
Rj+B

T
jΠj+1Bj

)−1
BT

jΦĀ(s,j+1)T =(
In + BjR

−1
j BT

jΠj+1

)−1(
Φ12(j + 1, s) + BjR

−1
j BT

jΦ22(j +

1, s)
)

− Φ12(j + 1, s). From Proposition 3, we have
ΦĀ(s,j + 1)T = Φ11(s,j + 1)T +Πj+1Φ12(s,j + 1)T. From the
Woodbury formula [23], it follows that

(
In+BjR

−1
j BT

jΠj+1

)−1
=

In−Bj

(
Rj+B

T
jΠj+1Bj

)−1
BT

jΠj+1. In view of (46a) and (45),
it suffices to show thatBj

(
Rj+B

T
jΠj+1Bj

)−1
BT

jΦ11(s,j+1)T=(
In+BjR

−1
j BT

jΠj+1

)−1
BjR

−1
j BT

jΦ11(s,j+1)T. SinceBj

(
Rj+

BT
jΠj+1Bj

)−1
BT

j −
(
In + BjR

−1
j BT

jΠj+1

)−1
BjR

−1
j BT

j =

BjR
−1
j BT

j−BjR
−1
j BT

j=0, the previous equation holds. Thus, for
k=j+1, (56) holds.
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