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Abstract

Model predictive control solves a constrained optimization problem online in order to compute an implicit closed-loop control
policy. Recursive feasibility—guaranteeing that the optimal control problem will have a solution at every time step—is an
important property to guarantee the success of any model predictive control approach. However, recursive feasibility is difficult
to establish in a stochastic setting and, in particular, in the presence of disturbances having unbounded support (e.g., Gaussian
noise). The problem is further exacerbated for time-varying systems, in which case recursive feasibility must be established
also in a robust sense, over all possible future time-varying system matrices, as well as in a stochastic sense, over all potential
disturbance realizations. This work presents a method for ensuring the recursive feasibility of a convex, affine-feedback stochastic
model predictive control problem formulation for systems with time-varying system matrices and unbounded (Gaussian)
disturbances using ideas from covariance steering stochastic model predictive control. It is additionally shown that the proposed
approach ensures that the closed-loop operation of the system will satisfy the desired chance constraints, and that the stochastic
model predictive control problem may be formulated as a convex program so that it may be solved efficiently in real-time.

Key words: Stochastic optimal control; Model predictive control; Convex optimization; Linear time-varying systems;
Uncertain systems.

1 Introduction

Model predictive control (MPC) is an attractive
optimization-based method for controlling autonomous
systems owing to its ability to handle input and state
constraints while ensuring convergence under real-time
computational limitations [4]. Stochastic MPC (SMPC),
in particular, has gained interest as a method to pro-
vide probabilistic guarantees of constraint satisfaction
and convergence to a neighborhood of the target in
the presence of random disturbances. However, several
challenges of stochastic MPC still exist. Whereas de-
terministic MPC optimizes over control actions at each
time step, stochastic MPC, instead, optimizes over con-
trol policies as a means of controlling the dispersion of
trajectories over time. Since optimizing over arbitrary
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policies is not easily tractable, typical formulations con-
sider an affine feedback policy [25]. In some cases, the
feedback gain is calculated offline and is fixed; a more
optimal approach is to design the feedback policy online
in conjunction with a feed-forward control action. This,
however, may lead to challenges in terms of preserving
the convexity of the problem formulation. Another issue
of SMPC is ensuring convergence. Whereas for deter-
ministic MPC problems it is possible to show asymptotic
convergence for the case of linear systems, for SMPC
problems, only convergence to a neighborhood of the
origin can be shown since the system is subject to a
persistent disturbance [24]. Finally, providing recursive
feasibility guarantees for SMPC approaches is challeng-
ing when the noise is sampled from a distribution with
unbounded support (e.g., Gaussian distribution). Exist-
ing approaches addressing this issue typically consider
either a truncated Gaussian distribution or relax the
problem formulation [6, 11,17,22,25].

In our recent work [18], we formulated a stochastic MPC
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approach for linear time-varying systems based on the
recent theoretical developments in finite-horizon opti-
mal covariance steering [2,3,8–10,12,26,27]. The covari-
ance steering problem addresses the issue of how to opti-
mally drive the first two moments of a linear system from
some initial condition to a given final condition over a fi-
nite horizon. This problem is closely related to the ques-
tions of recursive feasibility and stability of SMPC, since
bounds on the first two moments of the state distribu-
tionmay be used to ensure chance constraint satisfaction
and convergence. Using results from covariance steering,
in [18] we formulated an online affine-feedback solution
to the SMPC problem that can be efficiently solved us-
ing convex programming, which we refer to as covariance
steering stochastic MPC (CS-SMPC). Assuming recur-
sive feasibility, the method provides asymptotic tracking
convergence for the nominal system and convergence to a
neighborhood of the reference trajectory for the stochas-
tic system. However, the question of ensuring recursive
feasibility, and consequently closed-loop constraint sat-
isfaction, of CS-SMPC was not addressed in [18] and
thus is the focus of this paper.

1.1 Literature Review

Most papers addressing the issue of recursive feasibil-
ity for stochastic systems assume that the disturbance is
drawn from a distribution with bounded support (e.g.,
truncated Gaussian distribution). In [5,6,21,22], the au-
thors consider a linear time-invariant (LTI) system sub-
ject to bounded additive disturbances, and design an
SMPC controller based on a fixed stabilizing feedback
gain that is computed offline. In [20, 28], the authors
consider an SMPC problem for an LTI system subject
to additive Gaussian disturbances. The authors in these
papers optimize over the space of affine feedback poli-
cies; however, they also approximate the Gaussian with a
truncated distribution, essentially formulating a robust
MPC control problem.

One of the fewworks that considered disturbances drawn
from a distribution with unbounded support is [11], in
which the authors optimize over the space of initial con-
ditions and affine feedback policies in order to achieve re-
cursive feasibility. The drawback of this strategy is that if
the current state would lead to infeasibility, an open loop
control must be used, discarding the most recent state
information. However, a more recent work [19] notes
that the relaxation of the initialization proposed in [11]
is still the state-of-the-art and has been utilized in nu-
merous theoretical extensions and applications. The au-
thors of [19] propose to improve the initialization strat-
egy by allowing for a continuous interpolation between
using the most recent state measurement and relying
on open-loop prediction of the state, referred to as ini-
tial state interpolation. The authors of [16, 17] also ex-
tended the work of [11]. Instead of optimizing over the
state initialization, they propose a method referred to
as indirect feedback, where the state measurement is in-
cluded only in the cost function, while the constraints are

given purely in terms of the nominal system through a
tube-based constraint-tightening approach. While both
of these methods are able to show recursive feasibility,
their analysis is limited to time-invariant systems and
can be overly conservative due to the reliance on a pre-
computed feedback policy.

The authors of [29] consider unbounded disturbances by
taking a different approach. They address the issue of
recursive feasibility and establish convergence for an un-
constrained variation of the problem by softening the
chance constraints using a penalty function (i.e., by im-
posing them through the cost function).

A similar problem formulation to the current paper is
found in [1], which considers a stochastic LTI system sub-
ject to bounded parametric uncertainty and unbounded
additive disturbances. However, as in [7], the authors
of [1] assume that a stabilizing feedback gain is given
beforehand (Assumption 1 in [1]) and then proceed to
develop their recursive feasibility analysis for the closed-
loop LTI system. Thus, the authors of [1] take a robust
approach and do not allow for online optimization of
the feedback gains, which can lead to significant conser-
vatism, especially for LTV systems. Moreover, the ap-
proach in [1] does not provide any insights on how to
compute the optimal robust feedback gains for a sys-
tem subject to parametric uncertainty. In this paper, we
formulate a semidefinite program (17), the solution of
which provides a means of retrieving a robust feedback
gain that will ensure a necessary invariance condition
on the uncertainty of the stochastic system is satisfied
(Lemma 4). This feedback gain and the corresponding
invariance condition are reminiscent to the requirements
of Assumption 1 in [1], in which the stabilizing feedback
gain must satisfy a similar robust invariance equation.

Very few works deal with SMPC for linear time-varying
(LTV) systems, and those that do, only consider
bounded disturbances. Considerable challenges hamper
the direct application of existing recursive feasibility re-
sults to LTV systems. For example, the results obtained
in [11] require a pre-computed stabilizing feedback gain
to design the terminal constraints. However, finding a
single feedback gain that is stabilizing over all possible
time-varying future system parameters is challenging.

One of the few works addressing LTV systems is [14]
which considers a robust MPC problem formulated with
an online affine-feedback policy. However, as mentioned
above, the authors limit their analysis to bounded dis-
turbances. The authors of [15, 23] consider a linear
parameter-varying system that approximates a non-
linear deterministic system. They show that recursive
feasibility can be ensured using robust tube-based and
invariant set-based approaches, respectively, provided
the parameters lie in a compact set.

As summarized in Table 1, the existing literature on
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the recursive feasibility of SMPC for systems subject
to unbounded disturbances is extremely sparse, espe-
cially for the less-conservative case in which an affine-
feedback policy is computed online. Furthermore, the
overlap between results that consider both unbounded
disturbances and time-varying systems is virtually non-
existent. In this work, we fill this gap in the literature
by establishing sufficient conditions for the recursive fea-
sibility of SMPC for affine time-varying systems sub-
ject to unbounded (Gaussian) disturbances. Moreover,
we provide a practical approach for computing the ter-
minal constraint necessary in order to ensure that these
conditions hold in practice. We show that our method
results in satisfaction of the chance constraints during
closed-loop operation of the system, as desired. Finally,
we show that these results hold for the particular formu-
lation of the SMPC problem used by CS-SMPC in [18],
which optimizes online over the space of affine feedback
policies by solving a convex program.

Table 1
Comparison of existing results on recursive feasibility of
stochastic MPC.

Disturbances
Bounded (Robust)
[5, 6, 20–22,28]

[14,15,23]

Unbounded
(Stochastic)

[1, 11,16,17,19,29]

Feedback
Offline (Tube)
[1, 5, 6, 17, 22]
[16,19,21]

Online
(Affine-feedback)
[11,14,20,28,29]

System
LTI

[5, 6, 11,16,17]
[1, 19–22,28,29]

LTV
[14,15,23]

2 Problem Formulation

We consider an affine time-varying (ATV) 3 system, as
in [18], given by

xk+1 = Akxk +Bkuk +Dkwk + rk, (1)

where xk ∈ Rnx and uk ∈ Rnu are the fully observ-
able state and control action at time-step k, respectively,
and wk ∼ N (0nw

, Inw
) is an i.i.d. disturbance (that is,

E[wk1w⊤
k2
] = E[wk1 ]E[w⊤

k2
] = 0 for all k1 ̸= k2). The sys-

tem parameter matrices/vector are given by Ak ∈ A ⊆
Rnx×nx , Bk ∈ B ⊆ Rnx×nu , Dk ∈ D ⊆ Rnx×nw , and
rk ∈ R ⊆ Rnx , where A, B, D, and R are such that

Sk =
[
Ak Bk Dk rk

]
∈ S = co{S1, . . . , SNp} (2)

S = {
Np∑
ℓ=1

λℓS
ℓ :

Np∑
ℓ=1

λℓ = 1, λℓ ≥ 0}, (3)

where co{·} refers to the convex hull and where Sℓ =[
Aℓ Bℓ Dℓ rℓ

]
, for all ℓ = 1, . . . , Np. The system (1) is

3 We consider an ATV system as the affine term is useful for
modeling autonomous vehicles as seen in Sec. 5 and in [18].

subject to Nx (state) and Nu (input) polytopic chance
constraints, given by

Pr(α⊤
x,ixk ≤ βx,i) ≥ 1− px,i, (4a)

Pr(α⊤
u,juk ≤ βu,j) ≥ 1− pu,j , (4b)

for i = 1, 2, . . . , Nx and j = 1, 2, . . . , Nu, where the
linear inequalities define polytopes given by X ≜⋂Nx

i=1

{
x : α⊤

x,ix ≤ βx,i
}
, U ≜

⋂Nu

j=1

{
u : α⊤

u,ju ≤ βu,j
}
.

The state and control actions of system (1) are associ-
ated with a cost function given by

ℓk(xk, uk) = (xk − xgk)
⊤Qk(xk − xgk) + u⊤k Rkuk, (5)

where, for all k = 0, 1, . . . , Qk ⪰ 0 and Rk ≻ 0 are
known bounded matrices, and xgk ∈ X is a known tar-
get sequence to track. The model in (1) implies that the
system matrices are known over the control horizon, a
common assumption, which, for the sake of complete-
ness, we formalize below. This is a weak assumption,
which is satisfied in practice, e.g., when the ATV system
(1) is derived from linearizing a nonlinear system.

Assumption 1 At time k, the system matrices At, Bt,
Dt, and rt are known over the prediction horizon t =
k, . . . , k +N − 1.

To design an optimal control policy for system (1), define
the following CS-SMPC problem given by

min
ρN−1
k

(·)
JN (µk,Σk;ρ

N−1
k (·)) =

k+N−1∑
t=k

E[ℓt(xt|k, ut|k)], (6a)

subject to

xt+1|k = Atxt|k +Btut|k +Dtwt + rt, (6b)

xk|k ∼ N (µk,Σk), wt ∼ N (0nw
, Inw

) (6c)

ut|k = ρt|k(xt|k), (6d)

Pr(α⊤
x,ixt|k ≤ βx,i) ≥ 1− px,i, i = 1, . . . , Nx, (6e)

Pr(α⊤
u,jut|k ≤ βu,j) ≥ 1− pu,j , j = 1, . . . , Nu, (6f)

E[xk+N |k] ∈ X µ
f , (6g)

E[(xk+N |k − E[xk+N |k])(⋆)
⊤] ⪯ Σf , (6h)

where, for all t = k, . . . , k + N − 1, xt|k and ut|k are
the predicted state and control action, respectively,
at time t computed at the present time k, (⋆) repre-
sents repeated terms, and where X µ

f ⊆ X and Σf ≻ 0
must be designed to ensure the recursive feasibility
of (6). The initial state is given by xk|k and, as is
often the case in SMPC, is sampled from a random
distribution which may depend on the most recent
state observation xk. The selection of µk and Σk are
described below. The optimization is performed over
the sequence of planned state-feedback control policies
ρN−1
k (·) = {ρk|k(·), . . . , ρk+N−1|k(·)}. Since the future

state sequence xN−1
k = {xk|k, . . . , xk+N−1|k} consists
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of random variables, the sequence of predicted future
control actions, given by uN−1

k = {uk|k, . . . , uk+N−1|k},
where ut|k = ρt|k(xt|k), is also stochastic.

Problem (6) is a finite-horizon optimal control problem
representing a tractable approximation of the corre-
sponding infinite-horizon optimal control problem, and
is solved in a receding horizon fashion to generate an
optimal closed-loop control policy for the system. Let
the optimal cost of Problem (6) at time k be denoted by
J∗
N (µk,Σk) and let the corresponding optimal solution

be denoted by ρ∗N−1
k (·) = {ρ∗k|k(·), . . . , ρ

∗
k+N−1|k(·)},

generating the predicted sequences of stochastic con-
trol actions u∗N−1

k = {u∗k|k, . . . , u
∗
k+N−1|k} and states

x∗N
k = {x∗k|k, . . . , x

∗
k+N |k}, where u∗t|k = ρ∗t|k(x

∗
t|k),

x∗t+1|k = Atx
∗
t|k + Btu

∗
t|k + Dtwt + rt, and x∗k|k ∼

N (µk,Σk). The sequence x∗N
k has the corresponding

optimal predicted moment sequences denoted by µ∗N
k =

{µ∗
k|k, . . . , µ

∗
k+N |k} and Σ∗N

k = {Σ∗
k|k, . . . ,Σ

∗
k+N |k},

where x∗t|k ∼ N (µ∗
t|k,Σ

∗
t|k) and where µ∗

k|k = µk and

Σ∗
k|k = Σk. The control command applied to system (1)

at time k is then given by

uk = u∗k|k. (7)

In [18], we showed that Problem (6) can be cast as a
convex program for a suitable parameterization of the
control policy (see Theorem 2 of [18]). Additionally, we
showed that if system (1) is controlled by (7), then the
nominal system (wk ≡ 0) converges asymptotically to
the reference trajectory xgk (see Theorem 3 of [18]) and
the stochastic system (1) converges to a neighborhood of
the reference trajectory on average (that is, the average
stage cost is bounded as k → ∞, see Theorem 4 of [18]).
However, both of these results rely on the condition that
a solution to (6) exists at every time k = 0, 1, . . . , using
the initialization (6c), where µk and Σk are given by

(µk,Σk) =

{
(x0, 0), k = 0,

(µ∗
k|k−1,Σ

∗
k|k−1), k > 0,

(8)

where

µ∗
k+1|k = Akµk +Bkūk + rk, (9a)

Σ∗
k+1|k = AkΣkA

⊤
k +AkΣxuk

B⊤
k +BkΣ

⊤
xuk

A⊤
k

+BkΣuk
B⊤
k +DkD

⊤
k , (9b)

and where ūk = E[uk|µk,Σk], Σxuk
= E[(xk−µk])(uk−

ūk)
⊤|µk,Σk] and Σuk

= E[(uk − ūk)(uk − ūk)
⊤|µk,Σk].

The aim of this work is to investigate conditions implying
the feasibility of Problem (6) under the initialization (8),
as we have already established convergence results for
this problem, conditioned on feasibility, in Theorems 3

and 4 of [18]. In Section 3, we derive sufficient condi-
tions for X µ

f and Σf such that Problem (6) is recursively

feasible, and in Section 4 we show how to compute X µ
f

and Σf to meet these conditions. We then show that our
method allows for a convex problem formulation and en-
sures satisfaction of the chance constraints in practice.

Remark 2 In [18] we allowed Problem (6) to be initial-
ized with µk = xk, Σk = 0 instead of (8) if the fol-
lowing two conditions are satisfied: Problem (6) is fea-
sible under such an initialization, and also its solution
provides a lower optimal cost than that under (8) (i.e.,
J∗
N (xk, 0) ≤ J∗

N (µ∗
k|k−1,Σ

∗
k|k−1)). Therefore, feasibility

under (8) implies feasibility under the initialization pro-
posed in [18] and thus it provides a sufficient condition
for the stability results in Theorems 3 and 4 of [18].

3 Recursive Feasibility Conditions

We are now ready to introduce the main result of the
paper, which establishes sufficient conditions for the re-
cursive feasibility of Problem (6).

Theorem 3 Let X µ
f and Σf be such that, given µ ∈ X µ

f

and Σ ⪯ Σf , there exists a ρ(·) such that, for all A ∈ A,
B ∈ B, D ∈ D, r ∈ R,

Pr(α⊤
x,ix ≤ βx,i) ≥ 1− px,i, i = 1, . . . , Nx, (10a)

Pr(α⊤
u,ju ≤ βu,j) ≥ 1− pu,j , j = 1, . . . , Nu, (10b)

Aµ+Bū+ r ∈ X µ
f , (10c)

AΣA⊤ +AΣxuB
⊤ +BΣ⊤

xuA
⊤

+BΣuB
⊤ +DD⊤ ⪯ Σf , (10d)

where x ∼ N (µ,Σ), u = ρ(x), ū = E[u|µ,Σ], Σxu =
E[(x−µ)(u−ū)⊤|µ,Σ] andΣu = E[(u−ū)(u−ū)⊤|µ,Σ].
Then, assuming Problem (6) is feasible at time k = 0
using the initialization (8), it will remain feasible under
initialization (8) for all future time steps k > 0.

PROOF. It is sufficient to show that feasibility at an
arbitrary time-step k implies feasibility at the next time-
step k+1. To that end, let an optimal solution ρ∗N−1

k (·)
to Problem (6) at time k exist with corresponding opti-

mal control, state, and moment sequences u∗N−1
k , x∗N

k ,
µ∗N
k , andΣ∗N

k . We claim that a feasible solution at time
k + 1 is given by

ρN−1
k+1 (·) = {ρk+1|k+1(·), . . . , ρk+N |k+1(·)}
= {ρ∗k+1|k(·), . . . , ρ

∗
k+N−1|k(·), ρ(·)}, (11)

generating the control sequence

uN−1
k+1 = {uk+1|k+1, . . . , uk+N |k+1}, (12)

and the predicted state sequence

xNk+1 = {xk+1|k+1, . . . , xk+N+1|k+1}, (13)

4
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with corresponding moment sequences

µNk+1 = {µk+1|k+1, . . . , µk+N+1|k+1}
= {µ∗

k+1|k, µ
∗
k+2|k, . . . , µ

∗
k+N |k, µk+N+1|k+1}, (14)

ΣN
k+1 = {Σk+1|k+1, . . . ,Σk+N+1|k+1}
= {Σ∗

k+1|k,Σ
∗
k+2|k, . . . ,Σ

∗
k+N |k,Σk+N+1|k+1}, (15)

where ut|k+1 = ρt|k+1(xt|k+1), xt|k+1 ∼ N (µt|k+1,Σt|k+1),
for t = k + 1, . . . , k +N + 1.

To show that (11) results in a feasible solution of
Problem (6), notice that under initialization (8),
xk+1|k+1 ∼ N (µ∗

k+1|k,Σ
∗
k+1|k). Then, the sequences

{uk+1|k+1, . . . , uk+N−1|k+1}, {xk+1|k+1, . . . , xk+N−1|k+1}
necessarily satisfy (6e) and (6f) as, due to (8), they will
be distributed the same as those derived from a feasible
solution of (6). Moreover, xk+N |k+1 will be distributed
according to N (µ∗

k+N |k,Σ
∗
k+N |k) and will satisfy (6e)

because it necessarily satisfies the terminal constraints
(6g)-(6h) as a solution of Problem (6), which, under
(10a), implies satisfaction of (6e). Finally, due to (10),
and since, as a solution of (6), µ∗

k+N |k ∈ X µ
f and

Σ∗
k+N |k ⪯ Σf , it is known that there exists ρ such that

uk+N |k+1 = ρk+N |k+1(xk+N |k+1) = ρ(xk+N |k+1) satis-
fying (6f), and such that xk+N+1|k+1 satisfies (6g)-(6h).
□

We have thus established sufficient conditions for the
recursive feasibility of Problem (6) under the initializa-
tion (8). Next, we show how (10) can be used to design
the terminal set X µ

f and the terminal covariance Σf so

as to ensure that the Problem (6) is recursively feasible.
As a direct consequence of that result, we will show that
the convex CS-SMPC formulation presented in [18] is
also recursively feasible.

4 Terminal Constraint Design

To compute the terminal set X µ
f and the terminal co-

variance Σf satisfying (10), we introduce the candidate
control parameterization

ut|k = ρt|k(xt|k) = vt|k + Lt|k(xt|k − µt|k), (16)

where vt|k ∈ Rnu and Lt|k ∈ Rnu×nx . Under (16), ūt|k =

vt|k, Σxut|k = Σt|kL
⊤
t|k, and Σut|k = Lt|kΣt|kL

⊤
t|k.

Lemma 4 A terminal covariance matrix Σf satisfying
(10d) is given by the solution to the semidefinite pro-
gram (SDP)

min
Σ,Z

tr(Σ) (17a)

subject to

[
Σ−DℓDℓ⊤ AℓΣ+BℓZ

ΣAℓ⊤ + Z⊤Bℓ⊤ Σ

]
⪰ 0, (17b)

for all ℓ = 1, . . . , Np, where Σ ⪰ 0nx×nx and Z ∈
Rnu×nx , and where tr(·) is the trace operation.

PROOF. Under the control policy parameteriza-
tion (16), ρ(x) = v + L(x − µ), and (10d) reduces
to the existence of a matrix L ∈ Rnu×nx , such that
(A + BL)Σ(A + BL)⊤ + DD⊤ ⪯ Σf , for all A ∈ A,
B ∈ B, D ∈ D, and Σ ⪯ Σf . Thus, a terminal covari-
ance matrix Σf satisfying (10d), is given by a matrix Σ
satisfying

Σ ⪰ (A+BL)Σ(A+BL)⊤ +DD⊤, (18)

for all A ∈ A, B ∈ B, D ∈ D and for a particular choice
of L ∈ Rnu×nx . Similar to the approach in [13], using the
Schur complement, (18) may be formulated as a linear
matrix inequality (LMI) given by

M =


Σ (A+BL) D

(A+BL)⊤ Σ−1 0

D⊤ 0 I

 ⪰ 0, (19)

for all A ∈ A, B ∈ B, D ∈ D.

Using the Schur complement and (2), it may be seen that
satisfaction of (19) is ensured by[

Σ−DℓDℓ⊤ (Aℓ +BℓL)

(Aℓ +BℓL)⊤ Σ−1

]
⪰ 0, (20)

for all ℓ = 1, . . . , Np. Finally, (20) may be converted to
the equivalent LMI given by (17b), which is convex in Σ
and Z, by multiplying from both sides by blkdiag(I,Σ)
and using a change of variables given by Z = LΣ. Thus,
Σf satisfying (10d) may be found by solving the SDP
(17). □

Let the optimal solution of Problem (17) be given by
Σ∗, Z∗. The optimal control gain L∗ may be recovered

from L∗ = Z∗Σ∗−1

, provided Σ∗ ≻ 0. We are now ready
to introduce the second main result, which shows how to
compute X µ

f and Σf so that the conditions of Theorem 3
are satisfied.

Theorem 5 Let Σf = Σ∗ be given by (17), and let X µ
f

be the largest set such that X µ
f ⊆ Xsafe and such that, for

all ℓ = 1, . . . , Np,

µ ∈ X µ
f =⇒ ∃ v ∈ Usafe : A

ℓµ+Bℓv + rℓ ∈ X µ
f , (21)

where,

5
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Xsafe =

Nx⋂
i=1

{
µ : α⊤

x,iµ ≤ β̃x,i

}
, (22a)

Usafe =

Nu⋂
j=1

{
v : α⊤

u,jv ≤ β̃u,j

}
, (22b)

and where

β̃x,i = βx,i −
√
α⊤
x,iΣfαx,i Φ

−1(1− px,i), (23a)

β̃u,j = βu,j −
√
α⊤
u,jL

∗ΣfL∗⊤αu,j Φ
−1(1− pu,j), (23b)

where Φ−1(·) is the inverse cumulative distribution func-
tion of the standard normal distribution. Then, the con-
ditions (10) of Theorem 3 for the recursive feasibility of
Problem (6) are satisfied.

PROOF. Let ρ(x) = v+L∗(x−µ) where x ∼ N (µ,Σ).
Then, as shown in Lemma 3 of [18], the chance con-
straints (10a) and (10b) may be reformulated as the de-
terministic constraints

α⊤
x,iµ+

√
α⊤
x,iΣαx,i Φ

−1(1− px,i) ≤ βx,i, (24a)

α⊤
u,jv +

√
α⊤
u,jL

∗ΣL∗⊤αu,j Φ
−1(1− pu,j) ≤ βu,j , (24b)

for all i = 1, . . . , Nx and j = 1, . . . , Nu. It may be seen
from (22) that the deterministic constraints (24) are sat-
isfied for all Σ ⪯ Σf , µ ∈ Xsafe, and v ∈ Usafe. More-
over, since X µ

f ⊆ Xsafe, the chance constraints (10a) and

(10b) are satisfied for all Σ ⪯ Σf , µ ∈ X µ
f and v ∈ Usafe.

Next, due to (2) and (16), it may be seen that (10c) is
ensured for all A ∈ A, B ∈ B, and r ∈ R by the exis-
tence of a v ∈ Rnu such that Aℓµ+Bℓv+rℓ ∈ X µ

f , for all

ℓ = 1, . . . , Np and for all µ ∈ X µ
f . Thus (21) is sufficient

for satisfaction of (10c). Finally, by Lemma 4, setting
Σf to the optimal solution of (17) ensures satisfaction
of (10d). □

Remark 6 The set X µ
f , given by (21), is often referred

to as a maximal robust controlled invariant set and may
be efficiently computed using the iterative procedure pre-
sented in, e.g., [4,14]. Although any robust controlled in-
variant set is sufficient, using the maximal such set min-
imizes conservatism as, ideally, the terminal set should
be as large as possible while ensuring recursive feasibility.

4.1 Closed-loop Chance Constraint Satisfaction

Next, we show that the proposed approach ensures the
chance constraints (4) will be satisfied by the system
under closed-loop operation with (7), as desired.

Theorem 7 The control policy (7) generated by solving
Problem (6) with the terminal constraints Σf and X µ

f

given by (17) and (21), respectively, and using the ini-
tialization (8), ensures that the system (1) satisfies

Pr(α⊤
x,ixk ≤ βx,i|x0) ≥ 1− px,i, (25a)

Pr(α⊤
u,juk ≤ βu,j |x0) ≥ 1− pu,j , (25b)

for i = 1, 2, . . . , Nx and j = 1, 2, . . . , Nu and k =
0, 1, 2, . . . , provided Problem (6) is feasible at time k = 0.

PROOF. Examining the constraints (6c), (6e),
and (6f), it is clear that recursive feasibility of Prob-
lem (6) under Theorems 3 and 5 and control policy (7)
imply

Pr(α⊤
x,ixk ≤ βx,i|µk,Σk) ≥ 1− px,i, (26a)

Pr(α⊤
u,juk ≤ βu,j |µk,Σk) ≥ 1− pu,j , (26b)

for all k = 0, 1, . . . , where the problem is initialized
with xk ∼ N (µk,Σk). Moreover, under initialization (8)
which depends on the moment dynamics (9) and the ap-
plied control policy (7), we have

µk+1 = Akµk +Bkū
∗
k + rk, (27a)

Σk+1 = AkΣkA
⊤
k +AkΣ

∗
xuk

B⊤
k +BkΣ

∗⊤
xuk

A⊤
k

+BkΣ
∗
uk
B⊤
k +DkD

⊤
k , (27b)

for all k = 0, 1, . . . , where ū∗k = E[uk|µk,Σk],
Σ∗
xuk

= E[(xk − µk)(uk − ū∗k)
⊤|µk,Σk], and Σ∗

uk
=

E[(uk − ū∗k)(uk − ū∗k)
⊤|µk,Σk], and where µ0 = x0 and

Σ0 = 0. Note that (27) are precisely the moment dy-
namics for the system (1) operating in closed-loop under
the control policy (7). Therefore, since the problem is

initialized with xk ∼ N (µk,Σk), given x0, ρ
∗N−1
k (·) and

the moment dynamics evolve deterministically. Thus,

µk = E[xk|µ0,Σ0] = E[xk|x0], (28a)

Σk = E[(xk − µk)(xk − µk)
⊤|µ0,Σ0]

= E[(xk − µk)(xk − µk)
⊤|x0], (28b)

for all k = 0, 1, . . . . Therefore, (26) implies (25). □

In some cases, (e.g. [11, 18]) it may be desirable to re-
duce conservatism by replacing the static initialization
strategy (8) with a dynamic strategy

(µk,Σk) =

{
(xk, 0), xk ∈ Xfeas,

(µ∗
k|k−1,Σ

∗
k|k−1), otherwise,

(29)

where Xfeas ⊆ X is the set of states for which Prob-
lem (6) is feasible with µk = xk and Σk = 0. In this
case, (25) is not inherently satisfied. Rather, this initial-
ization strategy ensures a different notion of closed-loop
chance constraint satisfaction.
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Corollary 8 The control policy (7) generated by solv-
ing Problem (6) with terminal constraints Σf and X µ

f

given by (17) and (21), respectively, and using the ini-
tialization (29), ensures recursive feasibility and that the
closed-loop operation of system (1) will satisfy

Pr(α⊤
x,ixk ≤ βx,i|xτ ) ≥ 1− px,i, (30a)

Pr(α⊤
u,juk ≤ βu,j |xτ ) ≥ 1− pu,j , (30b)

for i = 1, 2, . . . , Nx and j = 1, 2, . . . , Nu and k ≥ τ ≥ 0,
provided x0 ∈ Xfeas, and where τ is the most-recent time-
step at which xτ ∈ Xfeas.

PROOF. Recursive feasibility is ensured since the first
case of initialization (29) is ensured for k = 0 and, due
to Theorems 3 and 5, at least the second case will be en-
sured for k > 0. Closed-loop satisfaction of the chance-
constraints (30) follows from a generalization of Theo-
rem 7 by replacing the fixed case x0 with the dynamic
case xτ as the last state on which the problem was re-
conditioned. □

Remark 9 Note that the initialization (8) is more con-
servative than (29) and ensures (25), which is condi-
tioned on the initial state x0. On the other hand, initial-
ization (29) is less conservative, but ensures (30), which
is conditioned on xτ , which, typically, is a more recent
state.

4.2 Convex Formulation

Theorem 5 shows how to compute the terminal con-
straints under the control parameterization (16), so as to
ensure recursive feasibility. However, formulating Prob-
lem (6) with the affine state feedback parameterization
(16) results in a nonconvex program [11, 26]. Next, we
show that by a change of variables, we may arrive at
a convex reformulation of Problem (6) using the more
general control parameterization (31).

Theorem 10 Any state-feedback policy of the form (16)
may be represented by an affine feedback policy, given by

ut|k = vt|k +

t∑
i=k

Kt,i|kyt|k, (31a)

yt+1|k = Atyt|k +Dtwt, yk|k = xk − µk, (31b)

where yt|k ∈ Rnx is an auxiliary variable that tracks the
error evolution of the uncontrolled system. Moreover, us-
ing the parameterization (31), Problem (6) may be cast
as a convex program.

PROOF. The predicted dynamics of system (1) may
be alternatively written as

XN
k|k = ĀNk xk|k + B̄Nk U

N−1
k|k + D̄N

k W
N−1
k + r̄Nk , (32)

where XN
k|k = [x⊤k|k, x

⊤
k+1|k, . . . , x

⊤
k+N |k]

⊤, UN−1
k|k =

[u⊤k|k, u
⊤
k+1|k, . . . , u

⊤
k+N−1|k]

⊤, WN−1
k = [w⊤

k , w
⊤
k+1,

. . . , w⊤
k+N−1]

⊤, where ĀNk ∈ R(N+1)nx×nx , B̄Nk ∈
R(N+1)nx×Nnu , D̄N

k ∈ R(N+1)nx×Nnw , r̄Nk ∈ R(N+1)nx ,
and B̄Nk and D̄N

k are lower block triangular. The exact
expressions for the system matrices ĀNk , B̄Nk , D̄N

k may
be found in [12], for example.

We introduce the parameterization (16) and split (32)
into the nominal and error dynamics as follows

XN
k|k = X̄N

k|k + X̃N
k|k, (33a)

X̄N
k|k = ĀNk µk + B̄Nk V

N−1
k|k + r̄Nk , (33b)

X̃N
k|k = ĀNk x̃k + B̄Nk L

N−1
k|k X̃N

k|k + D̄N
k W

N−1
k

= (I − B̄Nk L
N−1
k|k )−1(ĀNk x̃k + D̄N

k W
N−1
k ), (33c)

where x̃k = xk−µk, V N−1
k|k = [v⊤k|k, . . . , v

⊤
k+N−1|k]

⊤, and

LN−1
k|k =


Lk|k 0 . . . 0 0

0 Lk+1|k . . . 0 0
...

. . .
...

...

0 0 . . . Lk+N−1|k 0

 . (33d)

Therefore,UN−1
k|k = V N−1

k|k +LN−1
k|k (I−B̄Nk L

N−1
k|k )−1(ĀNk x̃k+

D̄N
k W

N−1
k ).

Introducing the change of variables

KN−1
k|k = LN−1

k|k (I − B̄Nk L
N−1
k|k )−1, (34a)

Y Nk|k = (ĀNk x̃k + D̄N
k W

N−1
k ), (34b)

yields the control parameterizationUN−1
k|k = KN−1

k|k Y Nk|k+

V N−1
k|k , where KN−1

k|k =


Kk,k|k 0 . . . 0 0

Kk+1,k|k Kk+1,k+1|k . . . 0 0
...

. . .
...

...

Kk+N−1,k|k Kk+N−1,k+1|k . . . Kk+N−1,k+N−1|k 0

 ,

where the lower triangular structure of KN−1
k|k results

from the block lower triangular structure of B̄Nk .

The parameterization given by (34) is the augmented
form of the affine feedback policy (31). In Theorem 2
of [18], we have shown that Problem (6) may be cast
as a convex program by introducing the affine feedback
parameterization given by (31). □
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Remark 11 In [18], the feedback is applied only with re-
spect to the current error (that is, ut|k = vt|k+Kt|kyt|k).
However, this is done merely to limit the number of deci-
sion variables and improve computation time. The proof
of convexity in [18] may clearly be extended to the more
general case of (31).

The final convex program is given as

min
V N−1
k|k ,KN−1

k|k

JN (µk,Σk;V
N−1
k|k ,KN−1

k|k )

= (ĀN
k µk + B̄N

k V N−1
k|k + r̄Nk −Xg)

⊤Q̄(⋆) + V N−1⊤
k|k R̄V N−1

k|k

+ tr[((I + B̄N
k KN−1

k|k )⊤Q̄(⋆) +KN−1⊤
k|k R̄KN−1

k|k )Σy], (35a)

subject to

α⊤
x,iEt−k

(
ĀN

k µk + B̄N
k V N−1

k|k + r̄Nk

)
+ ∥Σ1/2

y (I + B̄N
k K

N−1)⊤
k|k E⊤

t−kαx,i∥Φ−1(1− px,i)

− βx,i ≤ 0, i = 1, . . . , Nx, (35b)

α⊤
u,jFt−kV

N−1
k|k + ∥Σ1/2

y KN−1⊤
k|k F⊤

t−kαu,j∥Φ−1 (1− pu,j)

− βu,j ≤ 0, j = 1, . . . , Nu, (35c)

EN

(
ĀN

k µk + B̄N
k V N−1

k|k + r̄Nk

)
∈ Xµ

f , (35d)

Σf ⪰ EN (I + B̄N
k KN−1

k|k )Σy(I + B̄N
k KN−1

k|k )⊤E⊤
N , (35e)

where Σy = ĀNk ΣkĀ
N⊤
k +D̄N

k D̄
N⊤
k ,Xg = [x⊤gk , . . . , x

⊤
gk+N

]⊤,

Q̄ = blkdiag(Qk, . . . , Qk+N−1, 0nx×nx
), and R̄ =

blkdiag(Rk, . . . , Rk+N−1), and Et−k and Ft−k are such

that xt|k = Et−kX
N
k|k and ut|k = Ft−kU

N−1
k|k .

In summary, using Theorem 3, we have established suf-
ficient conditions to guarantee recursive feasibility of
Problem (6). Theorem 5 shows how the terminal con-
straints may be designed so as to satisfy these condi-
tions in practice. Theorem 7 establishes that the chance
constraints will be satisfied under closed-loop operation,
as desired. Finally, Theorem 10 shows that the results
of the previous theorems extend to the convex problem
formulation (35) utilized in [18].

5 Numerical Example

We evaluate the proposed approach in a realistic vehicle
lateral control example. We consider a nonlinear kine-
matic bicycle model, which, as in, e.g., [30], is linearized
around a reference trajectory to obtain an ATV system.
The nonlinear kinematic bicycle model, shown in Fig. 1,
is given by the following

ėψ = ψ̇ − ψ̇ref + ν̇y/νx, (36a)

ėy = νy cos eψ + νx sin eψ, (36b)

ṡ = (νx cos eψ − νy sin eψ)/(1− eyρ), (36c)

where νy = νxδ
ℓr

ℓf+ℓr
, ψ̇ = tan δ νx

ℓf+ℓr
, and where eψ is

the heading error with respect to the reference path, ψ is
the vehicle’s absolute heading, ψref is the heading of the
reference path, νy is the vehicle’s lateral velocity, νx is the
vehicle’s longitudinal velocity, ey is the vehicle’s lateral

error with respect to the reference path, s is the vehicle’s
longitudinal position with respect to the reference path,
ρ is the curvature of the reference path, δ is the front
steering angle, and ℓf and ℓr are the locations of the
vehicle’s center of mass. Given a velocity profile and a

Fig. 1. Kinematic Bicycle Model in Curvilinear Coordinates

reference path, and assuming δ and eψ remain small, an
affine approximation for the lateral motion is given by

ėψ =
νx

ℓf + ℓr
δ − νxρ+ δ̇

ℓr
ℓf + ℓr

, (37a)

ėy =
ℓr

ℓf + ℓr
νxδ + νxeψ. (37b)

We define the state x = [δ, eψ, ey]
⊤ and control u = δ̇ and

use Euler integration with a time-step of ∆t = 0.1 s to
obtain the affine system xk+1 = A(νxk

)xk+B(νxk
)uk+

Dwk + r(νxk
, ρk), where, for the given reference trajec-

tory zref = {[νx0
, ρ0]

⊤, . . . , [νxT
, ρT ]

⊤},

A(νxk
) = Ak =


1 0 0

νxk

ℓf+ℓr
∆t 1 0

ℓr
ℓf+ℓr

νxk
∆t νxk

∆t 1

 , (38a)

B(νxk
) = Bk = [∆t,

ℓr
ℓf + ℓr

∆t, 0]⊤, (38b)

D = diag(θδ∆t, θψ∆t, θy∆t), (38c)

r(νxk
, ρk) = rk = [0,−ρkνxk

∆t, 0]⊤, (38d)

where we have added the additive noise term to account
for errors owing to the linear approximation.

We define X = {x ∈ R3 : [−π/4,−π/4,−2]⊤ ≤ x ≤
[π/4, π/4, 2]⊤}, and U = {u ∈ R : −1 ≤ u ≤ 1}, and
we let zref satisfy [νmin, ρmin]

⊤ ≤ z ≤ [νmax, ρmax]
⊤,

for all z ∈ zref , where νmin = 1.0, νmax = 20.0, ρmin =
−0.025, ρmax = 0.025. Thus, S = co{S(νmin, ρmin),
S(νmax, ρmin), S(νmin, ρmax), S(νmax, ρmax)}, where
S(v, ρ) = [A(v), B(v), D, r(v, ρ)], and [Ak, Bk, D, rk] ∈
S for all k = 0, . . . , T . We set the maximum prob-
ability of constraint violations to px,i = 0.025 for
i = 1, . . . , 6 and pu,j = 0.05 for j = 1, 2. The length
of the control horizon is N = 4, the cost matri-
ces are given by Q = diag(1, 1, 1), R = 100, and
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xgk = 03×1 for all k = 0, 1, . . . , T . The vehicle dimen-
sions are ℓf = ℓr = 2.4. We set the noise parameters as
θδ = θψ = θy = 0.1 and the simulation length T = 50.

The proposed approach is compared with two näıve im-
plementations of CS-SMPC over 20 Monte Carlo trials
in which uncertainty enters the system purely through
the additive disturbances. The first implementation uses
nominal terminal sets given by X µ

f,nom and Σf,nom com-
puted using an LTI system given by taking the mean val-
ues of νxk

and ρk over k = 0, . . . , T , and the second uses
no terminal constraints at all. The proposed approach is
evaluated with three initialization schemes compared in
Table 2: (8) which is the most conservative and ensures
Theorem 7, a probabilistic reachable set (PRS) method
similar to [17] which is less conservative and also ensures
Theorem 7 4 , and (29) which ensures Corollary 8. Due
to the weighting of R, (5) is dominated by the control
cost, so the more conservative methods incur the highest
cost. The three approaches are simulated over 20 Monte
Carlo trials with the results, including the computed ro-
bust terminal set as well as the closed-loop CS-SMPC
trajectories, shown in Figs. 2-3.

Table 2
Average total cost for different initialization schemes, com-
puted by summing (5) over the simulation length T and av-
eraging over the 20 Monte Carlo trials.

Initialization (8) PRS (29)

Average Total Cost 343 261 228

Std. Dev. Total Cost 35.9 34.2 17.3

Fig. 2. Computed robust terminal set Xµ
f , compared with

a nominal terminal set for a single set of system parame-
ters Xµ

f,nom, and the tightened state constraints Xsafe. Monte

Carlo closed-loop CS-SMPC trajectories with robust Xµ
f and

Σf compared with using nominal terminal constraints.

4 Additional methods to reduce conservatism while ensuring The-
orem 7 include indirect feedback [16] and initial state interpo-
lation [19] which also lie between the extremes of initialization
schemes (8) and (29) in terms of conservatism vs. performance.

Fig. 3. Monte Carlo closed-loop CS-SMPC trajectories in
curvilinear coordinates with robust Xµ

f and Σf for different
initialization schemes, compared with CS-SMPC using nom-
inal and no terminal constraints, respectively.

It may be seen from Fig. 2 that the robust terminal set
is a subset of the nominal terminal set, X µ

f ⊆ X µ
f,nom, as

the robust terminal set is the intersection of all nominal
control invariant sets for any system parameters. Like-
wise, the terminal set X µ

f is a subset of Xsafe as it is the
set for which any value of the mean state may be con-
tained within Xsafe at all future time steps, illustrating
the additional conservatism necessitated by the robust
terminal constraints.

Figure 3 shows the closed loop trajectories in curvilin-
ear coordinates for the vehicle. The colored crosses indi-
cate points at which no feasible solution to the optimal
control problem exists and the corresponding trajectory
ends. This occurs when the vehicle reaches a state from
which no control policy exists within the search space
that will prevent it from violating the state constraints
in the near future. It may be seen that the closed-loop
trajectories using CS-SMPC with the robust terminal
constraints (X µ

f , Σf ) obey the state constraints and do

not lead to infeasibility of Problem (6). When CS-SMPC
uses the incorrect terminal constraints (X µ

f,nom, Σf,nom),

it may be seen from the green crosses, that Problem (6)
does not remain recursively feasible for all trajectories,
due to the lack of invariance over all system parameters.

6 Conclusion

We have established the first recursive feasibility result
in the literature for SMPC using convex affine feedback
for ATV systems subject to unbounded disturbances.We
first presented a theorem giving sufficient conditions for
the recursive feasibility of the ATV SMPC optimization
problem. Then, we introduced a result showing how the
terminal constraints may be calculated to satisfy these
conditions. Finally, we showed that these results extend
to the CS-SMPC convex problem formulation used in
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our previous work, for which we have already established
convergence guarantees.
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