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Abstract

This paper studies the set of terminal state covariances that are reachable over a finite time horizon from a given initial state
covariance for a linear stochastic system subject to additive noise. For discrete-time systems, a complete characterization of
the set of reachable state covariances is given. For continuous-time systems, we present an upper bound on the set of reachable
state covariances. Moreover, for both linear discrete-time and continuous-time systems, necessary and sufficient conditions are
provided for the controllability of the state covariance over a finite horizon.
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1 Introduction

For the past forty years, covariance control theory has
emerged as a tool for addressing the growing need to
quantify and control the uncertainty in dynamical sys-
tems. The study of covariance control theory first ad-
dressed the infinite-horizon state covariance assignment
problem [1,2], which aims to find the set of all admissi-
ble state-state covariances of a linear stochastic system
subject to additive noise. In the same works, the param-
eterization of all state-feedback controllers for attaining
an assignable state covariance is also presented. The op-
timal control law to achieve an admissible steady-state
covariance with minimum control energy is provided in
a closed form in [3].

In recent years, covariance steering theory, which aims
to steer the state covariance from a given initial covari-
ance to a desired terminal covariance over a finite hori-
zon, has gained popularity in a variety of control and mo-
tion planning problems [4-8]. With these applications in
mind, several optimal covariance steering problems have
been studied for both continuous-time and discrete-time
stochastic systems. For a continuous-time linear stochas-
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tic system with a quadratic cost, when the noise coef-
ficient matrix coincides with the control coefficient ma-
trix, the optimal control law can be derived in closed
form [9-11]. When the noise coefficient matrix differs
from the control coefficient matrix, the optimal control
law can be computed by recasting the optimal covariance
steering problem as a semi-definite program [12-14]. In
addition to the first two moments, the question of how
to optimally steer the whole state density of a stochastic
system between two prescribed endpoint densities with
minimum control energy has also been studied [15, 16].
In the basic discrete-time version, the optimal control
policy has been derived to steer the state covariance of
a discrete-time linear stochastic system with different
noise models and objective functions [17-19] or differ-
ent types of constraints (e.g., chance constraints) [20—
23]. Furthermore, the system matrices may be subject
to unknown parameters [24] or can be completely un-
known [25]. General distribution steering problems in
discrete time have been tackled using either character-
istic functions or power moments [26-28]. Multi-agent
covariance and distribution steering problems have also
been explored in [29,30].

Despite the extensive research on optimal covariance
steering theory, the more fundamental question regard-
ing which terminal state covariances can be reached
from a given initial state covariance via a proper control
law remains largely unanswered, except for some special
cases.
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One special case, where a complete analysis is available,
is the controllability of the continuous-time state co-
variance. This case addresses the problem under which
(sufficient) conditions a positive-definite terminal state
covariance can be reached from a given initial positive-
definite state covariance. Specifically, as it was shown
in [31], for a continuous-time deterministic linear time-
invariant (LTT) system & (t) = Axz(t)+ Bu(t), its state co-
variance is controllable on a finite time interval if the ma-
trix pair (A4, B) is controllable. This result still holds even
when the LTT system is subject to additive noise [32].
Similarly, for a linear time-varying stochastic system
dz(t) = (A(t)z(t) + B(t)u(t))dt + D(t) dw(t), its state
covariance is controllable on the time interval [0, 77 if, for
all s € [0,T), the matrix pair (A(t), B(t)) is controllable
on [s,T] [33]. Interestingly, either input delay or output
feedback has been shown to incur a lower bound on the
terminal state covariance [34,35]. On the other hand,
when there is no noise in a linear time-varying system
@(t) = A(t)z(t) + B(t)u(t), where the pair (A(t), B(t))
is controllable on all subintervals of [0,7], it is estab-
lished in [15] via an optimal transport argument that
any initial continuous distribution (i.e., a distribution
without point mass) can be steered to any target con-
tinuous distribution. As pointed out in [31], the control-
lability /reachability of the state covariance for a linear
system (A, B) can be studied through those of the state
transition matrix ® 41 g for A+ BF(t), where the state
feedback gain matrix F'(t) serves as the control input. A
recent work [36] fixes a flaw in the proof of the controlla-
bility result in [31] and shows that at any terminal time
T>0,®4:p5r(t0) can be driven from the identity ma-
trix at time t = 0 to any matrix with a positive deter-
minant at time ¢ = T via an integrable F'(t), provided
that (A, B) is controllable.

Another special case where controllability has been thor-
oughly analyzed is for the discrete-time stochastic sys-
tems with no noise. For a one-dimensional linear system
Tkl = apTk + ug, where ai is a random variable, it
has been shown in [27] that the state covariance (and
higher power moments) is controllable in a finite time,
provided that the control input is independent of the
state. For a multi-dimensional, possibly nonlinear, sys-
tem zp+1 = fr(xk,ur), it is possible to steer an initial
distribution to a target distribution with the same cost
as the optimal transport cost, as long as the system is
controllable with a compact control set [37]. Not surpris-
ingly, for LTI systems, the computation of the reachable
sets is often computationally much more tractable than
the general case. When there is additive noise added,
the maximal backward reachable ambiguity set param-
eterized by the first and second moments under chance
constraints on the state and the control input of the
stochastic LTI system zyy1 = Az + Buyg + Dwy can
be efficiently computed via semi-definite programming
(SDP) [38].

In this paper, we study the more general problem of the

reachability of the terminal state covariance for linear
stochastic systems; we also provide necessary and suf-
ficient conditions for the controllability of the state co-
variance over a finite horizon.

Contributions: First, we provide a complete character-
ization of the set of reachable state covariances for a
discrete-time linear stochastic system with and without
additive noise (Theorem 1, Theorem 2, and Theorem 3).
Second, we present an upper bound on the reachable set
of terminal state covariances for a continuous-time lin-
ear stochastic system corrupted by additive noise (Theo-
rem 5). Third, we establish necessary and sufficient con-
ditions for the finite-horizon controllability of the state
covariance for both discrete-time and continuous-time
linear stochastic systems in the presence of additive noise
(Theorem 4 and Theorem 7). In the process of our anal-
ysis, we also derive necessary and sufficient conditions
for a Riccati differential equation to admit a unique so-
lution on a given time interval (Theorem 6), which may
be of independent interest. To the best of our knowl-
edge, this is the first work addressing the reachability of
the state covariance over a finite horizon, which comple-
ments the assignability results (over an infinite horizon)
by Skelton et al. [1,2].

The rest of the paper is organized as follows. The prob-
lems of interest are formulated in Section 2. The discrete-
time and continuous-time results are presented in Sec-
tion 3 and Section 4, respectively. A numerical example
demonstrating the theory is given in Section 5. To help
the exposition, some auxiliary lemmas used in the proofs
of the main results are postponed to the Appendix.

2 Problem Formulation
Consider the discrete-time linear stochastic system

Tpt1 = Agxr + Brug + Dywi, k=0,1,2,... (1)
where x;, € R” is the state, u;, € R? is the control input,
{wy } k>0 is a sequence of independent, square-integrable
g-dimensional random noise vectors with E [wy] = 0 and
E [wrw]] = I, the initial state z is independent of the
noise sequence {wy }x>0, and Ay € R"*" B, € R"*P,
and Dy, € R™"*? are known coefficient matrices.

Assume that the initial state z¢ has a finite positive semi-
definite covariance matrix ¥y >= 0. At any given time
k=1,2,...,astate covariance X, is said to be reachable
from % if there exists a finite-expected-energy control
sequence {ug, U1, ..., ur—1} such that, at each time step
1=0,1,...,k—1, u; depends only on ¢ and on the past
history of the states zo,x1,...,%;, and drives the state
covariance of (1) from Xy at time 0 to Xy, at exactly time
k. In particular, the state covariance of (1) is controllable
from time O to k if, for any pair of matrices g, Xf = 0,
there exists such a control sequence {ug,u1,...,ux—1}
that steers the state covariance of the system from ¥y =



i() to E}C = ik.

Problem 1 Find the set of reachable state covariances
of the system (1) at time k = 1,2,... starting from a
given initial state covariance g = 0 at time 0.

Problem 2 Find necessary and sufficient conditions for
the state covariance of the system (1) to be controllable
from timeQ tok =1,2,....

We will also consider the continuous-time linear stochas-
tic system

dz(t) = A(t)z(t) dt+ B(t)u(t) dt+D(t) dw(t), t € [0,T]
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where z(t) € R™ is the state, u(t) € RP is the contg*o)l
input, w(t) € R? is an independent, square-integrable,
martingale noise signal with dE[w(t)w(t)"] = I, dt, the
initial state x(0) is independent of the noise {w(t)}>0,
and A(t) € R™™", B(t) € R™*P, and D(t) € R"*? are

known coefficient matrices.

Similarly to the discrete-time case, we assume that the
initial state z(0) has a finite positive semi-definite co-
variance matrix X9 >~ 0. At any given time 7" > 0, a
state covariance Y7 is said to be reachable from g if
there exists a finite-expected-energy control u that, for
each time ¢ € [0, 7], depends only on ¢ and on the past
history of the states {z(s) : 0 < s < t}, and drives the
state covariance of (2) from Xy at time 0 to X at time T'.
In particular, the state covariance of (2) is controllable
from time 0 to T if, for any pair of matrices g, X7 = 0,
there exists such a control u that steers the state covari-
ance of the system from X(0) = 3¢ to X(T) = X7.

Problem 3 Find the set of reachable state covariances
of the system (2) at time T > 0, starting from a given
initial state covariance Yo = 0 at time 0.

Problem 4 Find necessary and sufficient conditions for
the state covariance of the system (2) to be controllable
from time O to T > 0.

In this paper, we will provide complete answers to Prob-
lem 1, Problem 2, and Problem 4, as well as a partial
answer to Problem 3.

For clarity, some notation used in this paper is briefly
summarized below. Let M be an n x m real-valued ma-
trix. The column span of M is denoted by range M,
which is a (linear) subspace in R™. Let Z be a subspace
in R™. The orthogonal complement of Z, denoted by Z+,
is the set of all vectors in R™ that are orthogonal to every
vector in Z. It can be verified that Z= is also a subspace
in R™. For any real matrix M, it is straightforward to
verify that ker M = (range M)+, If M is symmetric, we
further have ker M = (range M)*. The orthogonal pro-
jection onto the subspace Z is the projection along Z+
onto Z. Let Z be any matrix whose columns form a basis
of Z. Then, the orthogonal projection matrix onto Z is

given by Z(Z7Z)~1Z7. For an n x n symmetric matrix
M, its square root Mz is given by Mz = PA%PT, where
Az = diag [VAL -+ s /A i/ ANt - VAR 0,1, 0]
and 7 is the imaginary unit, where P is an orthogonal ma-
trix and A = diag [A1,..., A, =Ajq1,..., —Ag,0,...,0]
is a real diagonal matrix with Aq,..., Ay > 0 such that
M = PAPT.

3 Discrete-Time Case

In this section, we first show that it suffices to consider
the class of randomized state-feedback controls for the
system (1). Then, we characterize the set of all reach-
able state covariances for the special case when (1) has
no noise, that is, Dy = 0. Next, we extend the result to
the general case when Dy # 0. Lastly, from the reacha-
bility of the state covariance, we derive a necessary and
sufficient condition for the controllability of the state co-
variance of (1) over a finite horizon.

3.1 Randomized State-Feedback Controls

First, we recall a result from [39] that characterizes a
positive semi-definite matrix, which will be used multiple
times in this paper.

Proposition 1 Let M be a symmetric matriz parti-

tioned as
M= My M, 7
MJ M;
where My and M3 are square. Then, M = 0 if and only if
M; = 0, range My C range My, and Mz — M3 M{ My =
0, where M; s a generalized inverse (not necessarily
unique) of My satisfying My M, My = M.

Let the generalized Schur complement of the block
M; in the matrix M be denoted by M/M; & Mz —
MJ M M. Clearly, M; can be chosen as the (unique)
Moore-Penrose inverse M;" of M;. We will use Proposi-
tion 1 to show that we only need to consider randomized
state feedback controls to steer the state covariance

of (1).

Let X, denote the covariance of the state x; at time k
in (1). The state covariance then satisfies

Y1 = AkaA-kr + BkEZlAZ + AkEzLTB]I
+ BkEZUBZ + DkD;I;, (3)

where X}'* is the cross covariance of uy and z, and X}
is the covariance of uy. They are both treated as “control”
terms in equation (3). Since the covariance matrix of the
Ek Eqkfl-r
Y X
positive semi-definite, it follows from Proposition 1 that
there exists a deterministic matrix Fy, € RP*™, which

stacked vector [z} uj]" i

S , which is always




may depend on the distributions of uj and g, such that
Y = FpXy and X3 - Z}C‘”ZﬁZ‘k‘“ = FyX,F). Thus,
(3) can be written equivalently as

Y1 = (Ak+Bka)Ek (Ak+Bka)T+BkaBZ+DkDZ,

(4)
where Vi, = X" — F}, X, FT = 0. Hence, we have reached
the following conclusion.

Proposition 2 At time K = 1,2,..., if a terminal
state covariance X of the discrete-time system (1) is
reachable from a given initial state covariance g, then,
Yk is also reachable via a randomized state feedback
control uy, = Frxy + vi, for some F, € RP*™ where
vy €RP, (k=0,1,..., K — 1) is a sequence of indepen-
dent, square-integrable random vectors with E[v;] = 0
and E [vpvf] = 0.

Proof: Apply the control up = Fyxy, + vy to system (1),
where E [v,v]] = Vi, = 0. We then obtain that x5, =
(Ak—FBka).rk—i-Bkl/k—FDkwk. Since E [Vk] =0,E [wk} =
0, E [vpv)] = Vi, and E [wyw]] = Iy, it follows that the
state covariance of the closed-loop system satisfies (4). In
light of the equivalence of the state covariance equations
(3) and (4), Proposition 2 holds. |

3.2 Reachability of the State Covariance without Noise

Without additive noise in (1), we have Dy, = 0. In light
of (4), in this case the state covariance of (1) propagates
according to

Sit1 = (Ap + BeF) Se (Ax + Bka)T + ByVi By, (5)

where Fj, € RP*™ and V, € RP*P, V,, = 0.

Let ® 4(k,4) be the state transition matriz of As from
time i to k. That is, ®(k,k) £ I, and, for i < k,
D (ki) = Ap_1A_2--- A;. Let G(k,i) be the reacha-
bility Gramian of the matrix pair (As, Bs) from time i
to k. That is,

G(k, 1)

j=i

A 0n><na 1= k?,
TS ®alk, i+ 1)BBI Ak, i+ 1), i < k.

Theorem 1 When D; = 0 and the system (1) starts
from an initial state covariance ¥y = 0, the set of all
reachable state covariances at time k =1,2,... is

Rio = {Z,=0:
ProYkPro = Pro®a(k,0)50®a(k,0)" Pro},
where Py, o is the orthogonal projection onto ker G(k, 0).

Proof: We show Theorem 1 by induction on k. When
k = 1, since range G(1,0) = range By, it follows from (5)

and Lemma 1 in the Appendix that ¥, is a positive semi-
definite matrix with P17021P1,0 = PL()A()Z()A-IO—PL().
Hence, Theorem 1 holds for £ = 1.

Now, assume that Theorem 1 holds for k& = s.
Then, it follows from Lemma 1 in the Appendix that
Y = ®a(s5,0020Pa(s,0)" + G(s,00X + XTG(s,0)
is reachable at time s, where X € R"*". It fol-
lows from (5) and Lemma 1 that X1 = A S AT +
B,Y + YTB! is reachable at time s + 1, where
Y € RP*". Hence, Y511 = Pa(s+1,0)S0P4(s+1,0)T+
A,G(s,0)X AT + A, XTG(s,0)AT + B,Y + Y TBT. Since
G(s +1,0) = A;G(s,0)A! + B;B! and G(s,0) = 0,
we have that range G(s + 1,0) = range A;G(s,0)Al +
range B;B] = range A;G(s,0) + range B,. It follows
that Ps+1,OEs+1Ps+1,O = Ps+1,O<I)A(S + 1,0)20(I)A(8 +
1,0)"Psy10. That is, 541 € Rsy1,0. We have thus
shown that all reachable state covariances at time s + 1
belong to the set Rsy1,0.

Next, we show the other direction, i.e., each element of
7725+1’0 is a reachable state covariance at time s + 1. Let

Ys+1 € Rst1,0- Then, it follows from Lemma 1 in the
Appendix that

2s+1 = [(I)A(s + 1,0) ASG(S,O) BS]

Yo *12 *13| |Pa(s+1,0)7
X | *21 k22 *23 G(S,O)AZ )
*31 *32 *33 B!

where the matrix in the middle of the right-hand side
is a positive semi-definite matrix with 3y on its top
left block, and the % entries are irrelevant. In light of
Lemma 1 in the Appendix we have that

D4 (s,0)7
A(S ) € 7?fs,Oa
G(s,0)

S, = [®4(s,0) G(s,0)] Zo %12

*21 *22

thus X, is reachable by the induction assumption. Since
Yoi1 = ASGAT+ B, Z+Z7 B! = 0 for some Z € RP*™,
it follows from (5) and Lemma 1 that 3,44 is reachable.
Thus, Theorem 1 holds for & = s + 1. |

Remark 1 Let jy, = E[z;] € R™ denote the mean value
of the state xy of the system (1). Note that, at time
k=1,2,..., the mean state uy is reachable from some
initial mean state po if and only if pp € ®a(k,0)po +
range G(k,0). Clearly, at time k, the set of all reachable
mean values of the state of the system (1) is {ur € R™ :
Propr, = Pro®a(k,0)p0}, which bears a close resem-
blance to the set Ry o of reachable state covariances in
Theorem 1. In addition, if po = 0, the set of all reachable
mean states of (1) at time k is given by range G(k,0),
which is a linear subspace in R™. Likewise, if the ini-
tial state covariance ¥o = 0 and the system (1) has
no additive noise (i.e., wy = 0 or Dy = 0), the set of



all reachable state covariances of (1) at time k is given
by coneG(k,0) = {¥ = 0 : rangeX = rangeG(k,0)},
which is a convex subcone in the cone of n X n positive
semi-definite matrices. Notice, from (3), that random-
ness in Xy, in addition to the randomness due to the ini-
tial condition Yo and additive noise wy, comes as a result
of the randomized control sequence ug, Uy, ..., Uk_1-

3.8 Reachability of the State Covariance with Noise

Under the influence of additive noise, the state covari-
ance of (1) propagates as in (4), that is,

Skt1 = (Ae+BiF) Sk (Ax +Bka)T+BkaB;:+DkDZ,

where Fj, € RP*™ and V, € RP*P, V,, = 0.

Theorem 2 When system (1) starts from a given ini-
tial state covariance ¥y > 0 at time 0, the set of all
reachable state covariances at time k =1,2,... is Ry, £
Zf:() Rei,i, where Ry o is defined in Theorem 1 and, for
1=1,2,...,k,

Rii = {Sk,; =0
Py iSp,iPrei = Poi®a(k,i)Di1D{_®a(k,i) Py},

with Py ; being the orthogonal projection onto ker G(k, 7).

Proof: We show Theorem 2 by induction on k. When
k =1, it follows from (4) and Theorem 1 that the set
of reachable state covariances is Rq,0 + DoD{ = R1,0 +
Rl,l == Rl.

Assume that Theorem 2 holds for & = s. That is,
at time s, the set of all reachable state covariances
is Rs. It follows from (4) that, at time s + 1, the
set of all reachable state covariances is {ZS+1 = 0:

Es-{—l = (As + Bst)is(As + BSFS)T + BSVSB;— +

D,D!, where F, € RP*" V, € RP*XP V, = 0,5, € RS}.
Since Ry = Z?:o Rs.i, it follows from Lemma 2 in the
Appendix that the set of reachable state covariances
at time s + 1 is equal to DyD] + >°7 [ Sy41,4, where
Ser1i = {Zerl,i =0:X41 = (As+ BsFs )Es i (As +
ByF, ;)" + BV, ;B], Fs; € RP*™ Vy; € RP*PV,; >
0, is’i S R“} In light of Theorem 1 and equation (5), it
is clear that, foralli = 0,1,...,5,Ss41,; = Rs11,i- Since
Rst1,5+1 = {Ds D!}, it follows that, at time s+1, the set
of reachable state covariances is Zf:& Rot1,i = Rot1-
Thus, Theorem 2 holds for £ = s + 1, which completes
the proof. |

Remark 2 Notice that the set Ry, 1, contains a single el-
ement, namely, Dy_1D]_,. Thus, Theorem 2 is consis-
tent with the fact that Xy, = Dy_1 D] _,, which is reported
in [40]. Intuitively, at each time i = 1,2,...,k, we can
treat D;—1 D] | = 0 as the recurrent “initial” state co-
variance starting from time i to time k. In this sense, ¥
can be regarded as D_1 DT ;.

The next result illustrates an alternative expression of
the set Ry, of the reachable state covariances at time k.

Theorem 3 The set Ry defined in Theorem 2 can be
written, equivalently, as Ry = mf:o Tk,i, where

Treo= {Ek = 0: Py oXkPro=Pro {@A(ka 0)20®Pa(k,0)"

k
+ Z DAk, j)Dj—lD;_1®A(k7j)T:| Pk,0}7

j=1

and, foralli=1,2,... k,

Tei = {Zk =0: Py iXi Py =

S = [®4(k.0) @a(k,1) - Apy L, Da(k.1)By ®a(k,2)By - By

* * * i 1
o 1,k+2 1,k+3 1,2k+1 O 4 (k,0)"
D DT * * T
oo ®2,k+2 2,k+3 2,2k+1 @4 (k,
T T
Dy_2Dy_, Ok k+2 Bk, k+3 *p 2k+1 AL
T
X Dy 1D} _ 1| ®rt1,k+2 Bkt1,k+3 = Okt1,2k+1 I, ) (6)
T T T T T T
*1,k+2 ®2,k:+2 k,k+2 ®k:+1,k:+2 Kk+2,k+2 *k4+2,k+3 0 Kk42,2k+1 BO(I)A(kal)
T T
T T T T T B{®a(k,2
*| k43 *2.k43 Eht+3 Bkt kt3 | *k42.k43 FhH3E+3 T Kk43,2k+1 12a(k,2)
.
T T T T T T B
| *12k41 *2,2k41 77 Fh 2kl P12k | Fh42,2k41 ¥h43,2k41 0 *2k+1,2k4+1 | L k=1



k
Pi [Z P a(k, j)Dj—1D]T‘_1‘I>A(kJ)T} Pk,i}7

j=i

with Py, ; being the orthogonal projection onto ker G (k, 7).

Proof: Let Yr € Ri. Then, &) = Zf:o ikﬂ-, where
Yk, € R, Since, for all 0 <4 < j < k, range G(k, j) C
range G(k, 1), it follows that

Py ik Pri = Pri®a(k,j)Dj1Dj_®a(k,j)" Py

Hence, for all i = 0,1,...,k, 5 € Tg,. Since &y €
ﬂf:o Tk.i, we have Ry, C ﬂf:o Thi-

Next, we show the other direction. Let ¥;, € ﬂf;o T i-
Since range G(k,0) = Ele range ® 4 (k,i)B;_1, it fol-
lows that Py is also the orthogonal projection onto
(Zle range @A(k,i)Bi_l)L Then, it follows from
Lemma 1 in the Appendix and the fact 35 € Ty o, that
equation (6) holds, where the matrix in the middle of
the right-hand side of (6) is a positive semi-definite ma-
trix, denoted by 2, with its upper left block equal to
blkdiag [EO, DoD{, ..., Dk,lDZ_l]. In light of Propo-
sition 1, it follows from equation (6) and the fact

Yk € Tr1, that ®2 g2 = ®3 k12 = c = ®r1k+2 = 0.
Similarly, for ¢ = 2,3,...,k, the fact ¥; € Tj,; implies
that ®i11 k+it1 = ®it2,k+i+1 =~ = Okt1,k+i+1 = 0

in addition to the previously known zero entries
on the left of the same row(s) in the upper right
block of €. According to this partition, we de-
note the upper left (respectively, upper right, bot-
tom left, bottom right) block of Q by Qu (respec-
tively, Qur, Qpr, Qpgr). Since Q@ = 0, it follows
from Proposition 1 that range Qygr C rangeQyp and
Qpr = QBLQ[";LQUR. Since range Quyr C range Qur,
we have range[x1 k12 *1,k+3 *1 2k+1] C range X
and range[k;io k4it3  Kit2ktitd *iy22k+1] C
range D; D] for i = 0,1,...,k — 2. Since Qpr >
QBLQJI;LQUR, we have that

.
X1 k42
.
*
1,k+3
Qpr = i S [*ikte *k+s *1,2k4+1 |
T
*1,2k+1
T
*2,k+3
. T
+ : (DODO)Jr [ *2 k+3 *2,2k+1 ]
.
*9,2k+1

T T
+oeee *k,2k+1(Dk—2Dk—2)+ *k,2k+1 -

Therefore, we can take Xy, = Dy_1 D] _ |,

k-1 = [Ak—1 Bp-1]

« [Dk—ﬂ)gg Xk, 2k+1 Al
*£,2k+1 *-Ilc—,Qk-i-l(Dk72D;—2)+*k,2k+1 B,
g k-2 =
Ap_sAj
[Ak—1Ak—2 Ak—1Bi_2 Bp_1|Qu—2 |BI_,AL ||,
By
where,
Dy_3Dj_g *k—1,2k *k—1,2k+1
Qg2 = *Lmk * * J
*1—1,2k+1 * *
Qp_2/Dy_3D}_5 =0,
and
k1=
(I)A(k7 1)T
BI(I)A(ka 2)T
[(I)A(k71) (I)A(k72)Bl Bk—l}ﬂl . 5
B4
where,
DoD§ 2,143 =+ *2,2k41
* * e %
Q1 = 2,1.€+3 . . . 5 Ql/Dng =0.
*;,2k+1 Lo
Finally, let
k
Yo =2k — Z Ypi =
i=1
(I)A(k7 O)T
Bg(PA(ka l)T
[(I)A(k70) (I)A(k71)BO Bk—l}QO . 5
B4



where,
Yo KLk42 cc K12k+1
Qp= *I”_““ i e =0
*I,2k+1 L

In light of Proposition 1, we have, for alli =0,1,...,k—
2, Q; = 0. It follows from Lemma 1 in the Appendix
that, for alli =0,1,...,k, ¥t ; € Rg,i. Thus, X € Ry.

Therefore, nf:o Tii C Rei. [ |
3.4 Controllability of the State Covariance

In this subsection, necessary and sufficient conditions for
the controllability of the state covariance of (1) are given.
These resemble the condition for the controllability of
(A, Bi), equivalently, of the mean value of the state

of (1).

The following assumption is needed to derive one of
the conditions for the controllability of the state co-
variance, which ensures that the deterministic system
Tir1 = Axxk + Brug, where k = 0,1,2, ..., is time re-
versible.

Assumption 1 Forallk=0,1,2,..
invertible.

., the matriz Ay, is

Let G(k, ) denote the controllability Gramian of the ma-

A

trix pair (A4, Bs) from time ¢ to k. That is, G(k,z) =
D4 (i, k)G(k,i)Pa(i, k)7, where G(k, i) is the reachabil-
ity Gramian defined above Theorem 1 and ®4(i, k) =
(Pal(k, i))f1 = A;7"A7Y -+ AL Note that, under As-
sumption 1, G(k, i) > 0 if and only if G(k,i) > 0.

Theorem 4 The following statements are equivalent.

i) The state covariance of the system (1) is controllable
from time O to k.
it) G(k,0) > 0 and range ® 4 (k,7)D;_1 C range G(k,1)
foralli=1,2,... k.
ii) Under Assumption 1, G(k,0) = 0 and, for all i =
1,2,...,k, range D;_; C range G‘(k, 7).

Proof: It follows from the definition of the controlla-
bility Gramian that ii) <= iii). Next, we show that
i) <= 1ii). Let ST denote the set of all n x n positive
semi-definite matrices. In light of Theorem 2, the state
covariance of (1) is controllable from time 0 to k if and
only if Ry = S™.

If G(k,0) = 0, then, P,o = 0. It follows that Ry o =
ST. If, for each i = 1,2,...k, range®4(k,i)D;_1 C
range G(k, i), then, we have 0,,x, € Ri; C ST. It fol-
lows that Ry = Y% Rii = St. Thus, i) = i).

Next, we show the other direction. It follows from (4)
that

k
Sk = Parpr(k,0)20Paypr(k,0)" + Z O 4ypr(k,i)
=1

X (Di—1D{ 1 +B;i 1 Vi 1B 1)®aypr(k,i)", (7)

where ® 41 pr(k, %) is the state transition matrix of Ag+
B,F, from time i = 0,1,...,k to time k. If R, = ST,
then, clearly, for any X = 0, there exists F; € RP*™ and
Vi e RPXP V; =0,1=0,1,...,k, such that X = 05, xn.
Let V; = 0. In view of (7), it follows that there exists Fj
such that ® 4, pr(k,0) = 0 and, for all ¢ = 1,2,...,k,
D4 pr(k,i)D;—1 = 0. Since the deterministic system
Zs11 = (As + BsFs)xs, where s = 0,1,2,..., satisfies
g = Patrpr(k,0)xg, it follows from ® 44 p5r(k,0) =0
that the pair (A, Bs) is controllable from time 0 to k.
Thus, G(k,0) > 0. Similarly, for each i = 1,2,...,k, the
fact that there exists F such that ® 44 pp(k,i)D;—1 =0
implies that range ® 4 (k,7)D;_1 C range G(k, 7). There-
fore, i) = ii). |

Remark 3 Notice that in the second statement of The-
orem 4, for i =k, we obtain that range ® 4 (k, k)Dy_1 =
range D1 C rangeG(k,k) = 0, i.e., Dy—1 = 0. In
other words, if the state covariance of the system (1) is
controllable from time O to k, we must have Di_1 = 0.
Recall that the matriz pair (As, Bs) is controllable from
time 0 to k if and only if G(k,0) > 0, which is equiva-
lent to é(k,O) = 0 under Assumption 1. Moreover, in
case G(k,0) = 0, for a given initial state Ty € R™, there
exists a control that steers the state of the deterministic
system Ts41 = Aszs + Bsus from xg = ZTg to z = 0 if
and only if ® 4(k,0)Zo € range G(k,0), which is equiva-
lent to Ty € range C;’(k7 0) under Assumption 1. Clearly,
foreachi=1,2,... k, if we treat D;_1 D] | = 0 as the
recurrent “initial” state covariance starting from time i
to time k, then, the conditions in Theorem 4 resemble

the conditions for the controllability of the matriz pair
(Ag, By).

Corollary 1 Assume that there is no additive noise in
the system (1), that is, D; = 0. Then, the state covariance
of (1) is controllable from time 0 to k if and only if the
matriz pair (As, Bs) is controllable from time 0 to k.

Corollary 2 Assume that in the system (1), the additive
noise is non-degenerate at time ¢ = 0,1,...,k — 2 and
is zero at time k — 1. That is, for alli =0,1,... k — 2,
rank D; = n, and Dy_1 = 0. Then, under Assumption 1,
the state covariance of (1) is controllable from time 0 to
k if and only if rank Bp_1 = n.

Proof: Suppose that, for all i = 0,1,...,k — 2,
rank D; = n, and Di_; = 0. In light of Theo-
rem 4, we need to show that under Assumption 1,
rank By_; = n if and only if G(k,0) > 0 and
range ® 4 (k,1)D;_1 C range G(k,i) foralli = 1,2,... k.



Let rank By_1 = n. Then, G(k,k—1) = By_1B}_, > 0.
For 0 <4 < j <k, we have G(k,7) = G(k, j). Hence, for
all 0 < i <k —1, we have G(k,i) = G(k,k —1) >~ 0.
It follows that range ® 4 (k,¢)D;_; C range G(k, ) for all
1=1,2,...,k—1.Since Dy_; = 0, it holds trivially that
range ® 4 (k, k) D1 C range G(k, k).

Let G(k,0) > 0 and range ® 4 (k,i)D;_1 C range G(k,1)
for all ¢ = 1,2,...,k. In particular, range ®4(k,k —
1)Dg—2 C range G(k,k—1). That is, range Ay 1 Dj—o C
range By_1 B} ;. As A,_; isinvertible and rank Dj_o =
n, range Ap_1Dj_o = R™. Therefore, rank By_; =n. H

4 Continuous-Time Case

In this section, we derive results regarding the control-
lability of the continuous-time covariance equation. We
first show that it suffices to consider the class of state-
feedback controls for the system (2). Then, we give an
upper bound on the set of all reachable state covariances.
Finally, we derive a necessary and sufficient condition
for the controllability of the state covariance of (2) on a
finite horizon.

4.1 State Feedback Controls

Let 3(t) denote the covariance of the state x(t) at time
t. It is clear that the state covariance of (2) satisfies

N(t) = A()S(t) + S(t)A(t)"
+BH)X"™ () + X (t)"B(@t)" + D(t)D(t)", (8)

where X%%(¢) is the cross-covariance of u(t) and z(t).
Note that X%*(t) can be treated as the “control” in equa-
tion (8). Note also that, contrary to the discrete-time
case, there is no X" term in (8). It follows from Propo-
sition 1 that, for each t € [0, T, there exists a determin-
istic matrix F'(t) € RP*™, which may depend on the dis-
tributions of u(t) and x(¢), such that X"*(t) = F(¢)X(t).
Hence, (8) can be written as

3(t) = [A()+ B F)] =)+ [A)+ Bt F(1)]"
+D@)D®)". (9)

Thus, we have the following result.

Proposition 3 At time T > 0, if a terminal state co-
variance St of the continuous-time system (2) is reach-
able from a given initial state covariance X(0) = X,
then, X7 is also reachable via a state feedback control
u(t) = F(t)z(t), for some F(t) € RP*™ ¢ € [0,T].

4.2 Upper Bound on Reachable State Covariances

Let ®4(T,t) denote the state transition matrix from
time ¢ to T of the matrix A(7). Let

T
G(T ) 2 / ® (T, 7)B(r)B(r)T®A(T, )" dr, (10)

be the reachability Gramian of the matrix pair
(A(7), B(7)) from time ¢ to T. It follows immediately
from (9) that

S(T) = @a+pr(T,0)2(0) 44 pr(T,0)

+A @A+BF(T,T)D(T)D(T)T(I)A+BF(T7T)TdT.
(11)

Notice from (11) that the crux of characterizing the set
of reachable state covariances of (2) is the following: For
a given matrix pair (A(t), B(t)) on [0,T], which state
transition matrix ® 44 pr (7T, 7) from any time 7 € [0,T)
to T is reachable via a proper choice of the feedback
gain F(¢)? It was shown recently in [36] that for the
special case when (A, B) is a constant controllable pair,
any square matrix with a positive determinant can be
reached as ®44pr(t,0) on any time interval [0,¢] for
t > 0. For the general case when (A(t), B(t)) is time-
varying and may not be controllable, we do not have a
complete answer to this question at this moment. In-
stead, we provide an upper bound on the set of reach-
able state transition matrices ® 41 pp (T, 7) in Lemma 3
in the Appendix, and utilize it to bound the set of reach-
able state covariances as follows.

Theorem 5 Let ¥ = 0 at time 0. The set of reachable
state covariances at timeT > 0, denoted by Ry, satisfies
7?'T g R; g ﬂtG[O,T] 771—',t7 wh@r@,

R;é{ETtOZT:
[®4(T,0)+G(T,0)K(0)] S0 [® (T, 0)+G(T,0)K (0)]"
+ /0 [@A(T, )+ G(T, T)K(T)}D(T)D(T)T

x [@4(T,7) + G(T,7)K (7)) "dr},

where K(t) € R™ "™ is such that ®4(T,t) + G(T,t)K(t)
has a positive determinant for all t € [0,T],

7—T,0 2 {ZT =0: PT’OETPT,O = PT,O |:q>£7020 (q)i’o)-r

v [ e @ i o



and, for allt € (0,T],
T & {ZT =0: PrXrPr; =

Pr, [ / : @£’TD(T)D(T)T(<D£’T)TdT:| PT,t},

t

where, for allt € [0,T], Pry is the orthogonal projection
onto ker G(T,t) and ®" £ ® (T, t).

Proof: It follows immediately from Lemma 3 in the Ap-
pendix that Ry C R*T" Forall 0 <t <7 <T, we have
range G(T', 7) C range G(T,t) = ker Pr, it follows that
PryG(T,7) = 0. Thus, RY. C yej0.0) Tt ]

4.8  Controllability of the State Covariance

In this section, we provide necessary and sufficient con-
ditions for the controllability of the state covariance
of (2). To this end, let G(T',t) denote the controllabil-
ity Gramian of the matrix pair (A(7), B(7)) from time
t to T. That is, G(T,t) 2 ®4(t, T)G(T,t)®A(t,T)",
where G(T,t) is the reachability Gramian given by (10).

Clearly, G(T,t) > 0 if and only if G(T,t) > 0.

It is well known that the Riccati differential equation
IT = —A(t)TII — TIA(t) + TIB(t) B(t) "I (12)

may have “finite escape” times and therefore the solu-
tion may not exist on the whole interval [0, T]. Below,
we provide a necessary and sufficient condition for (12)
to admit a solution on [0, T, that will be used to prove
the main result of this section, and which may be of in-
dependent interest. It is worth pointing out that, un-
like the condition in [12, Lemma 2], the condition below
does not require (A(t), B(t)) to be totally controllable
or completely controllable, thus it is more general than
the result of [12].

Theorem 6 The following statements are equivalent.

i) The Riccati differential equation (12) with initial
condition TI(0) admits a unique solution TI(t) on
[0,T].

i) For allt € [0,T)], the eigenvalues of I,, — G(t, 0)I1(0)
are all positive.

iii) The eigenvalues of I,, — G(T,0)II(0) are all positive.

iv) Forallt € [0,T], G(t,0)2I(0)G(t,0)2 < I,.

v) G(T,0)2T1(0)G(T,0)2 < I,,.

Furthermore, the solution of the Riccati equation is given
by

T(t) = ®4(0,£)"TI(0) (I, — G(t,0)T1(0)) " @4 (0, ¢).
(13)

The proof of Theorem 6 is given in the Appendix. Next,
we present the main result of this section on the control-
lability of the state covariance of (2).

Theorem 7 The following statements are equivalent.

i) The state covariance of the system (2) is controllable
on the time interval [0, T).
ii) G(T,0) > 0 andrange ®4(T,t)D(t) C range G(Tt)
forallt €10,T).
ii) G(T,0) = 0 and range D(t) C range G(T,t) for all
tel0,T).

Proof: If the state covariance of (2) is controllable on
[0, 7], then, for any ¥y > 0 and any Xr > 0 arbitrar-
ily close to zero, there exists u(t) = F(t)x(t) that steers
the system from 3(0) = Xy to X(T) = Xr. In view of
(11), it follows that ® 44 pr(T,0)X is arbitrarily close
to zero and, for all t € [0,T), Parpr(T,t)D(¢) is ar-
bitrarily close to zero. If range G(T,0) # R™, one can
select xyp € R™ such that ®4(7T,0)ze ¢ range G(T,0).
Then, starting from the initial state x(0) = xg, the set
of all reachable states of the corresponding determinis-
tic system &(t) = A(t)x(t) + B(t)u(t) at time T is the
affine subspace ®4(T,0)z¢ + range G(T,0). Since this
affine subspace does not contain zero, it follows that
the final state 2(T") cannot be arbitrarily close to zero,
thus contradicting the fact that, for some x7 arbitrar-
ily close to zero, there exists u(t) = F(¢)x(t) that steers
the deterministic system from x(0) = z¢ € range X to
2(T) =axr = ®aypr(T,0)xo. Hence, G(T,0) > 0. Simi-
larly, for a given ¢ € [0,T), the fact that there exists F'(¢)
such that ® 44 ppr(T,t)D(t) is arbitrarily close to zero
implies that range ®4(T,t)D(t) C range G(T,t). Thus,
i) = ii).

Clearly, from the definitions of the reachability and con-
trollability Gramians it follows that i) <= iii).

To show i) = 1), we first show that if 4i7) holds,
then, for any given ¥o, X7 > 0, there exists an optimal
control that steers the state covariance of the system (2)
from %(0) = ¥y to X(T) = U7 with the minimum ex-
pected control energy. It is first shown in [14] that such
an optimal control is u(t) = —B(t)"II(t)z(t), provided
that TI(¢) solves the following coupled matrix differential
equations

IT = —A(t)"II — TTA(t) + IIB(t) B(t) "I, (14a)
¥ = (A(t) - B(t)B(t)'II(t))=
+ (AW -THBH)BE)T) + D)D),

E(O) = 20, Z(T) = ZT. (14(3)

Thus, it suffices to show that if 4i¢) holds, then, for given
Yo, X7 = 0, the coupled equations (14) have a solution.
In light of Theorem 6, the Riccati differential equation
(14a) with initial condition II(0) admits the unique solu-



tion TI(t) = ®4(0,#)TTI(0) (I, — G(£,0)T1(0)) " ® (0, )
on [0, T if and only if the eigenvalues of I,, — G’(T, 0)I1(0)
are all positive. Since G(T',0) > 0, this condition reduces

to Iy < G(T,0)~".

Next, we borrow some results from [12] to show that, if
141) holds, then, for given ¥, X7 > 0, the coupled matrix
differential equations (14) admit a unique solution. In
view of [12, Lemma 3], let the state transition matrix of
A(1) — B(7)B(1)™(7) from time s to ¢ be denoted by

Dri(t,s) £ 4 pprr(t,s) = Palt,s)(I, — G(t, s)I(s)).
(15)

Define the sets P £ {IIy € R"*" : II; < G(T, 0)~'} and
M E{S7 € R™" : Sp = 0}. As in [12, Section V.C],
given an initial state covariance X = 0 of the system (2),
we can define the map f : P — M, according to

f(Ily) = ®4(T,0) (I, — G(T,0)IIy) [20

T . .
-l-/ (In - G(r, O)HO) ®4(0,7)D(T)D(1)"
0

X (I)A(O,T)T(In — Hoé'(T7 0))_1dT:|

x (I, — o G(T,0)) @ 4(T,0)7,
(16)

where, for notational simplicity, we write ITj for I1(0).

Let vec(M) denote the vectorization of the matrix M.
Define the vectorized map f such that f (vec(Ho)) =

vec ( f (Ho)), where the domain and codomain of f are
the vectorized P and M, respectively. Following the
same procedure as in the proof of [12, Lemma 4], it can
be shown that the Jacobian J7 of f at vec(Ilp) is

J5(vee(Ily)) = —®p (T, 0) & &y (T, 0) [io ® Q(T)
T
+Q(T) @ 5o + /O U(r) @ (Q(T) - Q(r))
L (QIT) - Q) @ U(r) dT},

where ® denotes the Kronecker product, for ¢ € [0,7],
Q(t) 2 (I, — G(t,0)Lo) " G(t,0), and

U(t) 2 (I, — G(t,0)Tly) " ®4(0,6)D(t)D(¢)"

X ®4(0,8)7 (I, — oG(£,0)) " = 0.

Since G(T',0) = 0 and Iy < G(T,0)~", we have Q(T) >
0. From [18, Lemma 13] it follows that, for all II, € P

and t € [0,T], we have Q(T) = Q(t) = 0. Using the
same technique as in [12, Lemma 5], it is not difficult to
show that the Jacobian J(vec(Ilp)) is nonsingular at
each vec(Ilp) with IIp € P.

Finally, we show that for any given ¥y = 0, the map f
given by (16) is a homeomorphism. Therefore, for given
30, 27 > 0, the coupled matrix differential equations
(14) admit a unique solution. In order to show that f is
a homeomorphism, we need to check the conditions in
Hadamard’s global inverse function theorem [41]. First,
P and M are smooth, connected manifolds of the same
dimension. Second, J( vec(Ilp)) is continuous and non-
singular at each vec(Ilp) for which ITy € P. Third, since
M is convex, it is simply connected. Next, we show that
f is proper. Clearly, the boundedness of f(Ily) implies

the boundedness of ®4(T,0) (In — CAJ(T7 O)Ho)io (In —
IoG(T,0))®4(T,0)T. Since ®4(T,0), G(T,0), and g
are all invertible, it follows that Iy is bounded as well.
Finally, we need to show that if S C M is closed and
bounded in R™*™, then, the inverse image f~1(S) C P is
closed in R™"*"™. We claim that f~!(S) is bounded away
from the boundary 0P of P. It then follows from the
continuity of f that f~!(S) is closed in R™*", In light
of Hadamard’s global inverse function theorem, f is a
homeomorphism.

Next, we show that f~1(S) is bounded away from 9P.
Note that it suffices to show that f maps 0P to OM in the
limit. In other words, we will show that, as Iy approaches
OP, then, f(Ily) approaches M. If this statement holds,
then it follows that f~1(S) is bounded away from 9P,
since S is bounded away from OM. The first case of Il
approaching 0P is that the smallest eigenvalue of Il
goes to —oo. Since G(T,0) > 0, it follows from Lemma 4
that one eigenvalue of I, — G‘_(T, 0)I1, goes to +oo. Since
®4(T,0) is invertible and ¥y > 0, one eigenvalue of
©4(T,0) (I, — G(T, 0)o) o (I, — o G(T., 0)) @A (T, 0)
goes to +oo. It follows that the largest eigenvalue of
f(Ip) goes to +00. The second case of II; approaching
JP is that the smallest eigenvalue of G(T',0)~* —II, goes
to zero. Let P € &P such that P < G(T,0)~! and the
smallest eigenvalue of G(T,0)~' — P is zero. Next, we
show that, as IIy — P, then the smallest eigenvalue of
f(Mp) goes to zero.

It follows from (14b) and (15) that

©4(0,7)f (o) @(0,T)" =
(I, — G(T,0)Ty) o (I, — TyG(T, 0))

T ~
+/0 ®4(0,7)(I, — G(T,7)I1;)D(T)D(7)"
x (I, = IL,G(T,7))®a(0,7)" dr, (17)

where, for ¢ € [0, T, II; = II(¢) is the solution to the Ric-
cati differential equation (14a) starting from II(0) = IIy.



Since ®4(0,7) is invertible and ¢ = 0, it follows from
the above equation that if the smallest eigenvalue of
f(IIp) goes to zero, then, one eigenvalue of I,, —G(T', 0)II,
goes to zero. In light of Lemma 4 in the Appendix,
only the positive eigenvalues of IIy can possibly render
I, —G(T,0)IIy singular. Hence, it suffices to consider the
case when IIy, P = 0. Since 0 < P < G(T,0)}, we can
write P = (G(T,0) + TT) ", where T' € R™, TTT >
0. In view of the Woodbury matrix identity [42], we
have (G(T,0)+TT7) " = G(T,0)~! — G(T,0)"'T(I, +
ITG(T,0)'T) " 'TTG(T,0)~L. Thus, as Iy — P, then,
I, — G(T,0)lly — I, — G(T,0)(G(T,0) + TTT) " =
(I, + TTG(T,0)"'T) ' TTG(T,0)~". Since TTT = 0 is
singular, its left null space is nonempty. Let z € ker(I'T'")
be a nonzero vector, Athen7 2T = 0. It follows that, as
Iy — P, then, I, — G(T,0)IIy approaches some matrix
for which z is in its left null space.

Next, we show that, as [Ty — P, then, for each t € [0, 7],
®A(0,¢) (I, — G(T,t)ﬂt)D(t) approaches some matrix
for which z is in its left null space as well. To this end,
let t € [0,T] be fixed. Since range D(t) C range G(T, )
and @ 4(0,¢)" is invertible, it suffices to consider the left
null space of ®4(0,t) (I, — G(T,t)I1,)G(T,t)®4(0,1)".
Let W 2 &4(0,)G(T,t)®4(0,t)T = G(T,0) —
G(t,0) = 0. From the equation II; = ®4(0,¢) Iy (1, —

G(t,O)Ho)_1¢A(O,t), it follows that as I, — P,
then, T, — ®4(0,0)T(P~1 — G(t,0)) " ®(0,1) =
®4(0,t)T(W +TTT)"1®4(0,¢).* Consequently,

D 4(0,t) (I, — G(T,)IL)G(T, t)®.4(0,8)" —
W —W(W +TITT)"'W.

From the fact that ker(W + I'TT) C kerW =
(range W)L, it follows that W(W + I'TT)~'W =
W(W +TTT)*W is well defined, where Mt denotes the
pseudo-inverse of the matrix M. Thus, it suffices to show
that z is in the left null space of W — W/(W +TTT)TW,
that is, z7(W — W(W +TITT)*W) = 0.

Let rank W = r and rank [W T'] = m, wherer < m < n.
With an appropriate coordinate transformation, we can

! Since W = 0 and TT" = 0, W +TIT"T > 0 may be singular.
We can define the inverse of a positive semi-definite matrix
on R™ ™ where R £ R U {—o0, +00} is the extended real
number line as follows: for M > 0, we can write M = VAVT,
where V is orthogonal and A = diag [A1,...,A;,0,...,0] with
A1,..., A > 0, then, its inverse is M ™! 2 VA™'VT, where
A~ 2 diag[1/A1, ..., 1/, +o0,. .., 400
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partition W and I" as follows:

Wy Orx (m—r) O x (n—m)
Wasn = | 0m—r)xr Ogn—r)x(m=-r) O@m-r)x(n-m) | »
LOn—m)xr Otn—m)x(m—r) O(n—m)x(n—m)
L
Loxe = Iy ;
[O(n—m)xe

where Wy € R™*" Wy = 0, 'y € R™* and I'y €
Rm=7)%¢ T view of Lemma 5 in the Appendix, we have
that

W —-WW +TITH* W
T1Py(Ie + PTTW T Py) Pl Oy

O(nfr)xr O(nfr)x(nfr)
where Py £ I, — T'J(I';T'])™'T'y is the orthogonal pro-
jection onto (rangeI'5)*. Let z € R™ be partitioned
in the same way as I'. That is, let 27 = [2] 2] z]],
where z; € R", 2 € R™7", and z3 € R" ™. Since
2T = 0, we have 2]’ + 24T = 0. Since [';P, = 0,
it follows that 2{T'1Py = 29T2P, = 0. We can ver-
ify that z"(W — W(W + IT)*W) = [2{T'WP(I; +
PITW T Po) PRI 015(—r)) = 0. Since t € [0, 7]
is arbitrary, in light of (17), we have shown that, as II —
P, then, ®4(0,7)f(Ilp)®4(0,7)" approaches a matrix
for which z lies in its left null space. Since ®4(0,7) is
invertible, it follows that, as the smallest eigenvalue of
G(T,0)~! — Il goes to zero, then, f(Ily) approaches a
singular matrix, that is, the smallest eigenvalue of f(Ily)
goes to zero. Therefore, for any given ¥y > 0, the map f
given by (16) is a homomorphism. It follows immediately
that, for given Yo, X7 > 0, the coupled matrix differen-
tial equations (14) admit a unique solution II(¢). Conse-
quently, if ¢4¢) holds, then, the optimal control that steers
the state covariance of the system (2) from X(0) = X
to X(T) = ¥p with the minimum expected control en-
ergy exists, and is u(t) = —B(t)"II(¢t)z(t). Thus, the
state covariance of (2) is controllable on [0, T]. There-
fore, i11) = 1), which completes the proof.

It is well known that the continuous-time matrix pair
(A(s), B(s)) is completely controllable [43] on the time
interval [¢,T] if and only if G(T',t) > 0 [44]. Similarly to
the discrete-time case, we have two corollaries.

Corollary 3 Assume that there is no additive noise in
the system (2), that is, D(t) = 0. Then, the state covari-
ance of (2) is controllable on the interval [0,T] if and
only if the matriz pair (A(t), B(t)) is completely control-
lable on [0,T).

Corollary 4 Assume that the additive noise in the sys-



tem (2) is non-degenerate, that is, for all t € [0,T],
rank D(t) = n. Then, the state covariance of (2) is
controllable on the interval [0,T] if and only if, for all
t €[0,T), the matriz pair (A(s), B(s)) is completely con-
trollable on [t,T).

5 Numerical Example

In this section, we first summarize the semi-definite pro-
gramming (SDP) approaches given in [13,18] for finding
a control that steers the state covariance of either sys-
tem (2) or system (1) from a given initial state covariance
to a desired reachable state covariance. Then, a numeri-
cal example is given to illustrate our theoretical results.
The SDP method for the continuous-time system (2) is
described below.

Let Xo be the initial state covariance and let $r be
the desired terminal state covariance. When ¥ > 0, it
follows from replacing T with ¢ in (11) that () >

for all t € [0,T]. When %y = 0 and D(¢t)D(t)" EOW
may have X(¢) = 0. For ¢t € [0,T], let Y (¢) = Z“"( ) let
U(t) = £%*(t), and choose R(t) € RP*P R(t) > he

SDP problem is [13]

min

/ " trace (RY (1) di
0

S, UY
such that
Y= A)E 4+ SAG)T 4+ BA)U(@) + U B()T
+D(t)D()T,
S(t) U®t)T . .
o) Y =0, X2(0)=3%y, X(T)=2r.

Since R > 0, it follows that, if Y7 > Y5 = 0, then,

trace(RY7) = trace (R%YlR%)
> trace (REYaR?) = trace(RY>).

In view of the fact that Y does not appear in the equal-
ity constraints, we know that the optimal solution of the
SDP problem, which minimizes the previous cost func-
tion, satisfies Y (t) = U)X~ 1(t)U(t)T, provided that
(t) > 0. After solving the above SDP problem, we find
F(t) = U(t)X71(t). In case of %(t) = 0, it follows from
Proposition 1 that we should replace ¥~1(¢) with the
Moore-Penrose inverse X7 (¢) in the above equations for
Y (t) and F(t). In light of Proposition 3, the state feed-
back control u(t) = F(t)z(t) will steer the state covari-
ance of the system (2) from Xy to 2.

The SDP approach for the discrete-time system (1) is
summarized as follows. More details can be found in [18].
Let ¥y be the given initial state covariance and let Ek
be the desired terminal state covariance. For each i =
0,1,...,k =1, let Y; = £}, let U; = £¥*, and choose
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R; € RP*P_ R; > 0. The SDP problem is [18]

k—1
min Ztraee R Y)
Z:L U’L7 7

suchthat forallk_O,l,...,N—l
= A3 Al + B.U AT + AU B

7,+1

s, U7 ] ]
=0, Xo=23 Xp=23.

U, Y;

After the above SDP problem is solved, for i =
0,1,...,k— 1, we find F; € RP*™ and V; € RP*P such
that U; = F;X; and V; = Y, — FiZiFiT = 0. In light of
Proposition 2, the randomized state feedback control
u; = Fyx; 4+ v; will steer the state covariance of the sys-
tem (1) from Yo to Xy, wherev; € RP, i =0,1,...,k—1,
is a sequence of independent, square-integrable random
vectors with E [1;] = 0 and E [v;1]] = V.

Next, we use an example to illustrate our theoretical
results. Consider the two-dimensional linear stochastic
system

= Az, + Buy, + Duwy,

[1 0.21 H [0.4 0.2]

= , B= , D= .

0 0.96 0 0 0.3

Note that (A, B) is not controllable and hence the state
covariance of the system (18) is not controllable from
Theorem 4. Let & = 30. According to Theorem 2 or
Theorem 3, all reachable state covariance matrices at
time k = 30 are semi-definite matrices having the (2,2)
entry fixed at 1.3079. For this example, we therefore
choose E[zg] = [0 0]T, E[z30] = [30 0]", while the initial
and desired terminal state covariances are given by

_ 5 —1 _ 0.5 0.2
Yo = ;X3 = :
-1 3 0.2 1.3079

We choose R; = 1 in the cost function of the SDP for-
mulation. Figure 1 shows the trajectories of ten sample
paths of (18) and their covariance ellipses, where the
initial and target three-standard-deviation tolerance
regions are marked with red ellipses, and the three-
standard-deviation tolerance region at each time step
is marked with a blue ellipse. As shown in the figure,
the final covariance matrix is achieved even if the set of
reachable covariances is not the whole space of positive
semi-definite matrices.

Thi k=0,1,2,..., (18)

where,



Trajectory

10

-10

Fig. 1. Ten sample paths of (18) and their three-standard-
-deviation ellipses.

6 Concluding Remarks

This paper characterizes the set of reachable terminal
state covariances for discrete-time and continuous-time
linear stochastic systems with additive noise, starting
from a given initial state covariance. Specifically, a com-
plete characterization of the reachable set of terminal
state covariances is given for discrete-time systems, while
an upper bound on the reachable set of terminal state
covariances is provided for continuous-time systems. We
establish necessary and sufficient conditions for the con-
trollability of the state covariance for both discrete-time
and continuous-time systems.

A natural extension of this work is to determine the
exact set of reachable terminal state covariances for
continuous-time linear stochastic systems, which hinges
on the reachability of the state transition matrix ® o4 pp
via the control input F(t). We also observe a close re-
semblance between the reachability of the mean state in
a stochastic setting (or the reachability of the state in a
deterministic setting) and the reachability of the state
covariance. It would be interesting to find out whether
the reachability results for higher moments of the state,
if they exist, also bear such a resemblance.
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A Appendix

Lemma 1 Let H € R™*" J € R™™ and ¥ € R
with ¥ = 0. The following sets are equal.

i) S E{E=0:S=HSH +JX +X"J",X €
Rmxn .
ii) S, £ {L = 0 : PSP = PHSH"P}, where P €
R™*™ js the orthogonal projection onto (range J)*.
by SFT HT
FY FYSFT+ V|| JT

—_

i) Sgé{z = 0:X=[H J]

w) S £{S =0:% = (H+JF)S(H+ JF)" +
JVJT,F € R™*" V e R™*™ V = 0}.

Proof: Clearly, S; = S2, S3 = S4, and §; C S§1. We
only need to show that §; C S;. Let Q@ € S;. Then,
for some X € R™*", Q = HYH™ + JX + X"7JT = 0.
If range H ¢ (range J)*, we can write H = H; + Ho,
where range H; C (range.J)® and range Hy C range J.
Since range Hy C range J, there exists Y € R™*™ such
that Hy = JY. It follows that

Q=H +H)S(H +H))+JX+X"J"
= H,XH] +JYSH] + HiXY " JT +JYSY'JT
+JX+X"JT
=H,XH{ +JZ+7Z"J" =0,

where Z £ YSH{ + X + $YSYTJT € R™™
Hence, without loss of generality, we may assume that
range H C (range.J)*. Since Q = 0, it follows from
Proposition 1 that range X C range HX H' + range J.
Hence, there exist matrices L € R™*™ and W =
WT € R™*™ such that Q = HXH' + JLHXH" +
HYHTLTJT + JWJT. Since range H C (range J)* and
Q@ > 0, it follows from Proposition 1 that

JWJT = JLHSH (HSH)YHSHTL™J"
= JLHSH'L'J".



Thus, there exists a matrix 1_/_5 0 such that J WJT =
JLHYSHTLTJ" + JVJT. Let F = LH. We then have

Q=HYSH +JFSH +HYSF"J 4+ JFSF J +JVJ"
=(H+JF)S(H+JF) +JVJ" € S,

Therefore, S C Sy, which completes the proof. |

Lemma 2 Let H € R™", J € R™™ and £,,%, €
R™ " 31,39 = 0. The following two sets are equal.

i) S5 2 {8 = 0:S=(H+JF)(Z1+%)(H+JF)" +
JVJT,F € R™" V € R™*™ V= 0}

i) S £{S=0:%=(H+JR)S(H+JR)T
JVIJT + (H+JF) S (H+ JF) + JVoJT, Fy Fy €
R™™ Vi, Vo € R™X™ V4 Ty = 0}

Proof: Let Q € S5. Then, Q = (H+JF)(Z1 +%2)(H +
JE)T + JVJT for some Fe R™*n YV e R™*™ V= 0.
Let Fy = Fy = F. Let Vi,V € Rme be posmve semi-
definite matrices such that i+ Vg = V Hence, Q =
JVIT + JVoJT € S. Thus7 S5 C 86.

Next, we show that Sg C S5. Let Q € Sg. Then, for some
Fl,FQ S Rmxn Vl,‘/z S Rmxm Vi,Vo =0,

S S FT
Q=" J\ | 1
By, A5 F 4+

HT
JT

S, SoF]

e (A.1)
B8 BSoF] + Vs

)

Since 1, X9 = 0, it follows that range(X1 Ff + $oF) ) C
range X1 +range 22 = range(El—i—Eg) Thus, there exists
F € R™*™ guch that ¥ F] + XoF) = (El + o) FT.
Since the block matrix in the parenthesis of the right-
hand side of (A.1) is positive semi-definite, it follows
from Proposition 1 that Fy X, F] + i+ F222F2 +V, =
F(Z; + ¥3)FT. Hence, for some V € R™*™ V = 0, we
can write

S1+% S14+S)FT |[HT
Q=[H J| 77" G EBFT €Ss.
F(S +55) F(E, +S)FT+ V|| J7
Thus, Sg C Ss. [ |
Lemma 3 For t € [0,T] and F(t) € RP*", et

D4 pr(T,t) denote the state transition matriz of
A(T)+B(7)F(7) from timet toT. Then, ® o, gr(T,t) €
{OA(T, )+ G(T, t)K(t) : K(t) € R™*", det (®a(T,t)+
G(T,t)K(t)) > 0}, where G(T,t) is given by (10).
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Proof: Given T' > 0, ® 4 g (T, t) satisfies

Patrpr(Tit) = —Parsr(T 1) [A() + B(t)F(t)],
Qarpr(T,T) = In.

We can check from direct differentiation that
Qarpr(T,t) =

T
+ / B as (T, 7)B(r)F(r)®a(r, 1) dr.

D4 (T, 1)

We claim that

T
range /t ® s (T, ) B(r)F (1) D a(r, t) dr
Crange G(T,t). (A.2)

Thus, there exists

K(t)

Qaypr(T,t) =

€ R™ ™ such that

Q4(T,t)+ G(T,t)K(t),

which is invertible. As the determinant of ® 4, gr (T, )
is continuous in t and ® 44 pp(T,T) = I, it follows that

det ((I)AJrBF(T, t)) > 0.

To show the claim (A.2) notice that, since G(T', t) is sym-
metric, it follows that (range G(T, t))L = ker G(T,1).
Hence, to show (A.2), it suffices to show that

ker G(T,t) C

(range /tT D aypr(T,7)B(T)F(T)P (T, 1) dT)
(A.3)

1

Let © € kerG(T,t). As the reachability Gramian of
the pair (A() + B(7)F(r), B(7)) has the same range
and kernel as that of (A(7), B(7)) on [t,T], z also lies
in the kernel of the reachability Gramian of (A(T) +
B()F(7), B(7)) on [t,T]. It follows immediately that

T
xT/ ®a.pr(T,7)B(T)B(1)"®a,pr(T,7)Tdr2 = 0.
t

It follows that, for 7 € [¢,T], x"® a4 pr(T,7)B(T) = 0.
Thus,

T
xT/ D urpp (T, 7)B(T)F(T)® (T, t)dT = 0.

Therefore,
1L

T e (range /tT DA pr(T,7)B(T)F(1)®A(T, 1) dT) ,

and hence (A.3) holds. |



Lemma 4 Let My and Ms be n X n real symmetric ma-
trices. Then,

spec (MlMg) = spec (Mng) = spec (MléMng%)
= spec (M;MlM;),

where spec(M) denotes the spectrum of the matriz M,

M2 denotes the square root of M . Additionally, if M1 »= 0
or My = 0, then spec(M; Ms) C R.

Proof: Since M; is real symmetric, we can write M; =
PAPT, where P is an orthogonal matrix and A is a real
dlagonal matrix [42]. Without loss of generality, assume

that A £ diag [/\1,.. . Ak, 0, } where A\, ..., A\, #
0. Let ¢ > 0, and define T, £ diag|0,...,0,¢,...,¢],
where the zero and nonzero diagonal entries of I'. com-
plement those of A. Clearly, Az + T, is invertible. Let
R. & P(/_\% + FE)PT, which is also invertible. Then,
for any ¢ > 0, My My is similar to R;1(M;M2)R, =
M My (M7 + PT.PT). Thus, we have spec(M; M,) =
spec (Ml%Mg(Mlé + PI'.PT)). It is clear that as € — 0,
then, PT.PT — 0,xn. Since the eigenvalues of a ma-
trix are continuous in terms of the values of its entries

[45], it follows that, for any 3 > 0, spec (M7 Mp(M? +

PT.PT)) = spec (M1 M,M? ) Therefore, as ¢ — 0,

we have spec(M;Ms) = spec (M1 Mng’). Since M;

and M, are symmetric, we have that spec(M;Ms) =
1 1

spec(MaMy). If My > 0, then M2 M;M{? is real sym-
metric, thus has all real eigenvalues. |

Proof of Theorem 6: We know from [46] that (12)
with initial condition IT(0) admits the unique solution
(13) on [0,7] if and only if, for all t € [0,T], I,
G(t,0)I1(0) is invertible. It follows immediately from
Lemma 4, that the spectrum of I,, — G(t,0)II(0) equals
that of I,, — G(t,0)2I1(0)G(¢,0)=. Since, at t = 0, I,, —
G(0,0)2I1(0)G(0,0)2 = I,, = 0, it suffices to show that,
for all ¢ € [0,7), I, — G(1, O)zH(O)é(t 0)z = 0 if and
only if I,, — G(T, O) 3I1(0)G(T,0)2 > 0. The necessity is
obvious. We now show the sufficiency.

Let rank G(T,0) = r < n. Let L £ [Ly Ly] €
R™ "™ be an orthogonal matrix? with L; € R"X",
Ly € R™(™=7) rangel; = range G’(T, 0), and
range Ly = kerG(T,0). Since rangeG(T,0)z =
range G(T 0) and LL" = L1 L] + Ly LY = I,,, multiply-
ing I,, — G(T,0)=11(0)G(T,0)2 > 0 by LT on the left
and by L on the right yields

I, — LIG(T,0)2 Ly LTII(0) L LT G(T, 0)% Ly - 0.

2 Notice that such a matrix L is not unique. Any choice of
such L will do.
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Since LIG(T,0)2L; > 0, it follows immediately from
the above inequality that

LTTI(0) Ly < (LIG(T,0)3Ly) .

(A.4)
Since, for all ¢ € (0,77, G(t,0) < G(T,0), it is clear that
LTG(t, 0)L; = LTG(T 0)L;. Since range G(t 0)z =
range G(t,0) C range G(T,0), we have G(t,0)2Ly = 0
and

G(t,0) = G(t,0)2G(t,0) =

Then, it follows from LIG(t,0)L; =< LIG(T,0)L,
and the above equation that (LICAJ(t,O)%Ll)2 =

(LIG(T, 0)z L ) Since LTG(T,0)2L; > 0, we know
that the largest singular value of

=

(ETG(.0)5 1) ™ (L1G(.0) L)

is no greater than 1 [42]. Thus, we have

(LTG(t,0)E Ly) (LIG(T, 005 Ly) " (LIG(t,0)¥ L1) < L.
(A.5)
To show that, I, — G(¢,0)2I(0)G(t,0)2 = 0, for

all ¢ € [0,7], it suffices to show that LT(I,
G(t,0)2T1(0)G(t,0)2)L = 0. Since G‘(t of

0 and G(t,0)2 = G(0)2LLT =
it suffices to show that, for all ¢t €
LTG(t,0)2 Ly LTII(0) L LTG(t,0)2 Ly > 0.
Let z € R” be a nonzero vector. Then, we can write
z = z1 + 2o, where z; € range (LICA?(t,O)%Ll), zo €
ker (LIé(t70)%L1), 2729 =0,21 #0o0r 23 # 0.1If 21 = 0,
2T(I, — LIG(t,0)2 L LIT(0)Li LIG(t,0)2 L)z =
zgzg > 0. If z; # 0, it follows from (A.4), (A.5), and
LTIG(t,0)2 L1z # 0 that

2T (I, — LTG(t,0)2 Ly LTTI(0) L, L] G(t,0) % L ) 2
= zIzl + zgzq

— 2TLTG(t,0)2 Ly LTII(0) L1 LTG(t,0)2 Ly 2
> zl 21+ 22 29

— 2TLIG(t,0)2 Ly (LTG(T,0)2 L)

> zIzl + 2522 — zIzl = 2522 > 0.

L-{é(t, 0)%.[/121

Therefore, I,, — LTG(t,0)2 Ly LTII(0) L, LTG(¢,0)z L
0, for all t € [0, T], thus completing the proof. |

Lemma 5 Let W € R™*™ W = 0 having rank r, and
let T € R™ be such that rank [W T] = m, where



r<m <r+{ With a suitable coordinate transforma-
. . W10 I

tion, we can write W = and I' = , where
00 Ty

Wy € R™", Wy = 0, Ty € R, Ty € RO=IXE angd
rank Ty = m — r. Let Py = I, — TT(['I'3) Ty be the
orthogonal projection along range 'y onto its orthogonal
complement ker T'y C RY. Then, we have

W(W +TTT) "W =

[Wl —T1Py(Iy + PBTTW AT Py) LRI 0 (A5)
0 0 '

Proof: Since rank [IW I'| = m, we have W +TT7 > 0
and T's has full row rank. In particular, T'sI'J = 0. Since

W, + I, I'T T, 1T
W4+TTT= [ 7121 it follows that [42]
Io,TT  TLI7
(W+TT")! =
(W) +T4TT = I, T3(T,0)~T,rT) ™! *]
* * ’

where the x entries are irrelevant. Since T'jI'] —
FJ‘E(FgFE)*FgFI = Fl(Ig — Fg(Fgfg)_ng)FI =
' PI'] = Ty P17, it follows from the Woodbury ma-
trix identity [42] that (W; + [WPIIT)~t = Wit —
WD Py(I;, 4+ PIJW T Py) 'Rl TW . Thus,
equation (A.6) holds. |
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