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Abstract—In this paper, we study the problem of how
to optimally steer the state covariance of a general
continuous-time linear stochastic system over a finite time
interval subject to additive noise. Optimality here means
reaching a target state covariance with minimal control en-
ergy. The additive noise may include a combination of white
Gaussian noise and abrupt “jump noise” that is discontin-
uous in time. We first establish the controllability of the
state covariance for linear time-varying stochastic systems.
We then derive the optimal control, which entails solving
two coupled matrix ordinary differential equations (ODEs)
with split boundary conditions. We show the existence and
uniqueness of the solution to these coupled matrix ODEs,
and thus those of the optimal control.

[. INTRODUCTION

All dynamical systems are prone to disturbances whose
effects persist with time. Controlling uncertainty is critical for
the robustness and overall performance of all such systems.
Among the various approaches, covariance control theory,
which has been developed since the mid-1980s, provides a
direct way to regulate the state covariance of a stochastic
system subject to noise [1], [2]. By quantifying uncertainty
in a direct manner, covariance control theory has found ap-
plications in many real-life engineering and physics problems,
such as spacecraft soft landing [3] and trajectory optimization
[4], vehicle path planning [5]-[7], drone delivery, multi-
agent systems [8], active cooling of stochastic oscillators [9],
Schrodinger bridge [10], and optimal mass transport [11].

Much of the earlier work dealt exclusively with controlling
the stationary, or asymptotic, state covariance over an infinite
time horizon [12]-[16]. Most recent work has focused on
the finite-horizon optimal covariance steering problem in both
continuous-time [17]-[20] and discrete-time settings [21]-
[26]. It is shown that when the noise channel coincides with
the control channel, and the noise is modeled by a Wiener
process, there exists a unique optimal control that steers
the state covariance from any initial positive definite matrix
Yo > 0 to any final X1 > O over a finite time interval [0, T
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[17], [19]. When the noise channel differs from the control
channel, and the coefficient matrices A, B, and C are constant,
controllability of the state covariance via state feedback is
established first in [27] and then in [18]. However, the question
of the existence and uniqueness of an optimal control policy
is still open for different noise and control channels and more
comprehensive noise models.

Contributions: In this paper, we first extend the noise model
used in covariance steering problems to include jumps of
any size. Next, we establish a controllability result for the
covariance equation of a linear time-varying stochastic system
under mild assumptions. Lastly, and most importantly, we
show the existence and uniqueness of the optimal control law
when the noise and control channels are different. In particular,
the technique for proving the existence and uniqueness of the
controller is novel to the optimal covariance steering problems.

The rest of the paper is organized as follows. The main prob-
lem of interest is formulated in Section II. The comprehensive
noise model is discussed in Section III. The controllability of
the state covariance for a linear time-varying stochastic system
is shown in Section IV. The existence and uniqueness of the
optimal control are shown in Section V. Finally, one example
is presented in Section VI to illustrate the results of this paper.
Some of the longer proofs are provided in the Appendix.

II. PROBLEM FORMULATION

Consider the following time-varying linear stochastic sys-
tem subject to additive martingale noise

dz(t) = A(t)z(t) dt + B(t)u(t) dt + C(t)dm(t), (1)
E[z(0)] =0, E[z(0)z'(0)] =% >0, ()

where z(t) € R™ is the state, u(t) € RP is the control
input, m(t) € R? is a martingale [28] independent of z(0)
with dE[m(t)m'(t)]/dt = D(t) = 0', and A(t) € R™*",
B(t) € R™*P, and C(t) € R"*9 are the coefficient matrices.
Let C* denote the class of k-times continuously differentiable
functions. We assume that A(t) € C"~!, B(t) € C", and
C(t), D(t) € C°. Without loss of generality, assume that (1) is
defined on the time interval [0, 1], and that the desired terminal

IThe assumption that dE[m(t)m'(t)]/dt = D(t) > 0 can be justified
by It6 calculus [29, Sections II].



state (1) is characterized by its mean® and covariance matrix
given by

E[z(1)] =0, E[z(1)2"(1)] =%, > 0. 3)

A control input u € U is admissible if, for each ¢ € [0,1],
it depends only on ¢ and on the past history of the states
{z(s): 0 < s <t}, and satisfies

1
J(u) £ E {./0 uw' () R(t)u(t) dt| < oo, 4)

for some given continuous R(¢) > 0 of dimension p X p for
all t € [0,1], such that (1) with the initial condition (2) has a
strong solution [30], and the desired terminal state mean and
covariance given by (3) are achieved.

This paper addresses the following two problems:
Problem P1: Determine whether ¢/ is nonempty.

Problem P2: Find the optimal control «* € U/ that minimizes
the quadratic cost functional J(u) defined in (4) subject to the
boundary constraints (2) and (3).

[1l. MARTINGALE NOISE MODEL

In this section, we give some examples of the martingale
noise used in this work, along with a brief discussion on how
the martingale noise affects the optimal control of the system.

The martingale noise dm(t) has a mean value of zero. Gen-
erally speaking, the noise may not be white, since a martingale
may not have stationary and independent increments. Some
examples of noise modeled by dm are as follows.

1) White Gaussian noise: dm(t) = dw(t), where w(t) €
RY is a Wiener process.

2) Noise with jumps: dms(t) = dh(t) — A(t) d¢, where
h(t) € R? is a nonhomogeneous Poisson process with (de-
terministic) arrival rate A(t) = [A1(¢) A2(f) ... A ()],
since the compensated nonhomogeneous Poisson process
ma(t) = h(t)— fg A(7) dr is a martingale [28]. In general,
the jump size may not be fixed but it is a random variable
following a certain distribution. We may take my to be
a nonhomogeneous compound Poisson process subtracting
its compensator [28]. Thus, dmy can model random noise
of any jump size.

3) Combinations: We can model continuous noise and noise
with jumps, such as dmg(t) = xdw(t) + dma(t), where
k > 0, or dmy(t) = dé(t) — de(t), where ¢ is a Lévy
process and e is its compensator [28].

As the martingale noise is characterized solely by its mean
and covariance, it is not surprising that the optimal control
for martingale noise has the same structure as that for Gaus-
sian noise. In both cases, the control boils down to solving
two coupled matrix ordinary differential equations (ODEs),

2 Assuming zero mean is just for convenience, otherwise the control will
have an additional term; see Remark 9 in [17].

one Riccati equation and one Lyapunov equation, with split
boundary conditions on the latter. In Section V, we provide a
new, unifying approach to analyze these coupled matrix ODEs.

[V. CONTROLLABILITY OF THE STATE COVARIANCE

In this section, the controllability of the state covariance for
(1) is established. The state covariance of (1), denoted by

S(t) £ E [ (2(t) - Ela(®)]) ((t) — ()],

is said to be controllable on the time interval [0, 1] if, for any
given X, >; > 0, there exists an admissible control u € U
that steers the state covariance X(¢) of (1) from X(0) = X
to 3(1) = ¥, while maintaining 3(¢) > 0 for all ¢ € [0, 1].

Consider the state feedback control law of the form
u(t) = K(t)z(t), tel0,1], ©)

where K (t) € RP*™ is a feedback matrix to be determined.
Since E[2(0)] = 0, we have E[z(¢)] = 0 for all ¢ € [0,1].
Therefore, the state covariance X(t) = E[z(t)z"(t)] satisfies

Y= (A(t) + BOK(t))S + S(A(t) + BOK(t))
+C()DW)CT(). ©)

Note that with the control (5), controlling the covariance of the
stochastic system (1) amounts to controlling the deterministic
system (6) via K(t). When the matrices A, B, C, and D
are constant and the pair (A, B) is controllable, the state
covariance dynamics (6) is controllable via K (t) [27], since
(6) can be reduced to the form of (27) in [18, Theorem 3]. It
is easy to check that this statement still holds when C(¢) and
D(t) are time-varying. It will be shown below that when A(t)
and B(t) are time-varying, and under some mild assumptions,
(6) is also controllable and therefore ¢/ is non-empty.

Given a time-varying matrix pair (A(t), B(t)) of dimen-
sions n X n and n X p, respectively, define

O.(t) 2 [Do(t) Tu(t)

To(t) = B(1),

Tp(t) £ =AWk (1) + Tra (2),
Then, the controllability matrix of (A(t), B(t)) is ©,(t) and
the pair (A(t), B(t)) is uniformly controllable on the time
interval [0,1] if, for all ¢ € [0,1], rank ©,,(¢t) = n [31].
Recall that the controllability property in [17] requires that
the controllability Gramian

Fi*l(t)]a 1§Z§n+17

1<k<n.

t1
N(ty,to) 2 / DA (to, 7T)B(T)B(T)®A(to, )" dT  (7)
to
is nonsingular for all 0 < t5 < t; < 1, where ®4(¢,7) is
the state transition matrix of A(¢) (see also (12) below). This
property is, in fact, equivalent to the statement that the pair
(A(t), B(t)) is totally controllable on the time interval [0, 1]
[32], which holds if and only if, for all 0 < tg < t; < 1,
there exists ¢ € (tg,t1) such that rank ©,(t) = n [33].
Clearly, uniform controllability is a stronger property than total



controllability. The pair (A(t), B(t)) is index invariant on the
interval [0, 1] if, for each i € {1,2,...,n+ 1}, rank ©;(¢) is
constant for all ¢t € [0,1], and rank ©,,(t) = rank ©,,41(¢)
[34]. In the sequel, we refer to these properties as follows.

Condition C1: The pair (A(t), B(t)) is uniformly controllable
on the interval [0, 1].

Condition C2: The pair (A(t), B(t)) is index invariant on the
interval [0, 1].

Condition C3: The pair (A(t), B(t)) is totally controllable on
the interval [0, 1].

Theorem 1. Let Conditions C1 and C2 hold. Then, the state
covariance of the linear stochastic system (1) is controllable
on [0,1] and also on any subinterval of [0, 1].

Proof. The key idea to prove Theorem 1 is to reduce a
time-varying matrix pair to a time-invariant one via a time-
varying coordinate transformation and a state feedback control.
Without loss of generality, assume B(¢) has full column rank
forall ¢ € [0, 1]. Since Conditions C1 and C2 hold, there exists
a time-varying coordinate transformation that brings the pair
(A(t), B(t)) into its canonical form [35], [36]. That is, there
exist nonsingular matrices P(t) € R™*™ and Q(t) € RP*P
such that the new state Z(t) = P(t)z(t) satisfies

di(t) = A(t)E(t) dt + Ba(t) dt + C(t) dm(t),

where A(t) = (P(1)A()+P(0) P~ (1), B = P()BHQ(Y),
C(t) = P(t)C(t), a(t) = Q' (t)u(t), and the pair (A(t), B)
is in the canonical form

1‘:111 14:112 1‘:11;7 bp 0 ... O
. Az1 Ag Agp _ 0 by ... 0
Alt)=| . . -, B=. .
Ay Ay ... A, 0 0 ... b
0 1 0 0 0 0
Ag= " & A=t = :
0O ... O 1 0o ... 0 0
X ... X X X ... X 1
Aij(t)eRnixnj7 i7j€{1727'°'7p}a n1+-'-+np=n.

With the state feedback control (t) = K(t)#(t), where
K(t) = Q' (t)K(t)P~(t), the new state covariance

S(t) £ B [(#(t) - B5(0)]) (5() — B[ (0)))]
= P()S(H)P'(t)

satisfies

= (A(t)+ B

+ C(t)D#)C(t).

From the previous expressions of A(t) and B, it follows that
there exists

F(t)=—[ai(t) a3t) ... ay®)] er,

p

where @;(t) € R is the (Z] . n;)th row of A(t) for
i € {1,...,p}, such that (A(t)+BF(t), B) is a time-invariant
matrix pair. Notice that the initial and terminal constraints (2)
and (3) in the new coordinates are

E[Z(0)] =0, E[Z(0)F"(0)] = %o = P(0)%oP"(0) - 0,
E[z(1)] =0, E[Z(1)Z"(1)] =%, =P1)%,P(1) = 0.

Clearly, if $(t) = 0 for all ¢ € [0,1], then X(t) > 0 for all
t € [0, 1]. Therefore, the controllability of the state covariance
for the time-varying system (1) follows from that for the time-
invariant system (A(t)+BF(t), B) [18]. Since Conditions C1
and C2 hold, it follows that (A(t), B(t)) is also uniformly
controllable and index invariant on any subinterval. |

Remark 1. Although Conditions C1 and C2 facilitate the
proof of Theorem 1, these conditions can be relaxed. Indeed,
the more relaxed controllability condition, namely, Condition
C3, is the only controllability condition that will be needed
to solve Problems P1 and P2 and establish all results in this
paper (see Theorem 2 and Corollary 1 in Section V below). The
intuition behind the claim above is that the state covariance
of the system (1) can be controlled via controlling all possible
(state) trajectories of the system. Since Condition C3 ensures
that the state of the system is controllable on any subinterval
of [0,1], it should be sufficient for the state covariance of the
system to be controllable on any subinterval.

V. OPTIMAL CONTROL OF THE STATE COVARIANCE

In this section, the existence and uniqueness of the optimal
control for Problem P2 are established. As a byproduct, the
controllability condition for Problem P1 is relaxed.

Using the “completion of squares” argument [17]-[19], a
candidate optimal control law can be derived® as follows.
Lemma 1. Assume 11(t) and X(t) satisfy, for t € [0, 1],

I = —A"(t)I1 — TIA(t) + TIB(t) R~ (t) BT (t)I1, (8)

¥ = (A(t) - BO)R () B'(W)IL()) X + C(t)D(t)C"(¢)

+X(A(t) - BO)R™ ()BT (H)IL(L)), )

¥(0) =% = 0, (1) =%, = 0. (10)
Then, the state feedback control

W' (t) = =R (OB (OL(D)a(t) an

is optimal with respect to the cost functional (4), subject to
the boundary constraints (2), (3).

We point out that as long as a covariance steering problem
satisfies the following properties: 1) the system model is linear,
2) the cost function is the expected value of a quadratic form,
3) the disturbance is purely additive with a positive semi-
definite covariance matrix, then, the optimal solution is always
governed by coupled Riccati-Lyapunov equations with split
boundary conditions on the latter.

3For the details of the derivation, see Sections II and V.A in [29].



Next, we show the following main result by analyzing the
solution to the coupled matrix ODEs (8), (9), (10).

Theorem 2. Let Condition C3 hold. For any given Yg,Y1 >
0, the unique optimal control that solves Problem P2 is given
by (11), where TI(t) is the unique solution to (8), (9), (10).

Proof. Theorem 2 follows immediately from Corollary 3 and
Lemma 5, which are provided in Section V-C. [ |

Corollary 1. Let Condition C3 hold. Then, the state covari-
ance of the linear stochastic system (1) is controllable on [0, 1]
and also on any subinterval of [0, 1].

Proof. Theorem 2 shows that there exists a unique optimal
control to Problem P2 for any Xy,%; > 0. It follows that
the state covariance of (1) is controllable on [0,1]. Since
Condition C3 implies that (A(t), B(t)) is totally controllable
on any subinterval of [0, 1], the state covariance of (1) is also
controllable on any subinterval. |

First, it is straightforward to check that, for R(t) = 0, if
Condition €3 holds, then the pair (A(t), B(t)R™2 (t)) is also
totally controllable on [0, 1]. As R(¢) can always be recovered
by a time-varying coordinate transformation, for simplicity,
we assume R(t) = I, for the rest of this section. The proof
structure of Theorem 2 is organized as follows. To begin
with, a complete solution II(¢) to the Riccati equation (8)
is presented in Section V-A. Then, the solution X(t) to the
linear equation (9) with two initial conditions IT(0) and 3(0)
is provided in Section V-B, which will be used to define a
map from II(0) to 3(1) for a given X(0). Lastly, the map is
shown to be a bijection in Section V-C, which establishes the
existence and uniqueness of the solution to the coupled ODEs
(8) and (9) with the split boundary conditions (10).

A. Solution to the Riccati Differential Equation

Let ®4(t,s) denote the state transition matrix of A(t),
which satisfies

D palt,s) = A1)Da(t,5), (12)

ot

Let the matrix N(¢,s) as in (7). If Condition C3 holds, then
N(t,s) = 0forall 0 <s<t<1.

Da(s,s) =1I,.

Lemma 2. Let Condition C3 hold. Given I1(s) for some s €
[0,1], (8) admits a unique solution T1(t) on [0,1] if and only
if

N(0,s)~" <TI(s) < N(1,)7", (13)
where N(0,07)™! = —o00 and N(1,17)7! = +oc*. More-

4Positive infinity of the n X n positive semidefinite cone, written +oo, is
the limit of a sequence of n X n positive definite matrices whose eigenvalues
all grow to 4-co. Likewise, for —oo. Notice that as s — 07, all eigenvalues
of N(0,s) go to 0, and thus all eigenvalues of N(0,s)~! go to —oo.
Likewise, as s — 17, all eigenvalues of N(1,s) go to 0T, and thus all
eigenvalues of N(1,s)~! go to +oo.

over,

TI(t) = ®a(s, ) TI(s) (I, — N(t, 9)TI(s)) " ®a(s,t) (14)
= D4 (s, )" (I, —H(s)N(t,s)) T(s)Pa(s,t),

and

N(@,t)~' <TI(t) < N(1,t)"%, te€[0,1]. (15

Proof. First, recall that (8) admits a unique solution II(¢) on
[0,1] if and only if ® 4 (¢, s)—P A (t, s)N (¢, s)II(s) is invertible
for all ¢ € [0, 1], and the solution II(¢) is given by (14) [37].

Next, we show (13). Since ® 4(¢, s) is invertible, it suffices
to show that I,, — N (¢, s)II(s) is invertible for all ¢ € [0, 1] if
and only if (13) holds.

(Necessity) Let I, — N(t,s)II(s) be invertible for all
t € [0,1]. Then, M(t) 2 I, — N(t,s)2II(s)N(t,s)? is
invertible for all ¢ € [s,1]. Since M(s) = I, > 0 and
M (t) is continuous on the interval [s, 1], it follows that
M(t) > 0 for all t € [s, 1]. In particular, M (1) > 0, that is,
I, = N(1,s)2II(s)N(1,s)2. Hence, II(s) < N(1,s)~*. The
inequality TI(s) = N(0,s)~! can be shown in an analogous
way, and thus is omitted.

(Sufficiency) Let (13) hold. We will show that I, —
N(t,s)II(s) is invertible for all ¢ € [0,1]. When ¢ = s, we
have I, — N (s, s)II(s) = I,,, which is invertible. When ¢ €
(s,1], and since 0 < N(t,s) = N(1,s), it follows from (13)
that N(t,s)~! = N(1,s)~! = II(s). Hence, by multiplying
N(t,s)z on both sides of the above inequality, we obtain
I, = N(t,s)2II(s)N(t,s)=. Since N(t,s)2II(s)N(t,s)= is
similar to N (¢, s)II(s), all the eigenvalues of N (¢, s)II(s) are
strictly less than 1. Therefore, I,, — N (¢, s)II(s) is invertible
for all ¢t € (s,1]. The case when ¢t € [0,s) can be shown in
an analogous way, and thus is omitted.

Next, we show (15). Notice that, for any fixed r, N(r,t)~!
satisfies the same Riccati differential equation as II(¢), that is,

gN(r, £yt = —AT(t)N(r,t)"t — N(r,t) " A(t)

ot
+ N(r,t)"'Bt)B"(t)N(r,t)"'.  (16)

The monotonicity of the matrix Riccati differential equation
[38] implies that, for any s € [0,1] such that N(0,s)~! <
M(s) < N(1,s)7%, it follows that, for all t € [0,1],
N(0,8)~1 < TI(¢) < N(1,¢)~L [ |

Lemma 2 states that the solution of the matrix Riccati
differential equation (8) exists on a time interval if and only
if it has upper and lower bounds in terms of its coefficient
matrices on the interval. This result, in turn, characterizes the
two end-points of the maximal interval of existence of the
solution, at which the finite escape phenomenon takes place.

Corollary 2. Assume that (A(t), B(t)) is totally controllable
for t € R. Let Ty C R be the maximal interval of existence
of the solution to (8), starting from 11(s) = ;. Then, Is =



(to,t1), where

<L},

to =inf {t|t <s, N(t,s)”
= - 10, }.

t1 = sup {t ’ t>s, N(t,s)7!

B. Solution to the State Covariance Equation

Armed with the complete solution of II(¢), we obtain an ex-
plicit expression for the state transition matrix ® 4, _gprr(¢, 5),
which satisfies ® 4_pprr(s,s) = I,, and

B (1) = (A() ~ BOBOT)®a_ppmlt, )

Then, we may provide an explicit solution of X(¢) over [0, 1].

Lemma 3. Let I1(t) exist on [0, 1]. The state transition matrix
of A(t) — B(t)B"(t)I1(t) is given, for s,t € [0,1], by

®4_pprlt,s)
Given 3(0) = X = 0, then, for t € [0, 1],
X(t) =Pa_pp(t,0)20P4_pprn(t,0)"

¢
+ /0 ®4_ppru(t,s)C(s)D(s)C7(5)®4_ppr(t, s)" ds,
(18)

=Pyu(t,s) — Pa(t,s)N(t,s)(s). (17)

where ® 4_pprr(t,s) is given by (17) and 11(t) is given by
(14). In particular, for any s € [0,1], as TI(s) — N(1,s)71,
then $(1) — Opxpn. When o = 0, as II(s) — N(0,s)},
then (1) — +o0.

Proof. One can readily check that

Da(s,8) — Pa(s,s)N(s,s)(s) = L,.
Since,
%N(t, 5) = ®4(s,t)B(t)B'(t)®a(s,t),

in view of (14), we obtain that

o))

((I)A(tv 3) - (I)A(ta S)N(tv S)H(S))
(A(t) - B(t)B"(1)I1(t))
X (Pa(t,s) — Palt,s)N(t,s)(s)).

This completes the proof of (17).

ot

It is not difficult to check using direct differentiation that
(18) is the solution of (9). By (14) and the continuity of II, it
follows that, as II(s) — N(1,s)~!, then the corresponding
solutions of the Riccati equations for II(t) and N(1,#)~!
from (8) and (16), respectively, satisfy TI(t) — N(1,¢)~!
for each t € [0,1]. By the dominated convergence theorem,
it follows that, as TI(t) — N(1,t)~! for all ¢t € [0,1],
then (1) — Opxy,. Similarly, as II(s) — N(0,s)!, then
I(t) — N(0,¢t)! for each t € [0,1]. When £y = 0, as
I1(0) — N(0,0%)~! = —o0, then X(1) — +oc. [ |

D()CT(¢) =

For the special case when Yo > 0 and C(t)
B(t)B'(t) for all ¢t € [0,1], we have that

1
/(I)AfBBTH(laT)B(T)BT(T)(I)AfBBTH(laT)TdT
0

:/ (@4(1,7) — ® (1, 7)N(1, )II(r)) B(r) B'()

x (®a(l,7)" —I(T)N(1,7)®a(L, 7)) dr
=—N(0,1) + ®A(1,t)N (1, )II{#)N(1,t) P 4(1,2) \0
= —N(0,1) — ®4(1,0)N(1,0)IL(0)N(1,0)P4(1,0)".

For notational simplicity, in the sequel let N(1,0) be denoted
by Nip, and let II(0) be denoted by IIj. Then,

®4(0,1)%(1)®4(0,1)" = Nyg(Nyg" — IIp) N1o
+ Nio(Nyy! — o) Zo(Nyg' — ) Nig

_1 1 1
= Ny%, 2 <zg (Nt = TI)Xo(N;gh — o) 23
1 1 _1
+35 (Ngg' — H0)22>Eo *Nio

_1 Lo 1] 2 I _1
= NioXp * | |25 (N10 — HO)Zg + 3l 71 Y * Nio-

Therefore, given (1)
by

=31 > 0, II(0) is unique and is given

Z0

I1(0) = 9 + Ny

_1 /(] 1\ 2 1
_yy (4 +NENG B A(0,1)81 P A(0,1)TN 2§> 552

This is the same solution reported in [17].

C. Existence and Uniqueness of the Optimal Control

We are ready to show the existence and unique-
ness of the optimal control. Since ®,4_pgpn(l,s) =
D4 _ppm(1,0)®4_gpr(0,s), Lemma 3 provides an explicit
map from II(0) to ¥(1). Specifically, define f : {II, €
R |Tlg = I} < Nig'} — {1 € R | %, = 5] - 0}
such that

f(Io) =

Q4,0 (I — Niollp) | Zo +

1
/ (I — Nyollp) ™' ®4,,CsD,CIRY, (I —gNyo) 'ds
0

X (I— HoNlo)(b-IAw, (19)

where &4, £ ®A(t,s), Ny 2 N(t,s), Cs = C(s), and
D, = D(s). Lemma 3 leads naturally to an alternative
sufficient condition for optimality stated below.

Corollary 3. Let Condition C3 hold. Assume there exists an
n X n symmetric matrix Ily < ]\71_01 such that the terminal
state covariance %1 can be written as Y1 = f(Ily). Then, the
optimal control is u*(t) = —BT(t)I1(t)x(t), where I1(t) is the
unique solution to (8) with I1(0) = TI,.



Next, we show that the map f defined by (19) establishes a
one-to-one correspondence between II(0) and X(1). The key
idea behind the proof is to show that this map f satisfies all the
criteria in Hadamard’s global inverse function theorem [39].
For the sake of notational simplicity, let

P,y 2 @4 ppr(1,0) = P, (I — Niolly),
and

A (Ns_ol - H0)71 - Oa s e (07 1]a
TsO =
Oana s = 0

The vectorization vec(H) of an n x n matrix H = [h;;] is
vec(H) 2 11 .. hpt hiz «o. hoo oo hin v sl
Define the map f : { vec(Ilp) € R |Ilp = ITj < Nig'} —
{vec(S1) € R”" |2y = %] » 0} such that

f( Vec(Ho)) = vec (f(l_l()))7
where f is defined by (19).

Lemma 4. The Jacobian of the map f, defined by (20), at
vec(Ily) is given by

(20)

Of (vec(Ilp)) = =@, ® Pry {Zo ® Tho + T1o ® Yo

1
+/ P, @ (Tio — Tso) + (Tro — Tso) ® Ps dS], (21
0

where & denotes the Kronecker product and

Py 2 (I — Nyllo) '@ 4,,Cs DsCI®T (I —ToNy) ™t = 0.

Proof. See the Appendix. |

Lemma 5. Let Condition C3 hold. For any given ¥y > 0, the
map f in (19) is a homeomorphism. Thus, for any ¥, > 0,
there exists a unique Iy < Nfol such that 1 = f(Iy).

Proof. See the Appendix. |

In general, it is not straightforward to get an analytic
expression of the inverse map f~! from (1) to IT(0). Instead,
we have to resort to numerical methods. Specifically, since the
map f from II(0) to X(1) and its Jacobian are known, we can
use root-finding algorithms to find I1(0) for given 3(1). When
C(t)D(t)C™(t) is approximately equal to a scalar multiple
of B(t)R™1(t)B'(t), one can adopt perturbation methods to
find an approximate solution to the coupled ODEs. Lastly,
as explained in [18], the general optimal covariance steering
problem can always be solved numerically by recasting it as
a semidefinite program.

When n > 1, the map f from II(0) to (1) is not
monotone in the Loewner order’. However, when n = 1, fis
monotonically decreasing. Thus, we can find II(0) using, for

SLoewner order is a partial order on the set of n X n symmetric matrices
in that, for two such matrices My and Ms, My > My if My > Mas, and
My > Mo it My = Ms.

example, bisection. In addition, for n = 1 we can also handle
the pathological case of a singular initial covariance.

D. One-Dimensional Covariance Control with Singular
Initial Covariance

In this subsection, we explain how to optimally steer the
state covariance when the initial covariance is zero, that is, the
initial state is deterministic, by exploiting the monotonicity of
f when n = 1. Without loss of generality, assume p = g = 1.
Let the one-dimensional variables be denoted by the lower-
case letters of the corresponding matrix variables. With n = 1,
Condition C3 reduces to the condition that, for all 0 < ¢ty <
t; <1, there exists ¢t € (to,?1) such that b(t) # 0.

When n = 1, let o(¢;m) denote the state covariance (18)
starting from 7(0) = mp < N(1,0)~! and o(0) = o9 > 0.
It follows from the monotonicity of the Riccati differential
equation [38] that o(1;m) is continuous and monotonically
decreasing in 7y. The following result shows that with a
singular initial state covariance o(0) = 0, the desired terminal
covariance may not be too large, depending on the initial noise.

Theorem 3. Let Condition C3 hold and let oo = 0. For any
given o1 € (0,n), where

A
7’] =
1 ! a(s Sp— 2
/1 Jo e 2O ORI ATY sy a(t)e () dt
0 f(;: ef: 2a(s) dSTfl(T)bZ (T) dr ’

the unique optimal control for solving Problem P2 is given by
(11). As ©(0) — —oo, o(1) — n~. Moreover®, if ¢(0)d(0) #
0, n = +o0.

Proof. See the Appendix. |

VI. NUMERICAL EXAMPLE

We illustrate the theoretical results using an example. Let
us consider a small flying vehicle in heavy rain, which is
modeled by a kinematic point subject to Poisson and Gaussian
noise [40]. We only consider the motion of the vehicle along
the vertical direction. Let «(¢) and v(¢) be the vertical position
and velocity, respectively. The effect of rain on the vehicle is
modeled by a nonhomogeneous compound Poisson process
h(t). Then, the vertical dynamics of the vehicle is given by

dz(t) = v(t) dt,

dv(t) = u(t) dt + 0.2dw(t) + dh(t),
where h(t) has arrival rate A\(t) = 5 — ¢ and i.i.d. jump size
X ~ N(=0.5,0.1%). Our goal is to control the covariance

of the vehicle while hovering at a certain height from an
initial covariance of 3, = diag[0.6, 0.6] to a target covariance

of ¥; = diag[0.2,0.1] with the least effort E U; u?(t) dt}.

°If ¢(0)d(0) = 0, the value of 7 depends on the asymptotic behavior of
d(t)c?(t) as t — 0T,



Assume [2(0) v(0)]" ~ N ([0 0]",%). Figure 1 illustrates
ten controlled sample paths in the phase space as a function
of time. The three-standard deviation tolerance interval for
t € [0,1] is depicted as the shaded tube.

2
1
20
g
3 1
-2
2
2 - o6 0.8 1
Position x(t) 0 0.2 0.4
Time ¢

Fig. 1: Controlled position and velocity: 10 sample paths.

VIl. CONCLUDING REMARKS

In this paper, the optimal control law is established for
steering the state covariance of a general linear time-varying
stochastic system subject to general martingale additive noise.

The
[41]

discrete-time counterpart of this result can be found in

. Interesting potential extensions include the development

of efficient algorithms for solving coupled matrix ODEs (8),

).

(10) and the optimal control of the state covariance along

the trajectory, or the covariance steering problem with partially
fixed terminal covariance and/or free final time.
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APPENDIX

Proof of Lemma 4. We can compute the Jacobian of the map
f defined by (20) as follows. Let AIl, denote a small
increment of IIy. Then, it follows from [42] that

(I = NaoIlp — NoAllp) ™ = (I — NepTlp) ™"
+ (I — NyoIlp) "' Ny Al (I — Nyollp)~'+ O (|| ATLy ||2).
Hence, by collecting all the first order terms of Allj, we have

F(Tly + ATLy) — £(Tly) = O(|| AT, ||?)

1
— (I)AleOAHO |:20 + /0 .PS d8:| (I — HONIO)(I)LIO
1
= ®4,,(I = Niollp) [Eo +/0 P, ds] AllgN1o®Y
1
+®4,,(I — Nyollp) [/ (I — NyoIp) ™' Ny ATl Py
0

+ P, ATlgNyo(I — HONSO)_lds} (I —TIgN1g)® -
Thus, we can write
f (I + Ally) — £(Iy) = O(||AlLy||?)
— &y, {TlOAHOEO + B AT

1
+ / (Tho — Tso)Allg Ps + PsAllg(T10 — Tso) ds} i,
0
Vectorizing both sides of the previous equation yields

vee (£ (To + ATly) = (TTy) ) = 7 (vee(TTy)) vee (AT)
+O(||ATIp|?).

It follows that

Of (vec(Ilp)) = =Py, ® Pry [20 @ Tho + Tho ® o

1

+ [ Py® (Tio — Teo) + (Tho — Tso) @ Ps ds} )
0

thus completing the proof. |

Proof of Lemma 5. Since Ty is continuous in IIy and s €
[0,1], 8f (vec(ITp)) is continuous in vec(Ily). First, we show
that 9f(vec(Ilp)) is nonsingular at each Iy < N '. Since
®11,, is nonsingular, ®11,, ® Pry,, is nonsingular as well. It
suffices to show that the term in the square brackets of (21),
that is,

S £ %0 ® T+ Tio ® Xo

1
+/ Py ® (Tw - Tso) + (Tu) - Tso) ® Psds,
0

is nonsingular. Notice that .S is symmetric, since g, T = 0
and P;,T1g — Tso = 0 are all symmetric. Let X # 0 be an
n X n matrix, not necessarily symmetric. Then,

vec(X)'S vec(X) = trace <XTT10XEO + X550 X T

1
+/4Wahn®X&+XULHEOE@®>
o A s N
> trace (TfOXEOXTTfo + TlQOXTEOXTlQO) > 0.

Thus, S > 0, which implies that 9 f ( Vec(Ho)) is nonsingular
at each TTy < N;o"

Next, we show that the map f is proper, that is, for any
compact subset X C {¥; € R"™"|%; = X] > 0}, the
inverse image f~!(K) C {Ilp € R™*"|II, = I} < N;,'} is
compact. Since f is continuous, the inverse image of a closed
set is closed. Since K is bounded, in view of (19), the set

{@Aw (I = Nypllg)So(I — Mo Nyo)®,. . | 1T, € f*l(/C)}

is bounded. It follows that f~!(K) is bounded. Hence, f~1(K)
is compact, and f is proper.

Since the set of positive definite matrices is convex, it is
simply connected [39]. By Hadamard’s global inverse function
theorem [39], f is a homeomorphism, thus a bijection. [ |

Proof of Theorem 3. By the continuity and monotonicity of
7T(t;71'0) in my for all t € [0, 1], it follows that, as my —
—o0, m(t;m) — N(0,t)~! monotonically. By (18) and the
monotone convergence theorem, it follows that for oy = 0,
limy,——oo 0(1;m0) = 1.

Let now ¢(0)d(0) # 0. By continuity, d(t)c?(¢) is bounded
below from zero on some interval [0,¢] for e € (0,1]. Let
Z > 0 satisfy

e Ji 20 AT g2 (1) > Z >0, Ve lo,e,
and let
1
pE / el? 2“(s)01‘97’_1(7)()2(7') dr > 0.
0
Let G € R and 2 > O satisfy
2a(t) < G, r LV (t) <Q, Vtelo,e]

Without loss of generality, assume ¢ is sufficiently small, such
that, for all ¢ € [0,¢], €' — 1 = Gt + O(#?). Then, for all
t€0,¢l,

t t
/ el7 2a(s) s, —1 (T)b2 (r)dr < / S0 dr
0 0

Q (% -1
= M ~ Qt.
G
Therefore,
€ P 2
> — ) Zdt= .
= /0 (Qt) o
This completes the proof. |
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