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Abstract— In this paper, we study the optimal control prob-
lem for steering the state covariance of a discrete-time linear
stochastic system over a finite time horizon. First, we establish
the existence and uniqueness of the optimal control law for
a quadratic cost function. Then, we show the separation of
the optimal mean and the covariance steering problems. We
also develop efficient computational methods to solve for the
optimal control law, which is identified as the solution to a semi-
definite program. The effectiveness of the proposed approach
is demonstrated through numerical examples. In the process,
we also obtain some novel theoretical results for a matrix Ric-
cati difference equation, which may be of independent interest.

Index Terms— Covariance steering, semi-definite program,
Riccati difference equation.

|. INTRODUCTION

In recent years, the need to quantify and control the uncertainty in
physical systems has prompted a burgeoning interest in studying the
evolution of the distribution of the trajectories of stochastic systems.
A special case of this point of view is covariance control, the earliest
research of which can be traced back to a series of articles from
1985 onward on the assignability of the state covariance via state
feedback over an infinite time horizon [1]-[6]. The optimal control
that assigns a prescribed stationary state covariance with minimum
control energy was developed in [7]. More recent studies address
the problem of optimally steering the state covariance of a linear
stochastic system over a finite time horizon [8]-[12], including
probabilistic (chance) constraints.

For discrete-time optimal covariance steering, the approach taken
by most of the current work involves three steps: 1) reformulate the
problem as an optimization problem in an augmented state space
that includes the entire history of the state; 2) relax the non-convex
chance constraints to convex constraints for a tractable convex
optimization problem; 3) solve the convex optimization problem
numerically to approximate the optimal control. One of the main
reasons for the above approach is that, when chance constraints on
the sample paths of the input and the state are present, the state-mean
and state-covariance constraints are coupled, which makes it difficult
to find the optimal control analytically [8], [9], [11]. When there
are no chance constraints, the desired terminal covariance can be
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replaced with a soft constraint on the Wasserstein distance between
the desired and the actual terminal Gaussian distributions, which
can be solved using a randomized state feedback control in terms
of a (convex) semi-definite program (SDP) [13]. Finite-horizon
covariance control has also been applied to a model-predictive-
control setting [14], [15], in which, at each time step, an optimal
covariance steering problem is solved in a receding-horizon fashion.

In addition to controlling the first two moments of the state
of a stochastic system, it is also possible to steer the entire state
distribution using optimization techniques [?]. The continuous-time
counterpart for the finite-horizon covariance steering problem is
investigated in [?], [?], [16]-[18]. By quantifying the uncertainty
directly, covariance control theory can be applied to various
practical scenarios, such as spacecraft landing [19], spacecraft
trajectory optimization [20], vehicle path planning [15], [21], and
aircraft motion planning [22].

Despite the success in finding an approximate solution to the
optimal covariance steering problem using convex optimization,
little is known regarding fundamental questions, such as the
existence and uniqueness of the optimal control. Additionally, very
little is known regarding the conservativeness of the approximate
solution compared to the optimal control, if one exists. In this
paper, we provide answers to these questions for the discrete-time
covariance steering case.

The contributions and technical challenges of this work can
be summarized as follows: We first establish an analytical result
(Theorem 1) on the existence and uniqueness of the optimal control
law for steering the state covariance of a discrete-time linear
stochastic system with respect to a quadratic cost function. In the
process of proving Theorem 1, the main technical challenge is to
derive useful necessary and sufficient conditions (Theorem 2) for a
critical property (Property |) of a matrix Riccati difference equation.
Then, in the absence of any chance constraints, we demonstrate
that the optimal state mean and covariance can be controlled
independently (Theorem 3). Lastly, we show that the optimal control
law can be computed by reformulating the problem as an SDP
(Theorem 4), and that the control law takes a state-feedback form
(Theorem 5). To the best of our knowledge, this is the first work
to analyze the existence and uniqueness of the optimal control for
steering the state covariance to any given terminal value in discrete
time and to show that the optimal control can be solved exactly.

The rest of the paper is organized as follows. The discrete-time
covariance steering problem considered in this paper is formulated
in Section [I. The existence and uniqueness of the optimal control as



well as the separation of the optimal mean and covariance steering
problems are shown in Section [II. The methods for computing the
optimal control are provided in Section ['V. A numerical example
is presented in Section V. For conciseness and ease of exposition,

most of the proofs and auxiliary results are given in the Appendices.

Il. PROBLEM FORMULATION

Consider the linear time-varying stochastic system corrupted by
noise,

Tpy1=Agxr+ Brug+Drwyg, k=0,1,...N—1,

M

where x; € R" is the state, uy € RP is the control input at time
step k, wy, € RY is the square-integrable noise independent of xy,
and uy, such that E[w;] =0 and Efwyw;] = I, and A € R™*",
By, €R™ P and Dy € R™*1 are the system coefficient matrices.

The initial state xy and the desired terminal state x are
characterized by their mean and their covariance matrices given by

Elzo]=fo0, E[(xo—f0)(@o—fi0)'] =0 >0, (2a)
E[Z'N] :,an
E[(zn—fin)(@n—in)' | =En=Dn-1Dy_;.  (2b)

Assumption 1. For all k = 0,1,...,N — 1, the matrix Ay is

invertible.

With Assumption |, we can define the state transition matrix
® 4 (k,¢) from time ¢ to k as

Ap—1Ap—2Ap,  0<U<EZN,
D4 (k0) =4 I, 0<(=k<N,
A AL ALY, 0<E<E<N.
The reachability Gramian G (k,¢) of (1) from time £ to k is defined as
G(k,0)2
S Akt 1)BiBI®a(ki+1), 0<L<k<N,
Onxns 0<¢=k<N,

S DA (kyi+1)BiBI® o (kyi+1)T, 0<k<{<N.

Assumption 2. System (1) is controllable from time O to N. That
is, the reachability Gramian G(N,0) > 0.

Assumption 3. Forall k=12,...N—1, range®4(N,k)Dy_1 C
range G(N,k).

‘We point out that, for system (1), Assumption 3 together with
Assumption 2 is a necessary and sufficient condition for all terminal
state covariances ¥ > D ~N—1D}_; to be reachable from a given
initial state covariance ¥ > 0 [?, Theorem 2].

The control input {ux }p ', is said to be admissible if each uy,
depends only on & and, perhaps, on the past history of the states

IThis assumption requires that the system xp1q1 = Apxr + Bruy is time
reversible. This is a reasonable assumption, as it follows from discretizing the system
z(t) = A(t)z(t)+ B(t)u(t) that Ay, = I,, + A(t)dt, where 8t is the discrete time
step, and for a sufficiently small §t, Ay is invertible.

Zo,T1,..., 2k, such that the desired boundary constraints (2) are
satisfied. Without loss of generality, we may assume that the desired
mean terminal state is fiy = 0. In this case, we introduce a cost
functional defined by

N—-1

J2E Zx%@kxk—&-uLRkuk s
k=0

©)

where O, = 0 and Ry, > 0 are matrices of dimensions n X n and
DX p, respectively.

Optimal Covariance Steering Problem: Determine the optimal
admissible control v, that minimizes the quadratic cost (3) subject
to the initial and terminal state constraints (2).

[ll. EXISTENCE & UNIQUENESS OF THE OPTIMAL CONTROL
The main theorem on the existence and uniqueness of the optimal
control is summarized below.

Theorem 1. Let So>=0and Sn = D N—1D} _;. Under Assump-
tions 1-3, the unique optimal control law that solves the covariance
steering problem for system (1) is given, for all k=0,1,....N—1, by

. -1
U,kz—(Rk ""BLHk—&-lBk) BLHk—HAkxk
— (Ri+ Bills1 By) ' BR@ 4 (N k+1)"

N-1
X ( > ®4(N,i+1)B; (Ri+BT41B,) "
=0

~1

where 11}, is the unique solution of the coupled matrix difference
equations

T, = A}TT 1 (In+ BeRy Bl ) Ax+Qr,  (50)
Ypp1= (—rn‘FBleRlleLHkH)71A’CE’€AIC

% (I,+T0s1 ByRy ' B) " +Dy D}, (5b)
So=%0, Sn=Sn. (5¢)

Furthermore, for all k = 0,1,..., N — 1, it holds that Ry, +
BiII;11By =0, where ®3(£,s) is the state transition matrix of

Ay 2 (L4 By Ry 'Billy1) Ay, k=0,1..,.N—1, (6)
from time s to {.

Remark 1. It will be shown in Section that the optimal
control (4) can be written in the form uj, = K}, (ack — uk) + vk,
where K, is the feedback gain matrix, py, is the state mean, and
vy, is the feed-forward term.

Remark 2. Notice that, unlike the case of the Kalman filter or
the linear-quadratic regulator problems, the Riccati equation (52)
does not have an initial or terminal condition, while the Lyapunov
equation (5b) has split boundary conditions (5¢). This distinction
poses major challenges in solving the coupled equations (5).

For ease of reference, an important property of the Riccati
equation (52) in Theorem | is summarized below.



Property 1. For all k =
Rk+B£Hk+1Bk>-O.

0,1, ..., N — 1, the matrix

At this point, it suffices to note that Property | does not follow
immediately from Ry, > 0, since IIj_; is not necessarily positive
semi-definite. Necessary and sufficient conditions for Property
to hold are provided by Theorem 2 in Section

Remark 3. Since Ry > 0, Property | implies that, for all
k=0,1,...,N — 1, the matrix I, + BkRngLHkH is invertible
according to the Sherman—Morrison—Woodbury formula [23].

Remark 4. In the continuous-time case, when D(t)D(t)" =
kBA)R™Y(t)B(t)" for some k > 0, there exists a closed-form
solution of 11(0) for the continuous-time counterpart of the
coupled matrix equations (5) [16], [18]. In the discrete-time case,
however; there may not be a closed-form solution for 11y even when
DD} = BleleL. Interestingly, a closed-form solution exists
for the discrete-time maximum entropy optimal covariance control
problem [24].

The rest of this section is dedicated to proving Theorem | and
the separation of the mean and covariance steering problems, for
which several intermediate results are needed. First, we show that
(4) is a candidate optimal control law, provided the coupled matrix
difference equations (5) admit a solution that satisfies Property 1.
Then, we give necessary and sufficient conditions for the Riccati
difference equation (52) to have a unique solution, which satisfies
Property 1. Next, we show the existence and uniqueness of the
solution to the coupled equations (5), which completes the proof of
Theorem 1. Finally, we show the separation of mean and covariance
steering problems.

Most of the proofs in this section are provided in the Appendices.
Specifically, Appendix A gives two auxiliary results which are
eventually used in the proofs of all the main results of this section.
Appendix B shows some properties of the Riccati difference
equation. Appendix C establishes some useful equalities and
inequalities of the state transition matrix of the coefficient matrices
of the Riccati difference equation. Appendix D proves several
equivalent conditions for the Riccati difference equation to satisfy
Property 1. Appendix E presents two auxiliary results for showing
the main results of this section.

A. Candidate Optimal Control

A candidate optimal control law is derived using a “completion of
squares” argument. To this end, let I, ITy, ..., Iy €R™*™ be sym-
metric matrices, and let ¢y, 11, ..., ¥ € R™ be adjoint state vectors
to be defined below. In view of (2), the expected values E [z ITozo],
E[x}VHNxN] , ]E[@Z)B:ro] , and E[ }VIN] are independent of the
control. Since adding to the original cost function (3) extra terms that
are independent of the control does not change the optimal control,
we obtain an equivalent optimization problem with cost function

N—-1

J=E [Z x}chxk +ULR]€U;€
k=0

+E [.%‘-IJ-VHN.%‘N —.%'BH()CL‘O +2’L/JTN$N — 2w8$0]

Z

(uf+ 2 AL 1 BrSy 41 BiS;, ) Sk

:El

N—-1
+3 [trace (g1 D DY)~} HB,CS,ng;wkH] :
k=0

o
Il
=)

X (Uk+5k1BLHk+1Akxk+Sleka+l)1

where Sj, £ Ry, + B} 111 By, 11}, satisfies the difference equation
(52), and vy, satisfies the difference equation

_ -1
Vo =A% (L + 11 BrRy, ' B) ™ g1 @)
Since Spy' [ trace (g1 Dy DY) — ¢h BiSy ' Bitht1] is
independent of the control, a candidate optimal control is given, for
all k=0,1,...,N —1, as follows
* -1
up,=—(Rie+Bjp1Br) Bl Agay,
~1
—(Rr+Bplx11Br)  Bphri1, (8
provided that Sy > 0, that is, if Property | holds. Hence, for all
k=0,1,...,N —1, the corresponding optimal process is given by
* — -1 *
Ty = (In+Bp Ry ' Billi1) ™ Ay
-1
— By, (Ry+BjI1;41By) By +Dywi. (9)
Let 1, = E[z}] be the state mean at time k = 0,1,..., N, which
satisfies the difference equation
=(I,+ByR;'BjIl;y1) A
pikr1=(In+Br Ry ' Billq1)  Agpin
-1
— By, (Ri+Bj11;41By)  Bjbetr, (10)

with boundary conditions p1o = fip and pn =i . In light of (7) and
(6), we can rewrite equation (10) as

- -1
pii1=Axpe—Br (Ri+BiIli1Br)  Bi®@a(Nk+1) Yy,
From the above equation and the boundary conditions 1y = fig and

UN = [in, We obtain

N-—1
fin=®3(N,0)iig—y  4(N,i+1)B;(Ri+B/I;11B;)”
1=0

1

X B]®3(Ni+1)"y. (11
To proceed, we make use of the fact that

N-1

> ®4(N,i+1)B; (Ri+B;41B;)~ Bl®(N,i+1)" >0,

i=0
(12)

which is proved in Lemma 2 in Appendix A. From equations (1 1)
and (12) we obtain an expression of ¢y . It then follows from (7) that

V1=

N—-1
&4 (N k+1)T (Z@A(N,Hl)Bi (Ri+B/1L11B,) " B!
=0
-1
><<I>A(N,i+1)T> (@A(Nﬂ)ﬂo—ﬂN). (13)



Plugging (13) into (8) and (9) yields (4).
It is clear from (9) and (10) that
* - -1 *
w1 — k1 = (In+Br Ry ' Billpsn) ™ Ag(ah — )+ Dywy.

Therefore, the state covariance Xy, £ E[ (2} — ) (z}, — pur)7| at
time k = 0,1,..., N satisfies the difference equation (5b) and the
boundary conditions (5¢) in light of (2).

We have thus shown the following result.

Proposition 1. Under Assumptions | and 2, let 11}, ), € R™*"
be such that, for k =0,1,...,N — 1, Property | and the coupled
equations (5) hold. Then, the state feedback control u* given by
(4) is optimal for the covariance steering problem. Furthermore,
if there exists a unique solution to the coupled equations (5), then,
the optimal control u* is unique.

Since Ry, »10 can always be absorbed into By, by re-defining
B, & ByR,. ?, without loss of generality and for the sake of
notational simplicity for the rest of the paper, unless stated
otherwise, we assume I, = I,,.

B. Riccati Difference Equation
In this section, we give a necessary and sufficient condition for

the unique solution II; of the Riccati difference equation (52) to
exist from time 0 to IV. A stronger condition for the solution of (52)

to also satisfy Property | is provided as well. To this end, let,
N A +BkB]£AI;TQk —BkBLAI;T N Mk,l Mk)g
k: =
—A.TQy AT Myz Mya
14)

It can be checked that M, is invertible, since A,;T and its Schur
complement Ay, + By BL A, Qi — B BL A, TAL A TQ = Ay, in
M, are invertible. Let @, (k,s) denote the state transition matrix
of M, from time s to k decomposed as follows

(I)ll (k ,S)

Doy (k,s)

@12(/€,8)

q)M (k75) é
q>22<k,8)

(15)

First, we give the condition for the existence of a solution to the
matrix equation (52).

Proposition 2. Suppose Assumption | holds. Given an initial
condition 11y, (52) has a solution from time 0 to N if and only if, for
all k=0,1,...,N, the matrix ®11(k,0)+ D12(k,0)I1 is invertible.
In this case, the solution of (52) is unique and is given by

—1
I, = (@zl(k,o)+q>22(k,0)no) ((I)ll(k,0)+¢12(k,0)1'[0) .
(16)
Moreover, for all {=0,1,...,N,

1
I, = (@zl(k,£)+<1>22(k,£)m) (@11(k,£)+<1>12(k,£)m) :
a7

Proof. The proof of Proposition 2 is given in Appendix B. |

A number of necessary and sufficient conditions for the
solution of the matrix Riccati difference equation (52) to
exist and to satisfy Property | are summarized below. Before
proceeding, and for the sake of notational simplicity, define, for
all k = 0,1,...,N — 1, the matrices L, = ®y;(k,0)"*A, ' By,
T}, 2 1,4+ Bj A, (Qr— ©21 (k,0)®11 (k,0) ) A; ' By, - 0, and

T 0 0 0 |LL

0 They O O |LL,

B I 171 R PR
0 0 0 :
0 0 0 Tl | L

Theorem 2. Under Assumption |, the following statements are
equivalent regarding the solution 11, of (52).

i) Forall k=0,1,...,.N —1, I,+ B} 11} ;1 By, > 0 (respectively,
forall k=0,1,...,N, 11}, exists).

i) Forall k=0,1,...N —1, I, — BLA; " (I, — Qx) A;, " By, = 0

(respectively, is invertible).

iii) Forall k=1.2,....N —1, Uy, Uy /Ux—1 >0 (respectively, are
invertible), where Uy, /Uy _1 denotes the Schur complement
of the block Uy, _1 in the matrix U,

iv) Forall k=0,1,...N —1, Uy 0 (respectively, is invertible).
v) Un—1>0 (respectively, is invertible).

vi) For all k 0, 1, ... , N, the eigenvalues of
I, + ®11(k, 0)~1®19(k, 0)Ily are positive (respectively,
are nonzero).

vii) All eigenvalues of I, +®11(N,0)~*®12(N,0)ILy are positive
(respectively, are nonzero).

Under Assumptions | and 2, any of the above statements is also
equivalent to the statement that

o+ ®12(N,0) " @11 (N,0) <0 (respectively, is invertible).

Proof. The proof of Theorem 2 is given in Appendix D. |

C. Existence and Uniqueness of the Solution

In this section, we show that the solution of the coupled matrix
difference equations (5) exists and it is unique. First, we need an alter-
native expression for the state transition matrix of Ay, in Theorem 1.

Proposition 3. Under Assumption |, suppose the condition in
Proposition 2 holds so that (52) admits a solution 11, from time 0
to N. Then, for all s,k =0,1,...,N, the state transition matrix of
Ay, is given by

D 5 (k,8)=P11(k,s)+P12(k,s)IL. (18)

Proof. When s =k, we can check that ® 5 (s,s) = I,,=®1:(s,5) +
D15(s,8)I1(s). It is easy to verify that D 5 (k,s) = Ap_1P 3 (k—1,s),



regardless of k> s or k < s. From (15) and (17), we have ®1; (k,s)+
@12(1/”';5)1_15 :Ak—l ((I)ll(kf 155)+®12(k7 135)1_[5) |

The solution of the covariance equation (5b) is given as follows.

Proposition 4. Let Assumptions | and 2 hold, and suppose
Iy < —®15(N,0)~1®11(N,0). Let So =g = 0. Then, the solution
Y, of (5b) from time O to N is given by,

Y1 =P 4 (k+1,0)20®@ 4 (k+1,0)
k
+3 P (k+1,i+1) D D[P (k+1i+1)T,
1=0

(19)

where ® 3 (k,s) is given by (18) and 11}, is given by (16). For all
£=1,2,...,n, if € eigenvalues of Ty go to —oq, then, { eigenvalues
of X n approach +oco. Furthermore, when Assumption 5 also holds,
if £ eigenvalues of —®12(N,0) 1@, (N,0) — 1 go to 0, then, {
eigenvalues of Xy — Dy _1 D} _, approach 0.

Proof. Clearly, (19) is the solution of (5b). It follows from
Corollary 2 and [?, Lemma 4] that if ¢ eigenvalues of 1 go to —oo,
then, ¢ eigenvalues of I,, + ®11(N,0)~1®5(N,0)IIy approach
~+00. Since (I)A (N,O) = (I>11 (N,O) [In+(I)11 (N,O)_lq)lg(Nﬁ)HQ] )
from the invertibility of ®1;(NV,0) and the fact that ¥y > 0 it
follows that ¢ eigenvalues of ® 3 (N,0)2¢® 3 (NV,0)" approach +oo.
In light of (19), ¢ eigenvalues of > approach +o0c.

Let Assumption 3 hold. Let P < —®15(N,0)~1®y;(V,0) such
that ¢ eigenvalues of —®5(N,0) " ®;;(N,0) — P are 0. Since
®11(N,0) is invertible, it suffices to show that, as ITo — P, then,
¢ eigenvalues of ®11(N, O)*l(EN — DN_lD}V_l)@H(N, 0)~T
approach 0. In view of (19) and the fact that 3o > 0, if £ eigenvalues
of ®11(N,0)" (Sy — Dy—1D}_;)®11(IV, 0)~" approach 0,
then, ¢ eigenvalues of I, + ®11(NV, 0)"1®15(V, 0)II; go to
0. In light of [?, Lemma 4], only the positive eigenvalues of
Iy can possibly make I,, + ®11(N,0)"1®15(N,0)IIy singular.
Hence, it suffices to consider the case when P > 0. The case
when P is not positive definite can be reduced to the case
when P >~ 0. Since —®15(N,0)"'®1;(N,0) = P = 0 and
¢ eigenvalues of —®15(N, 0)"'®1(N,0) — P = 0 are 0, it
follows from Woodbury matrix identity [23] that ¢ eigenvalues
of P71 — (= ®11(N,0)7'®15(N,0)) = 0 are 0. Hence, we
can write P = ( — ®11(N,0)71d15(N,0) + ITT)fl, where
I' e R™* (=0 and rankI'=n—£. In view of the Woodbury identity,
as Iy — P, then, I, + ®11(N,0) ' @12(N,0)IIg — —I'(I—¢ —
T"®y5(N, 0)~1®15 (N, O)T) 'T7®15(N, 0)~1®;; (N, 0). Let
z € ker(I'T") be a nonzero vector, then, 2'T" = 0. It follows that,
as ITy— P, then, I,,+®1; (N,0) "1 ®15(N,0)IIy approaches some
matrix for which z is in its left null space.

Next, we show that as IT, — P, then, for each 1=0,1,.... N —2,
®11(N,0)71® 4 (N,i + 1) D; approaches some matrix for which
z is in its left null space as well. Let ¢ = 0,1,... , N — 2
be fixed. From Assumption 3, (48), and (49), it follows that
range D; C range ®11(N, i + 1)71®15(N, i + 1). Since
®,; is invertible, it suffices to consider the left null space of
(I)ll(N,O)il(I)A(N,’L.—F1)@11(N,i+1)71@12(N,i+1)@11(N,i+
1)T(I)11(N, 0)_T = @11(]\[, O)_l [@11([\[, i + 1)@12(]\[, 1+

1)T + (1312(N,i + I)Hi_;,_l(blg(N,Z' + 1)T](I)11(N, O)_T. From
(15) and Lemma 4 it follows that —®;; (N, 0)~*®15(N, 0) +
(I)ll(i + 1,0)71@12(2. + 1, O) = _(I)ll(i + 1, 0)71@12(1\7,1. +
1)®41(N,0)" "2 W =0. In view of (53), it follows that as TTo — P,
then, (I)ll(Na 0)_1 [(I)]_l(N,i + 1)(1)12(N,Z + 1)T + @12(N,Z' +
I)Hi+1(b12(N,i + 1)T] (I)H(N, 0)_T — W(FFT + W)+W - W,
where M denotes the pseudo-inverse of the matrix M. Thus, it suf-
fices to show that 2" [W(FI™+ W)W — W] =0. Let rank W =r
and rank [W T| = m, where r < m < n. With an appropriate
coordinate transformation, we can partition W and I" as follows:

Wi Orx(nfr) Iy
Whsn= O(m—r)xr 0 s an(n,g)z Iy,
O(nfm)xr 0 0
where Wi € R™", Wy »= 0, Iy € R 9 and

[y € ROIx(=0 Yet 2 = [2] 2 2}' € R™, where
z1 € R, 29 € R™", and 23 € R* ™. Since z'T" = 0, we
have z]I'1y + 2}y = 0. Since ', = 0, it follows that
AT Py = 205P, = 0. Since W — W(W + ITT)*W =

Dy Po(Ine g+ PTTW T ) LRI Oy

, where
O(n—T)Xv' 0(n—7")><(n—7")

Py & I,y — T5(ToIT)"ITy [?, Lemma 5], we can verify

that 2"(W — W(W + IT")TW) = 0. Since z can take ¢

linearly independent values, in light of (19), ¢ eigenvalues of

YN—Dn_1D},_; approach 0. [ |

Proposition 4 can be used to provide an explicit map from I,
to X for the coupled matrix difference equations (52) and (5b)
with ¥ =3, > 0. Specifically, from (19) we can write

N-1
Yy=04(N,0) [20+ > ®4(0,i+1)D;D® 5(0,i+1)"
=0
x®5(N,0). (20
Let P £ {Il € R™" Il = II" < —P15(N,0)'®11(N,0)} and
RE{ZeR™"S=%">Dy_1D},_, }. From (20) and (18), let
f:P—R be defined by Xy = f(Ily), where

J(Ilp)= (¢11(N,0)+<1’12(N70)H0> {Eo
N-1 .
+Z(<I>11(i+1,0)+<1>12(i+1,0)1'[0) DiDzT(q)u(HLO)T
i=0
—1
Hl®15(i+1.0)") }(<I>11<N,0>T+Ho<1>12(N,0)T). @1

Remark S. In light of Proposition I, under Assumptions | and 2,
if ¥y €image(f) CR, then, the control u* given by (4) is optimal
for the covariance steering problem.

To proceed, we compute the Jacobian of the map f defined
by (21). For notational simplicity, we will use the notation
@ZO £ &,;;(k,0), where 7,5 € {1,2} and let All, denote a small



increment in IIy. Then, from [25] we can write
@)zﬁﬂ,0+@§;1,0H0+@§;1,0AH0> _12(@%1’0‘*“1)3;1’01'[0) -1
_ (q)g-{l,o_’_q)gl,ono) 71‘13?2’1’0AH0 (¢>§T1’°+¢>§§1’°H0) -1
+O(HAH0H2).

After collecting all the first order terms of Allj, we obtain

f(HO —|—AHO)—f (Ho):O (HAH0H2)+¢)§’O |:WN,0AH020
) N-1
+X0 Al Wi o+ Z [(WN,O ~Wit1,0) Al P;
i=0

+P;Ally (WN,OVVi—&-l,O)H (<I>A]Y’°)T, (22)

where ®3° £ &4 (N,0), and, for k=0,1,...,N, P, £ (Q)ﬁl’o +
_ -1 : : -t
@501o) D] ((B1) + 1o (@31)7) 0, and

AN
Wio=

)

(23)
-1
(In+¢>H(k,0)*1q>12(k,0)no) By, (k,0) 1D 1a(k,0) <0.

Given an n x n matrix H = [h;;], its vectorized version is
VGC(H) £ [hll hnl hlg th hln hnn]T Define the
map [ : {vec(Ilp) e R [Ty € P} — {vec(En) €R™ |y € R}
such that f(vec(Ilp)) = vec(f(Ily)), where f is defined in (21).
It follows from vectorizing both sides of (22) that

[ (vec(Ilp)+vec(Ally) ) — f (vec(Ilp) ) =
0 (vee(Tly)) vee (Allo) +O || AL |*),

where,

O f (vec(Ily)) = CI)A]Y’O ®<I>g’0 [Eo QW0+ Wn o2

N-1

+ Z {Pi® (WN,O _Wi+1,0) + (WN,() _V[/i+1,()) ®]Di:| } , 24
i=0

where ® denotes the Kronecker product. Thus, of (Vec(HO)) is the
Jacobian of the map f at vec(Tly).

Finally, we are ready to show the existence and uniqueness of
the solution to the coupled matrix difference equations (5).

Proposition S. Let Assumptions /-3 hold. Then, for any given
30 >0, the map f defined by (21) is a homeomorphism. Thus, for
any X €R, there exists a unique 11y € P such that ¥ = f(I1p).

Proof. Clearly, 9 f (vec(Ilp)) is continuous in vec(Ilp). First, we
show that, for each Iy € P, df (vec(Ily)) is nonsingular. Since
@g’o ®<I>g’0 is nonsingular, it suffices to show that the term in the
large square brackets of (24), that is, S = Xo @ W0+ W o®@Xo+
Zij\;_ol {B‘@ (Wr0—Wis10)+(Wno—Wit10) ®Pi] is nonsin-
gular. From Lemma 4 and Corollary 2 in Appendix C, we have that
®11(N,0) and P12(V,0) are invertible. It then follows from (23)
that W o = (B12(N,0) @11 (N,0)+11p) . Since ITy € P, we

have Wy o <0. From Lemma 7 in Appendix E, it follows that, for
alli=0,1,...,.N =1, Wy o—Wi1,0 = 0. One can readily check that
S is symmetric, because Yo+ 0, Whno =<0, P>=0,and Wy o —
Wit1,0 =20 are all symmetric. Let X #0 be an n xn matrix. Then,

vec(X)"Svec(X)
N-1
—=trace (XTWMOXEO +XT20XWN,0+ Z {XT
i=0

X (Wio—Wig1,0) X P+ X"PX(Wyo— Wi+1,0)} >
< trace (io X Wy X5§+55 X W0 XT55 ) <0.

Thus, S < 0. Therefore, 9 ( vec(Ilp)) is nonsingular at each
vec(Ilp) in the domain of f.

Next, we show that f is proper, that is, for any compact subset
K C R, the inverse image f~1(K) C P is compact. Since K is
bounded in R™*™, in view of (21), the set

{(onrolm)so (@) +mo@y")) moe )

is also bounded in R™*™. Since 3, and &%, are invertible, £~ (k)
is bounded in R™*™. In light of Proposition 4, as I1y approaches the
boundary of P, then, ¥ 5 approaches the boundary of R. Since f
is continuous and K is closed in R"*", the inverse image f~*(K)
is also closed in R™*™. Therefore, f~1(K) is compact, and thus
f is proper. Since the set R is convex, it is simply connected [26].
From Hadamard’s global inverse function theorem [26], f is a
homeomorphism. |

D. Separation of Mean and Covariance Steering

In this section, we establish the independence of the optimal
mean steering and covariance steering problems.

Theorem 3. Under Assumptions | and 2, the optimal control (4)
can be written in the form

uj, =K (), — ) +or, (25)
where Kj, = —(Ry, + Billjy1By) " Billyy1 Ay, is the state
feedback matrix, i, = E[xz}] is the optimal state mean given by
= (@12(k0) = @12(k0)P12(N.0) @11 (N.0) ) 1
+®15(k,0)@12(N,0)  fin,  (26)
and vy, is the optimal feed-forward control term given by

op =~ R B (@21 (k+1,0) ~ @z (k+1,0)@12(N,0) !

><q>11(N,O)),10—R,;lB;%(k+1,0)<1>12(N,o)—1;1N. 27)

Proof. First, let
By £ By, (Ry+Bj1l41By) 2. (28)

Let G(k, s) denote the reachability Gramian of the pair
{(4;,B;)|i=s,s%1,...,k} from time s to k. From Lemma 8 in



Appendix E, it follows that G'(k,s) = —®12(k,s)® 3 (k,s)". In light
of (4) and (25), we have

—1
Kp=—(Ri+BiIy11By)  Billi1Ay. (29)

To show (26), notice that from (10), (13), (56), and (18), it follows
that 1y, = (P11(k, 0) — @12(k, 0)P12(N, 0) " @11 (N, 0))io +
®19(k,0)P12(N,0) 1. Next, we show (27). In view of (4), (25),
(26), and (56), we obtain

e= [Kk (@11(/@,0)—<I>12(k,0)<1>12(N,0)*1@11(N,0))
+ (Ry+ByIly.41By) TUBL®4(0k+1) 1a(N0) !
% ®A(N.0)| o+ [ K12k ,0)@1(N,0)~*
(Rt BT 1 By) BI040+ D 1o(N.0) .

Since ¥, (k,0) = Mk_lfbM(k+ 1,0), it follows from (39), after
replacing By, B}, with BkRk_,lBL, that

By (k,0)=A; '@y (k+1,0)+ A ' B R, By ®o (k+1,0), (30a)
D19(k,0)=A; ' ®12(k+1,0)+ A, ' B R, Bl ®22(k+1,0). (30b)

From (29), (30b), (18), (46a), and (45), it follows that the coefficient
for iy in vy, is — R, ' B ®az(k + 1,0)®@12(V,0)~ 1. Similarly,
from (29), (30), (18), (46a), (45), and (16), it follows that the
coefficient for fig in vy, is —Ry, ' BJ (P21 (k + 1,0) — ®oa(k +
1,0)(1312(N,0)_1q)11 (N,O)) . Thus, (27) holds. |

Remark 6. Note that in the optimal control (25) the state feedback
matrix Ky, depends on 111, which is determined solely by the
initial and terminal state covariances. On the other hand, the
state mean dynamics iy, and the feed-forward control term vy, are
determined solely by the initial and terminal state means.

IV. COMPUTATION OF THE OPTIMAL CONTROL

In this section, we propose two numerical algorithms to solve
for the optimal control law of the covariance steering problem
formulated in Section II. The first algorithm adopts Newton’s root
finding method to compute 11 by exploiting the map f given by
(21) and its Jacobian, given by (24). The second algorithm recasts
the optimal covariance steering problem as a convex optimization
problem, specifically, a semi-definite program (SDP). It is shown
that the optimal solution to the SDP problem also solves the original
non-convex covariance steering problem.

A. Newton’s Method

We describe an approach based on Newton’s root-finding method
for solving the optimal covariance control problem.

The first step is to absorble > 0 into By, by defining, for
k=0,1,...N—1, By, éBkR,;5 and Ry, = I,,. For ease of notation,
we will substitute By, and Ry, below with Bk and Rk respectively.
The second step is, for 4,7 =1,2 and k=0,1,...,N —1, to determine
the coefficient matrices ®;;(k+1,0) and ®;;(N,k) from (15). The

third step is to compute I using Newton’s method. That is, starting
from an initial guess of Iy o € P, iterate the equation

vec(HoJ_s_l) :vec(Hoﬂv) — [8]_"’ (VGC(HOJ'))}
X |:f(VeC(HO7i)) —vec(i)N)} ,i=0,1,...,

where Il ; denotes the value of I, at the ith iteration of the
Newton’s method. This iteration should be terminated when
|| f (vec(Ig ) — vec(Sn) | is sufficiently small. The fourth step
is, for k=0,1,...,N —1, to calculate II;,; via (16) and @3 (N,k)
via (18). Finally, the optimal control «;, can be computed using (4).

B. Semi-Definite Program

In this section, we develop an SDP-based formulation for solving
the optimal covariance control problem. Our approach extends the
results of [13] by showing that the calculated control law is globally
optimal among the class of all admissible, linear or nonlinear
feedback control laws. First, it follows from Theorem | that, with
Assumptions |-3, the optimal control takes the state feedback form.

The next proposition states that without Assumptions 1-3 the
optimal control that solves the covariance steering problem takes
the form of a randomized state feedback control. This result, of
independent interest, illustrates the fact that the solution of the opti-
mal covariance steering problem belongs to the class of randomized
state-feedback controls. In case the additional Assumptions |-
hold, this randomization can be injected implicitly by the state zy.

Proposition 6. For any admissible control i, of system (1), there
exists a control v of the form

g = K (@ — ) + ok 4, (3D

where K, € RP*™ is the state feedback matrix, vy € RP is the
feed-forward term, uy, = Elzg], and v, € R? is an independent,
square-integrable random vector with E[vy,] =0 and E[vyv}] =0,
such that, for all k = 1,2,...,N, the covariances of the state xy,
under U and u are the same and have the same cost (3).

Proof. Let the state covariance of system (1) under the control
@ be denoted by Y. Let 9y, £ E[i,]. Notice from (1) that, for all
k=0.1,..N—1,

2k+1:E[(Ak(QTk—Mk)‘FBk(ak—@k))
X (Azc(m—uk)*-Bk(ﬂk—@k))T} +Dy D},
= AR S A By ST AT+ A S BI4+-BL S Bi4+-Dy Dy, (32)
where 39 £ E[(d, — ox)(zx — )'] € RP*" and
S £ El(ae — O) (@, — )7 € RP*P are treated as the
control in (32). Let z € kerXy. Then, it follows that (xp—pug) 2=0

almost surely. It follows immediately that ¥}*z = 0. Thus,
ker ¥j, C ker X}*. Therefore, there exists Kj € RP*™ such
Sy Sy

Moy
S = K 3y, it follows that 3¢ = K332, K7, [27, Theorem 1.20].

that f]};‘” = ka]k. Since > 0, f)k > 0, and



Hence, there exists V. > 0 such that f]};“ =Ky, by K+ V. Then,
(32) can be written, equivalently, as

Sk = (Ap +BkKk)§:k (Ak—i-BkKk)T-I—BkaBL-&-DkDL
(33)
where K and V), are the control variables of (33). Clearly,
the covariance equation (33) can be achieved by a control of
the form (31), where v, = 9 = E[ug] and E [v1)] = Vi, = 0.
Notice that E[(uk — ) (zp — /ik)q = KXy = f)};w and
E[(uk—vk)(uk—vk)T] :KkikK;—‘r‘/k:izu

Furthermore, the cost function (3) for % is

J= Z trace (QkE [xkxk] ) +trace (RkE [ukuk] )

N

Z race(Qk Ek+ukuk)) +trace(Rk (izu+f)k@£))
k=0

From (32), 3 is determined by ST and U, Since
pk+1 = Agpr + By, p is determined by 9. As u can
achieve the same X%%, %%, and ¥ as 4, their costs are the same. Il

Let py = Elzy], Xp = E{(xk — ) (@ — )]s o = Efug),
Yk = E[(uk - vk)(uk 7vk)T s and Uk = E[(uk - vk)(xk 7/1,]6)1 .
Using the properties of the trace and the expectation operator [8],
along with the covariance propagation equation (32), the optimal
covariance steering problem can be written in the equivalent form

N-1
min J=) trace Y ) +trace( RLY;
2k Uk, Yi s e s Vke ; (Qk k) ( K k)
+ 13, Qe pr+ v, Ry, (34a)
such that, for allk=0,1,....N —1,
i1 = Appir+ By, (34b)
ApYp AL+ BrU AL+ AyUL B+ Dy Dy,
+B.Yi By, — X1 =0, (340)
Y Ul
A ) (34d)
U, Y
Ho=[o, MN=[N, (34e)
Y=o, En=2n. (34f)
The optimization variables of (34) are >4, X, ..., Xn—1, Ug, U1,
o UN=1, V0, V1, oy UN—1, [15 [425 ooy UN—15 Y0, Y1, oy YN 1,

whereas g, pn, o, and X are given. To this end, we have
shown the following result.

Theorem 4. The optimal solution to the convex problem (34), if it
exists, is the same as the optimal solution to the covariance steering
problem formulated at the end of Section II. If either optimal
solution does not exist, neither does the other:

The cost function (34a) can be further decomposed into

J= Jg(zk,Uk,Yk)—FJu(,u,k,’Uk), where

N-1
Js & Ztraee(QkEk) —l—trace(RkYk),
k=0
N—1
Ju = ZMLQ’CH’]C +uy, Ry v,
k=0

Since there is no coupling, the two optimization problems of .J,,
and Jx; can be treated separately. The optimization of J,, subject to
the constraint (34b) and the boundary condition (34¢) is the mean
steering subproblem of (34), which is straighforward and can even
be solved analytically [28]. We therefore focus solely on the opti-
mization of Jy subject to (34¢), (34d), and (34f), which is an SDP
and will be referred to as the covariance steering subproblem of (34).

If, for all k=0,1,...,N —1, 3 >0, then, the covariance steering
subproblem of (34) becomes

N—-1
g in = kzzotrace(Qka) +trace(Ry V), (35)
such that, for allk=0,1,....N —1,
Cr2UY; UL Y, =0, (35b)
GkéAkaA};—‘erUkA};—l—AkU;BL
+BkYkB£+DkDL—Zk+1 =0, (35¢)
Yo=%0, Ln=Xn. (35d)

Remark 7. We can find the solution 11;; of the coupled matrix equa-
tions (5) as follows. First, from the SDP solution of (35) we obtain
Uy and . Then, from K, = UkElzl, we obtain Ay, = Ay, + B, K.
Next, we compute the state transition matrix ® 3 (N,0). Lastly, since
®11(N,0) and ®15(N,0) are known, we can recover Iy from (18).

In the rest of this section, we show that the optimal solution to
the SDP problem (35) satisfies, for all k=0,1,...,N —1, C, =0.
From the definition of Uy, in (34), there exists K} € RP*™ such
that Uy, = K,2. Then, it follows from Cj, =0 that Y}, = K};3, K.
Hence, the optimal solution to (35) takes the state feedback form,
as expected. To show Cj, =0, we first need the following result.

Lemma 1. Let A and B be n X n symmetric matrices with
A»0, B=0, and trace(AB) =0. If B has at least one nonzero
eigenvalue, then, A is singular.

Proof. Since A > 0 and B < 0, the product AB has only

non-positive eigenvalues )\; < 0, where, for ¢ = 1,2,...,n
A; €spec(AB) [23]. It follows from trace(AB)=0=3 ., \; that
spec(AB)= {0} Now we assume A 0. Since the matrix ABis

similar to Az BAz, we have bpec(AB) =spec(A 1 BA? ) {0}.
Furthermore, B is congruent to A>BA3 , and thus both matrices
have the same number of zero and nonzero eigenvalues. It follows
that all eigenvalues of B are zero, which is a contradiction.
Therefore, A has to be singular. [ |

Theorem 5. Let Assumption hold, and let the Slater’s
condition [29] be satisfied. Then, the optimal solution to the SDP
problem (35) satisfies, for all k=0,1,... N —1, C, =0.



Proof. Using the Lagrange multipliers M; and Ay for the
constraints in C}, and Gj, respectively, we define a Lagrangian
function as

N-—-1
C(Ek,Uk,Yk,Mk,Ak) = jz+ Ztrace(Mng)
k=0
+trace(A,Gr).

Since Slater’s condition holds, it follows that strong duality and
the KKT conditions also hold [29]. The first-order optimality
conditions are

oL
Tzk:Qk_lelU;MkUkElzl+A-lrcAkAk_Ak*1 =0, (36a)
oL 1, opT
67[]]6:2MkUkEk +QBkAkAk:O, (36b)
oc i
Tn:RkiMk#»BkAkBk:O’ (36¢)
Gr=0, Cp=0, M;=0, (36d)
trace (M,IC;C) =0. (36¢)

Next, we prove that the optimal solution to (35) satisfies, for all k,
C}, =0. To this end, assume that, for some &, C}, has at least one
nonzero eigenvalue. In light of Lemma | and the complementary
slackness condition (36¢), it follows that M}, has to be singular.
The optimality condition (36b) can be rewritten as BjA, =
—MUX, P A, t. Substituting the above equation into (36¢) yields

Riy=My(L,+UyS; " A, ' By). (37

Calculating the determinants of both sides of (37), yields
det(Ry) = det(Mj,)det (I,+ U, ' A ' By) =0.

This clearly contradicts the fact that Ry > 0. Therefore, at
the optimal solution to problem (35), the matrix C}, has all its

eigenvalues equal to zero. Since Cj, = 0, it follows that, for all
k=0,1,..N—1,C,=0. [ |

Corollary 1. Let Assumptions |-3 hold. Then, the optimal solution
to the SDP problem (35) satisfies, for all k=0,1,.... N—1, C}, =0.

Proof. For Slater’s condition, it suffices to find some strictly
feasible values of X, Uy, and Yy, such that, for all k=0,1,...,N —1,
Cr <0 and Gy, =0. For some ¢ >0, let C}, = —eI,,. This choice
corresponds to a new system, where the noise coefficient
matrices D), are replaced with Dy, such that, for some ¢ > 0,
Dy D}, = Dy, D}, + By, By.. Then, it follows from [?, Theorem 3]
that, for a sufficiently small ¢, all terminal state covariances SN -
Dpy_1D},_, are reachable when the new system starts from a given
initial state covariance ¥ - 0. Thus, the Slater’s condition holds. H

V. NUMERICAL EXAMPLE

In this section, we use a two-dimensional system to illustrate our
theoretical results. Specifically, we consider a linear time-invariant
system over a horizon of N = 30 steps, and we seek to design a
feedback controller to steer all trajectories with initial conditions
distributed according to a given Gaussian distribution to another

given final Gaussian distribution within the time horizon. It is
assumed that the state-space matrices are given by

1 02 0.02

0.2

04 0
04 06|

0 1|

The boundary conditions and cost function parameters are
_ 5 -1 _
Yo= DY
-1 1

0.5
-04 2

—04| |30
, Moo= )
-5

N=

0
UnN = 0 , Qr=0.51, RL.=1.

We compute the optimal controller using both approaches in
Section [V. Namely, we first compute the optimal control using
Newton’s method, as described in Section . Ten sample paths
along with their mean and their covariance ellipses are shown in
Figure 1a, where the initial and target state means (respectively,
the initial and target three-standard-deviation tolerance regions) are
marked with red dots (respectively, red ellipses), and the optimal
state mean (respectively, the optimal three-standard-deviation
tolerance region) at each time step is marked with a black dash
(respectively, a blue ellipse). Then, using the SDP method described
in Section , we also solve the corresponding optimization
problem using YALMIP [30] and MOSEK [31]. The optimal
solution is shown in Figure |b, where ten sample paths of the
optimal process are plotted, along with the optimal state mean and
three-standard-deviation ellipses. As expected, the two solutions
are identical. However, our experience has shown that Newton’s
method is very sensitive to initialization and does not scale well,
with higher dimensional systems and longer time horizons. On the
contrary, the SDP method is numerically more robust and scales
much better with the problem parameters.

VI. CONCLUDING REMARKS

We have established the existence and uniqueness of the optimal
control for the covariance steering of a discrete-time linear stochastic
system. We have also shown the separation of the optimal mean and
the optimal covariance steering problems, and have demonstrated
that the exact covariance steering problem can be recast as a convex
semi-definite programming problem, which can be solved efficiently
using standard convex solvers. In the process, we have investigated
various properties of a matrix Riccati difference equation that shows
up in the solution for the optimal control. In the future, we would
like to study the optimal covariance steering problem for stochastic
systems subject to multiplicative noise and chance constraints, and
to develop efficient data-driven algorithms for estimating the noise
covariance for real-life engineering problems.
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APPENDIX A

In this appendix, we show two auxiliary results for proving
Proposition 1, Proposition 7, and Lemma
Lemma 2. Suppose Assumption 1, Assumption 2, and Property
hold. Then,

N-1

> ®4(Ni+1)B;(R;+ B, B;)

i=0

"BI® 4 (Ni+1)" 0.

Proof. Tt is clear that we can write Zi]igl D5(N, i +

].)BZ(.RZ + BIHztle)ilBZ(bA(Nvl +_ l)T f EAE‘T’ _where
= £ [BN—l AN_lBN_Q AN—IAN—2 AIBO]
and A £ blkdiag [(Rn—1 + By_;IInBy_1)"!, (Rn—2 +

BTN_QHN_lBN_g)il, R (R() + BBHlBo)fl} . From
Property 1, A > 0. Thus, it suffices to show that
rankZ = n. From Assumption 2, the reachability Gramian

G(N,0) = 0. From the Woodbury formula [23], we can write



Ay = A+ By F), for some F, € RP*™_ Tt follows that range= =
range [BN—l AN_lBN_Q
Therefore, rank==mn.

The following result is used to show the monotonicity of the
solution to (52) and of the matrix W}, o defined by (23).

Lemma 3. Let X -0 be a j X j matrix, written as

xo [ A2 g
X] Xu

where X4 is an 1 X © matrix for some i < j. Let Y be an t X @
symmetric matrix. Then,
-1
X7 X5 Y 0
= >~ (respectively,=)
X7 Xy 0 0

— X[ (respectively,=) Y.

-1

Proof. The fact of X > 0 implies that X; > 0 and its Schur
complement X/X; £ X, — X;Xleg > 0 [23]. Using the
expression for X 1, we get

ZEX- Yoo
0 0

XX XX/ X)X Y X X (X X)
—(X/X0) XX (X/X1)™

We can check that the Schur complement of (X/X;)~!in Z is
X1V, Since (X/X;)~ 10, it follows that Z > 0 (respectively,
Z = 0) if and only if the Schur complement X, 'y s~o0
(respectively, X; ' —Y =0). |

APPENDIX B

In this appendix, we give the proof of Proposition 2 in Section
, along with some related results that are used to prove Theorem 2.

Proof of Proposition 2. First, we show that if, for a given initial
condition Iy, equation (52) has a solution from time O to N, then,
this solution is unique. Let S,, be the set of n X n symmetric
matrices. In view of (52), it suffices to show that the map g: {II|II€
Sn, I,+ BBl is invertible} — S,, with B € R"*P, defined by

g: Tl TI(I,+BB) ",

is injective. Suppose H = g(II) for some II. If H is invertible, then
IT must be invertible. It follows that H = (H*1 —|—BBT) 71. Then,
M= (H~*—BB") " is unique.

If H is singular, then any II that satisfies H = ¢(IT) must be
singular. Moreover, for any such II, we have ker H = kerll, since,
for some z € R™, 2"H =0 if and only if z"II = 0. Hence, we can

AN_lAN_Q AlBo] = R™.
|

quotient out the common kernel of H and ﬂ §ince H|II €S,
there exists an 7 x n orthogonal matrix V£ [V V] such that

A oV o
il U PR | R
0 offvT
where ker H = kerII =rangeV and A is an 7 x - diagonal matrix.
It can be checked that A = TI(Z, + TI:I)_l, where T is the rth
leading principal submatrix (that is, the upper-left  x r submatrix)
of VTBB™V. Since II is invertible by construction, we have
A= (1:[*1 +T) - Thus, II is unique. It follows immediately that

II is also unique.

Next, we show the necessary and sufficient condition for the
existence of the solution (16). (Sufficiency) Suppose, for all
k=0,1,...,N, the matrix ®1;(k,0)+®12(k,0)I1j is invertible. We
will show that the matrix II; given by (10) is a solution of (52).
Since @7 (k+1,0) = My Pps(k,0), it follows that

@11(k,0)+¢12(k,0)ﬂ0 .
Doy (k,0)+Daa (k,0)ITy
D11 (k+1,0)4+P12(k+1,0)I1
Mk,l 11( ) 12( )l . 38)
Doy (k41,0)+Pog(k+1,0)T,
Moreover, we can compute that
| A A Br.Bj
M, "= (39)

QuALt  AL+QrA;'ByBj

Putting (38) and (39) together, it can be checked that the I1;, given
by (16) satisfies (52).

(Necessity) Suppose (52) has a solution from time 0 to
N, denoted by II;. Then, this solution is unique. Clearly,
®411(0,0) + ®12(0,0)IIy = I, is invertible. Assume that there
exists 0 < k < N — 1 such that, for all 7 = 0,1,...,k, the matrix
D11 (4,0)+P12(4,0)I is invertible, but the matrix ®11(k+1,0)+
D15(k+1,0)I is singular. In view of the proof for sufficiency, the
unique solution of (5a) up to time & is given by (16). From (52),
and since Ay, is invertible and I, is symmetric, it follows that

I, = (A,;T+Hk+1BkB,§A,;T)
X (Tl A+ (A7 410k 1 BRBLAT Q1)
From (16) and (38), it follows that
I, = (QkA,;l [cbn(k+1,0)+<1>12(k+1,0)no}
+ (A QuAL BLBY)| @21 (k41,0140 (k+1,0)TTo |
X (A,;l [cpu(k+1,0)+<1>12(k+1,0)110]

—1
+ABLBL [%1(k+1,0)+q>22(k+1,o)no}) .



Equating the above two equations and canceling out the common
terms yields
D1 (k+1,0)+Poa(k+1,0)II) =
Iy yq (‘I)u(k+170)+@12(k+170)ﬂo) .

There exists [ such that the above equation holds if and only if
0+ ker (<I>11(k+1,0)+<1>12(k:+1,0)r[0> c

ker (q)gl (k+ 1,0) +‘b22 (k+ 1,0)H0) .

It follows that there exists £ € R™ with £ 0 such that the right-hand
side of (38) times £ equals zero. However, the left-hand side of (38)
times ¢ is nonzero, since @11 (k,0)+ P12(k,0)II, is invertible. We
have thus reached a contradiction.

Lastly, we will prove (17) by induction. For =0, we know that
(17) holds because of (16). Assume that, for =14, where : <N —1,
(17) holds. It can be checked that ®;(k,7) = Pps(k,i + 1)M;
regardless of ¢ <k or i > k. Thus, for {=1i+1, (17) holds. [ |

The next result on the monotonicity of the solution to (52) is
used to establish the invertibility of ®1; in Lemma 4.

Proposition 7. Let Pk'} and sz be the respective solutions to the
following Riccati difference equations

Pl=AL P (L4 P T Ap+ Qs PY =05,
PISZALPI&A (In+FkPI§+1)_1Ak+Qk7 P()onnxm

where Ay, is invertible and Y, Ty, Qk,Qr. = 0 over the maximal
integer time intervals of existence of the respective solutions Pk1 and
P2. Let T C7 denote the common integer time intervals of existence
()fP,i and PkQ. If, forall k€T, Q= Q. and Y, <y, then,
Pi=Pi=0, keI k<0,
Pl<P?=0, keI, k>0.

(40a)
(40b)

Proof. For the case k<0, (40a) follows directly from [32]. We will
prove (40b) by induction. To this end, let P3 = P3 = 0; thus, for
k=0, (40b) holds. Assume, for k=1 >0, that (40b) holds. We will
show that, for k=141 € Z, (40b) also holds. Since €2; > @);, we have

Pil-Q-l(I"—’—TiPil-ﬁ-l)_ljF)iQ-i-l (In+FiPz'2+1)_1§0- (41)
It follows that ker P, ; CkerP? ;.
If PL, and P2, are invertible, it follows that

((Pz‘l-s-l)_l + Ti>_1 = ((Pi%rl)_l + Fi)_l =< 0. Hence,
(311)71 +I; = (P}_H)fl +7; <0. Since T'y, =T, >0, it follows
that (P¢2+1)71 = (Pilﬂ)il ~0. Thus, we have P}, | < P2, <0.

Without loss of generality, assume P, ; and P72, ; are singular

and ker P}, ; is a proper subset of ker PZ, ;. The cases when P}, |

is invertible and P72, | is singular or when ker P}, ; =kerP? ; can
be proved in a similar way. Since ker P}, ; CkerP? ,, there exists
an n.xn orthogonal matrix U £ [/ U] such that
L. Pt s [~ -1P? o|U"
PL=[ O] _|pa=lo O |
0 o|U" 0 ofU"

where ker P}, | = raqgef] and P is an r x r diagonal matrix. It
suffices to show that P! < P? <0.

Since ker P!, | #kerP?, |, there exists an 7 x 7 orthogonal matrix
V2[V V] such that
e 1 |P? oo |V
P=[v 7] |
0 0|VT

where ker P2 =rangeV and P? is an px p diagonal matrix. To this
end, it suffices to show that
_ P2 0
VTPV < <0.
0 0

Multiplying (41) by U™ on the left and by U on the right yields
the matrix inequality

—1
(PY'+7)  =P'(14+TP") " 2P (1,+TP*) " 20,
42)
where T and I are the 7th leading principal submatrices of U™ Y ;U
and U'T';U, respectively. Multiplying (42) by V" on the left and
by V on the right yields

_ N 2y~ )71
(v vevrv) < ((B741) o <0,
0 0
(43)
where I is the pth leading principal submatrix of V'I'V. Let
AT G R e I
Zy  Zy T, Ty

Since (V7 (Pl)*lv + VT“TV)f1 =< 0, the matrix inequality (43)
and Lemma 3 imply that (Z—i—'f)_l < (P! +f)_l <0. It
follows that (]52) P < Z+71~<0. Since I's= T =0, it follows
that (]52)71 =< 7 <0. Thus, we have Z—! < P2 <0. The fact that
(VT(PY)7V +V™TV) ™" <0 implies that V"P'V < 0. It then
follows from Lemma 3 that

—1

_ 7 7y P20
VIPlv=|_ = <0.
zy Zy 0 0
This completes the proof. |

APPENDIX C

In this appendix, we present some useful properties of the state
transition matrix ®,; defined by (15). These properties are used
to prove Theorem |, Theorem 2, and Theorem 3.

Let
@11 (S,k)
@21 (S,k)

@12(5,]{})

q)l\/f(kvs)_l:(DM(svk)é & ( k) .
2215,



Lemma 4. Assume, for all k € 7, Ay, is invertible. Then, for all

k,s€Z,
P19 (k,s) Poa(k,s) =DPaa(k,s) P12(k,s), (44a)
o1 (k,s) @11 (k,s)=P11(k,s) P21 (K,s), (44b)
@12("5,5)@11(7678)T:¢11(k78)@12(k,5)T, (440)
Doy (k,5)Pao(k,s)" = DPoa(k,s)Po1 (k,s)T, (44d)
(I)ll(k,S)T(I)QQ(k‘,S)—(I)Ql (k,S)T(I)l (k‘ 8) (446)
@11(/€,8)<I)22(k S)T @12(/@8)@21 (k7S)T:In. (44f)
Moreover, 11 (k,s) and ®a5(k,s) are invertible with
@11(/@‘,8) = (1322 (S,k‘)T. (45)
Furthermore,
<I>12(k,s) = —(1)12 (S,k)T, (463)
@21 (k75):—¢21 (S,k)T. (46b)
Proof. First, we show (44). When s = k, we have

Dy1(s,8) = Paa(s,s) = I, and Pya(s, s) =
Clearly, for s=k, (44) holds. Let

jé O In

It can be checked that M,l:]Mk =J= Mij,l. When s < k,
we have O/ (k,s) = Mi_1Pp(k—1,5s). It follows immediately
that (I)M(k,S)T:](I)M(/C,S) = (DM(]{? - 1,S)TMII_1L—]M]€,1<I>M(]€—
1,8) =®pr(k—1,5)"J®ps(k—1,s). Since, for all s <k, the above
equation holds, we have by induction that ® y;(k,s)"J®y;(k,s) =
@M(S, S)TJ(I)]M(S, 5) = j Similarly, (D]u(k, 5):]@]\/[(]6, S)T =
Mk,l~-~MS<I>M(s,s)jq)M(s,s)TMsTmMg_l =J. Thus, for s < k,
(44) holds. Similarly, it can be shown that, for s> k, (44) holds.

Then, we show that ®1; (k,s) is invertible. Let I}, be the solution
to (52) with Ilg = 0,,x, and let Zy C Z be the maximal integer
time interval of existence of IIj. Let IIj, be the solution to (52)
when Q =0,,x,, and IIo =0y, .. Clearly, we have, for all k € Z,
I, = 0,y Let II), be the solution to (51) when By = Opxn
and f[o = 0,,xn. Since when By = 0,,x,,, (52) is a linear matrix
equation, it follows that, for all £ € Z, the solution fIk exists.
Moreover, it is easy to see that, for k& <0, ﬂk >0, and, for k& > 0,
fIk = 0. From the monotonicity of the matrix Riccati difference
equation in Proposition 7, we have

0=I0; <1, <Ly, keZy, k<O,

Hence, 11}, has no finite escape time and Zy = Z. From Proposition 2,
for all k€Z, ®11(k,0) is invertible. A similar argument shows that,
for all k,s € Z, 1, (k,s) is invertible.

Next, we show (45). From (

@11(1@78)71 :égg(k,s)T—

) and (
(I)12 (k,S)T(I)ll (k,S) 7T®21 (k,S)T.

), it follows that

Since ®4;(k, s) is invertible, the Schur complement of the
block matrix ®11(k, s) in the matrix ®,,(k, s) is given by
(I)Qg(k, S) — @21(16, S)(I)H(k, 8)71(19120{, 8) = @22(87 k)il
Therefore, we have @11 (k,s) = Paa(s,k)".

@21(8, S) = 0.

Lastly, we show (46). It follows from equation (
invertibility of ®1; (k,s) that

(1312 (k,s) = ¢‘22 (S,k)T(I)lg (]{J,S)T(Du (k‘,S) -7

) and the

Since @y (k, s)®Ppr(s, k) = Iy, it follows immediately that
q)ll(k’,S)‘bm(S,k‘)+<I)12<k‘,8)(b22(8,]€) =0. Thus,

_@12(S,k)T:®22(8,k)T(p12(k,8)T@11(k7s)_T :@12(/€,5).

Similarly, it follows from equation (
(I)QQ<I€,S) that

(I)Ql (k‘,S) = (I)H (S,k)Tq)Ql (]{J,S)T(I)QQ (k‘,S)iT
Since $o; (k‘,s)q)u (S,k) + Doy (k78)¢21 (SJ{/’)
7(1321 (S,k)T = @11 (S,k)Tq)Ql (k,S)T(I)QQ (]C,S) T

) and the invertibility of

=0, we have
= @21 (k ,S) .
This completes the proof. |

The next result plays a critical role in the proof of Theorem 2.
Lemma 5. Suppose Assumption | holds. For all k=0,1,...,N,
P21 (k,0)®11(k,0) ! = P11 (k,0) a1 (k,0)7 <0.
Forall k=1.2,...,N,

(47)

— @11 (k,0) 1 ®15(k,0) = P12(0,k) oo (0,k) ™

ZX“ 48)

where

X;2011(1.0) " A7 By (1 + BIAT (Qi~ 8 (i)

-1
X@ll(i’o)il)AiilBi) BiA; ®11(3,0) " = 0.

Forallk=0,1,....N—1,

k k

Zrange(q)n (i,O)flAi_lBO :Zrange(@ A (O,i)Ai_lBi) . (49
i=0 1=0
Proof. From (44b), we have ®o1(k, s)'®11(k, s) =
®Dq;(k, s)"®o;1(k, s). From Lemma 4, ®q1(k, s) is invertible.
It follows that ®9; (kﬂ)‘bu(k,())il :éu(k, ) @21 (k 0)

Then, we show that ®o1(k, 0)®11(k, 0)"1 =< 0 by
induction. When k& = 0, ®2;(0, 0)®11(0, 0)~! = 0. For

k = i, assume ®o(i, 0)Pq1(7, 0)~1 =< 0. It follows from
@y (i+1,0)= M;®p(i,0) that
®y1(i+1,0)=
A @11 (1,04+B; B] AT (Qi — P21 (1,0) 011 (1,0) 1) @11(4,0),
<I>21(z'+170):—A;T(Qi—(I>21(i,0)<I>11(@0)’1)@11(1’70). (50b)
Thus, from (50), we have
@11 (i41,0) a1 (i+1,0) = =11 (4,0)" (Qs — P21 (,0)
Xq)ll(iao)_l)q)ll(i 0)—4’11(' 0)" (Qi—P21(3,0)®11 (3,007
x A7 ' BiB] AT (Q;— ®21(4,0)®11(,0) 1) @11 (4,0).
Since o1 (i, 0)P11(i,0)"! < 0 and Q; = 0, it follows that
,0)
=<0.

(50a)

0
D11(i + 1,0) Doy (¢ + 1 =< 0. Therefore, it follows that
@21(24—1 0)¢1l(l+1 0)



Next, we show (48). From Lemma 4, ®11 (k,0) and $o2(0,k) are
invertible. Multiplying @11 (k,0)®12(0,k)+P12(k,0)P22(0,k) =0
by ®11(k,0)~* on the left and by ®22(0,k) ! on the right yields
-0y (k,O)_lq)lg (k70> =Py (07]€)<I)22 (O,k>_1

It follows from (47) that X; > 0. For all £k =0,1,...,N — 1, we
can compute that,
—®12(k+1,0)®11(k,0)" = — @11 (k+1,0)12(k,0)" — My, 2,

where Mj, ; and M, » are given in (14). In view of Lemma
have

— @11 (k+1,0) " ®1a(k+1,0) = P11 (k,0) " D12(k,0)
+®11(k+1,0)" ' By BL A, ®11(k,0) T

, we

It is easy to check that
. (Qk_@21(/@,0)@11(k,0)*1))Angk
(Qk Py (k,O)(I)H(kj,O)_l)A;lBk) .

) and the above equation that

(Ak+BkB;A
=By, (I +BLA

It follows from (
@11 (k+1,0) ' B BL A, @11 (k,0) "= X

Lastly, we show by induction the following stronger statements,
forall k=0,1,....N—1,

irange(fl)u (4,0) _1Alei) :irange(i’ A (O,i)A;le) ,

i=0 1=0
k—1

D11 (k,0) "= A0,k P11(i,0) " A7 BiZi, (51)
=0

for some Z; ;, € RP*", with the convention that, for £ =0, (51)
reduces to ®11(0,0) 1 =P 4(0,0)=1,

When k = 0, we know that (51) holds and we can check that
®11(0,0)" 1Ay By = ®4(0,0) Ay ! By, so their ranges are equal,
and thus (49) holds.

Assume now that, for all k=0,1,...,7, where j <N —2, (49) and
(51) hold. Since ®7(j+1,0)=M; P (5,0), we have ®p,(5,0)=
MJ<_1<I>M(j+1,O),WhereMj_1isgivenby( ). Hence, ®11(5,0) =
AS P11 (j41,0)+A; ' B; BI®o; (j+1,0). It follows that

-1
D1(j+1,0) " = (4;@11(7.0) ~ B; B @ (j+10))

:‘1’11(j,0)71A371+<I>11(j,0)71A ' B;Y;, for some Y},

750

J
:@A(O,j+1)+z(l)11(2.70)_1A;1.Bi2i7j+1,fOI' some Zi_ijrl.
=0

Thus, for k=341, (51) holds. Next, we show (49). Since
(I)ll(]+170) 1AJ+1B +1:®A( 7]+1>AJ+1B

+Zq>11(i,0)_1AleiZi,j+1A Bji1,

Jj+1
i=0
it follows from the above equation and the induction
assumption that range (<I>11(j + 1, 0)” 1A]+1B ) C

Zﬁl range (‘I)A(O ')A»_lBZ), and range (@A(O, i+

)AJHB +1) > Orange(fI)u(l 0)~ 1Alei). Therefore, for
k=41, (49) holds. n

We are now ready to show the positive definiteness of
—®11(N,0)1®5(N,0), which will be utilized as an upper bound
on I for the subsequent results.

Corollary 2. Under Assumption and Assumption 2,
—®11(N,0) "1 ®12(N,0) = 0. It follows that ®12(N0) is invertible.

Proof. From  (48), —®11(N, 0)71®(N, 0) = 0.
Assume there exists ¢ € R™ with ( # 0 such that
(= ®11(N, 0)71@12(N, 0))¢ = 0. It follows that, for all
k=01,..N—-1,"X; (= 0. The expression of X}, implies that,
for all k =0,1,...,N — 1, ("®y1(k,0)"*A; ' By = 0. In view of
(49), for all k=0,1,...,N — 1, we have ("A; ' A7 ' ... A ' By =0.
Thus, ("G(0,N)(=—("P4(0,N)G(N,0)® 4(0,N)'¢ =0, which
contradicts either Assumption | or Assumption 2. |

APPENDIX D

In this appendix, we prove Theorem 2, which provides necessary
and sufficient conditions for the solution of the Riccati difference
equation (52) to satisfy Property |. The first result is an alternative
statement of Property 1.

Lemma 6. Under Assumption I, suppose the condition in
Proposition 2 holds so that (52) admits a solution 11}, from time 0
to N. Then, for all k=0,1,....N —1, we have that

I+ B} 1 By = (I, — BLA; T (I, —Qx) A ' By) (52)

Thus, I, + B{y+1 By, > 0 if and only if I, — B;A;T(Hk —
Qk)A;ZlBk > 0. Moreover, equation (16) can be written,
equivalently, as

-1

), = P9y (k,0)®11 (k,0) 1
-1
><(In+<I>11(k70)*1<1>12(k,0)1'[0> @y, (k,0)"

+®q; (k‘,O) 7TH0
(53)

Proof. In view of (15) and (17), we can compute that
M1 =A; " (e —Qx) (A — B Bp Ay (i — Qk))
It follows that

-1
I —I—BkaHBk—(I —BL A, ( Qk) lBk)

In view of (44b), (44e), and the invertibility of ®14(k, 0),
we have oy (k, 0) + Bop(k, Oy = Byy(k, 0)*T<HO +
By (I, O)T (11 (K, 0) + Bia(k, O)HO)). From (16), the above

equation, (44b), and the invertibility of ®11(k,0), it follows that
(53) holds. |

The second set of necessary and sufficient conditions for
Property | is now stated as follows.

Proposition 8. Under Assumption 1, the following statements are

equivalent.



i) Property | holds.

ii) Forall k=12,...N—1, Uy> 0 and Uy, /Uj_1 > 0.
iii) Forall k=0,1,...N—1, Uy >0.

iv) Un—_1>0.

v)For all Kk = 0, 1, ... , N, the eigenvalues of
I, +®11(k,0) "1 ®15(k,0)I1y are positive.

vi) The eigenvalues of I,,+®11(N,0)~1®15(N,0)I1g are positive.

Proof. First, we claim that Uy = I, — B Ay (Tl — Qo) Ay ' Bo.
and, for all £k = 1,2, ..., N — 1, the Schur complement
of the block Ug_q in the matrix Uy is Up/Ux—1 =
I, — BJA; (I, — Qx) A}, " Bi. Then, the equivalence of 1)
and 47) follows from (52) and the above claim. The equivalence
of i4), ii7), and iv) follows from Sylvester’s criterion [23].

Next, for k=0, v) holds. In light of (48), for all k=1,2,...,N,
we have —®1 (k,0) "' ®1o(k,0) =V X, =SV LT L T
follows that,

— @1 (k+1,0) " P (k+1,0)=

;"0 o0 ||L;
Lo~ Lo|| 0 o
0 0 Ty |L}

Hence, for all £ =0,1,...,N — 1, all eigenvalues of I, + 11 (k+
1,0)71®15(k+1,0)I1y are positive if and only if Uj, > 0.

Lastly, we show the claim. For notational simplicity, below we
will use the notation <I>Z?O £ ®,;(k,0), where 7,5 € {1,2}. We first
check that Uy = Ty — L{TIgLo = I, — B Ay (Ilo — Qo) Ay ' Bo.
Then, we compute that

T, o o ||, o o |L_,
U= 0 o o . o ¢ o
0o o Tt 0 0 T3 Lj |
T 0 0]
-1
X(fnﬂ‘b]fio)_l‘ﬁlféoHO) [L,H ~-~L0} 0o . 0
0 0 Ty
It follows that the desired Schur complement is
Uk /Up—1=1I,— BLA; (I, — Q) A}, ' By,
where we have used (53). |

With the addition of Assumption 2, we can derive the following
necessary and sufficient condition for Property 1.

Corollary 3. Under Assumptions | and 2, Property | holds if and
Ol’lly l‘fH() < —@12(]\7,0)_1(1)11 (N,O)

Proof. From Corollary 2, —®;(N, 0)~1®5(N, 0) = 0.

Statement vi) in Proposition 8 is equivalent to I, — ( —
1 1

P11 (N, 0)71®12(N, 0)) *Io( — P11(N,0) 1 @12(N,0))2 = 0,

which is equivalent to ( — ®11(N,0) 1 @15(N, 0))_1 —1IIp = 0.

In view of Proposition 8, Property | holds if and only if

H0<*@12(N,0)71®11(N,0). |

APPENDIX E

In this appendix, we provide two auxiliary results for proving
Proposition 5 and Theorem 3, respectively. The following matrix
inequality is used in the proof of Proposition 5.

Lemma 7. Under Assumptions and 2, suppose
Iy < —P12(N,0) "2 @11 (N,0). Then, for all N >k>i>0,

—Who=—W;02>0. (54)

Proof. For notational simplicity, we define the matrix
O £ —®11(k,0)"'®15(k,0) = 0. For i = 0, we can check that
(I, — ©olly) 10 = 0. Next, assume 7 > 1. It follows from (48)
that O = O, >~ 0. This implies that ker@y, CkerO;. If O =0, -0,
we have (9;1 —TIo) e (e —Ho)fl > 0. Hence, (54) holds.

Without loss of generality, assume that O and ©; are singular
and ker©®y, C ker®;. The case when Oy, > 0 or when kerOj, =ker©;,
can be proved in a similar way. Since ker®; Cker©;, there exists
an n X n orthogonal matrix U such that

Ok O;

0
U, ©,=U
0 0 0

0,=U

0
EREE I
N U, Ty=U| "
X X X

oy =U

where ©j, - 0, ©; = 0, O - 0, and Tl are r x r matrices. Since
G)j\,1 = 1lo, we have_@jv1 = . Since O = O = 0, Lemma
implies that O = Oy > 0. It follows that @,;1 = @;,1 = IIy. In
view of (54), it suffices to show that
_ _ o\ 1 _ o \—1_
(65'-Tho) = (L.-0Tl) ;0. (55)

Since ker©®y, #kerO;, there exists an r x r orthogonal matrix V'

such that

_ é_l X _ éz 0
oyt=v|* VT, 0,=V VT,
X X 0 0
_ I, x
e=v| =~ " |v7,
X X

where @k >0, C:)Z >0, and ﬁo are p X p matrices. Since Oy = ;-
0, it follows from Lemma 3 that O = O, > 0. It follows that G)i_l >

2The entries denoted by x do not affect the logic of the proof and thus are hidden.



(:),;1 - ﬁo. To this end, in view of (55), it suffices to show that

—1 R . 71
(67-11) 0
= =0.
X X 0 0

(‘:)];1—1:[0 X

Since ©; 1 —II; -0, in light of Lemma 3, it suffices to show that
(O, —TIp) 1= (6; ' —TIy) " = 0. Hence, it is sufficient to show
that @i_l ff[O >~ @,;1 712[0 >0, which is a direct result of the fact
that ;1 = 6, -1 [

The fact below is used to prove Theorem 3.
Lemma 8. [f, for all k €Z, Ay, is invertible, then, for all k,s €7,

G(k,s)=—P15(k,5)® 4 (k,s)". (56)
Proof. The proof is by induction on k. For k= s, it is not difficult
to see that (56) holds.

_ Now assume that for £ = j (50) holds. It can be verified that
G(j+1,s) = B; B} + A;G(j,5) A], regardless of s < j or 5 > j.
Thus, it suffices to show that

BjB}7Aj@12(j78)®A(j,5)TA}:7@12(j+1,$)¢A(j+178)T.

Since ®n(j, ) = M;'®y(j + 1, s), it follows
from (39), by replacing BB with Blele,Tc, that
(I)lg(j, S) = A;}@lg(j -+ ]., S) -+ Aj_lB]R]_lBJT(I)QQ(j -+ 1,5)
Since ®3(j,s)' A} = ®4(j + 1,5)7, in light of (6) and (28), it
-1 .
suffices to show that ngll%j +BIl;11B;) Bj®a(s,j+1) =
(In + B;R;'Blll;11)  (®12(j + 1, 5) + B;R; 'Bl®y(j +
1, s)) — ®2(j + 1, s). From Proposition 3, we have
Q5(s,5+1)" = ®11(s,j + 1)" + ;11 P12(s,j + 1)". From the
Woodbury formula [23], it follows that (In+BjRJle}Hj +1) o
I, — B;j(R;+ Blll;41B;) -t BHlj41. In Vie;v;/ of (462) and (45),
it suffices to show that ?{ (Rj+BIl;11B;)  Bj®i(s,j+1)"=
(In+B;R; 'BlIl;11)  B;R; ' Bj®1(s,j+1)". Since B;(R;+
-1 _ —1 _
Bl 11B;) B} — (I, + B;R;'B]llj;1) B;R;'B] =
B; R;l B]T —B; R;lBJT. =0, the previous equation holds. Thus, for
k=751, (56) holds. n
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