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Abstract

We consider the problem of data-driven stochastic optimal control of an unknown LTI dynamical system. Assuming the process
noise is normally distributed, we pose the problem of steering the state’s mean and covariance to a target Gaussian distribution,
under noisy data collected from the underlying system, a problem commonly referred to as covariance steering (CS). A
novel framework for Data-driven Uncertainty quantification and density STeering (DUST) is presented that simultaneously
characterizes the noise affecting the measured data and designs an optimal affine-feedback controller to steer the density of the
state to a prescribed terminal value. We use both indirect and direct data-driven design approaches based on the notions of
persistency of excitation and subspace identification to exactly represent the mean and covariance dynamics of the state in terms
of the data and noise realizations. Since both the mean and the covariance steering sub-problems are plagued with stochastic
uncertainty arising from noisy data collection, we first estimate the noise realization from this dataset and subsequently
compute tractable upper bounds on the estimation errors. The first and second moment steering problems are then solved
to optimality using techniques from robust control and robust optimization. Lastly, we present an alternative control design
approach based on the certainty equivalence principle and interpret the problem as one of CS under multiplicative uncertainty.
We analyze the performance and efficacy of each of these data-driven approaches using a case study and compare them with
their model-based counterparts.
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1 Introduction falls under the realm of robust control [2]; when the
uncertainties are probabilistic, the problem is treated

The pursuit of safe and reliable control under uncer- using techniques from stochastic control [3].

tainty stands as a fundamental challenge in control
theory. Traditional model-based techniques, such as the
linear-quadratic regulator (LQR) or model-predictive
control (MPC) have been extensively explored, and

Recently, there has been a paradigm shift from looking
at control synthesis as an indirect design process of first
estimating a model and subsequently solving an optimal

have been shown to be extremely effective at controlling
dynamical systems when the model accurately repre-
sents the actual physical system. When there are model
inaccuracies due to errors during system identification,
robust control techniques [1] have been used to combat
these inaccuracies and ensure robust constraint satis-
faction and optimality under worst-case conditions. By
the same token, exogenous disturbances affecting the
state of a system have been treated in a multitude of
ways; when the uncertainties are bounded, the problem
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control problem using the identified model, to a direct
control design from raw data collected from the underly-
ing physical system. This methodological shift has been
inspired by the early works on behavioral system the-
ory by Willems et. al. [4], which showed that one can
completely characterize the trajectory space of an LTI
system by solely using raw data, as long as this data is
persistently exciting, a result known as the Fundamental
Lemma (FL) [4]. This perspective has inspired a range
of direct data-driven control methods (e.g., DeePC and
data-driven LQR) [5—7]. In practice, however, measure-
ment and process noise invalidate the exact FL param-
eterization and can lead to degraded performance [8].
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This motivates the need for principled uncertainty quan-
tification and robust data-driven synthesis for stochastic
systems.

The setting of stochastic predictive control (SPC), how-
ever, is far less studied, and the problem of designing
optimal controllers for data-driven stochastic LTI sys-
tems under noisy data is much more challenging. Exist-
ing works on data-driven stochastic control adopt rather
restrictive assumptions, such as noise-free offline data [9]
or exact polynomial chaos expansions of stochastic mea-
surements [10,11]. A notable step towards a generalized
framework for SPC is [12], where the authors explic-
itly quantify the statistical properties of error quantifi-
cation from an indirect design based on noisy data, use
a Kalman filter to estimate the initial condition, and
reformulate the chance-constrained SPC problem as a
semi-definite program (SDP).

In this work, we take a slightly different approach to the
data-driven stochastic optimal control problem. We pose
the control problem as one of steering the probability
density of the state, as opposed to just the (mean of the)
state vector. The canonical problem in this regard is to
steer the state density of a linear system to some tar-
get Gaussian distribution subject to independent Gaus-
sian disturbances and chance constraints. This problem
has been solved exactly in both discrete-time [13,14] and
continuous-time [15] settings, with demonstrated suc-
cess in many engineering applications, such as spacecraft
rendezvous [16], interplanetary and cislunar trajectory
optimization [17,7,?], and autonomous driving [18], to
name a few. In the Gaussian setting, and since the state
remains normally distributed for the entire horizon, the
problem boils down to steering the first two moments
of the state, hence the approach is often referred to as
covariance steering (CS).

In this paper, we develop a general framework to steer
the distribution of an unknown stochastic LTI system
using raw data collected offline, instead of using a known
system model. We are interested in the so-called Data-
Driven Density Steering (DD-DS) control problem and
we develop a generalized framework to solve this prob-
lem, henceforth referred to as Data-driven Uncertainty
quantification and density STeering (DUST). Since we
will be dealing primarily with linear systems, we will, al-
ternatively, investigate the Data-Driven Mean Steering
(DD-MS) and Data-Driven Covariance Steering (DD-
CS) problems. By combining model-based CS theory
with behavioral systems theory and statistical learning,
we provide a robust framework to steer both the mean
and covariance of the state distribution to a desired ter-
minal distribution. An illustrative flowchart of the pro-
posed framework is shown in Figure 1.

We first decompose the problem into one of data-driven
mean steering (DD-MS) and one of data-driven covari-
ance steering (DD-CS), as this framework allows for a

separation principle for the individual moment trajec-
tories, excluding the presence of constraints (Section 2).
We then follow an indirect certainty-equivalence (CE)
route to exactly parameterize the mean dynamics in
terms of the unknown noise realizations in the data, re-
sulting in an uncertain quadratic program (Section 3).
For covariance control, we parameterize the feedback
gains directly using the collected data and use estab-
lished model-based CS theory to arrive at an uncertain
SDP.

To handle the uncertainty during data collection, Sec-
tion 4 develops a novel noise estimation scheme to quan-
tify the noise using techniques from maximum likeli-
hood estimation (MLE). We then provide connections
with the corresponding indirect design techniques. Us-
ing the known statistical properties from MLE, as well
as quantitative notions of persistence of excitation, we
construct high-confidence noise estimation error bounds
in Section 5. These uncertainty bounds are then used in
Section 6 to construct uncertainty sets to tractably re-
formulate the uncertain MS and CS problems as robust
control and robust optimization problems, respectively,
which can be solved efficiently to optimality using stan-
dard off-the-shelf solvers.

Since the noise enters multiplicatively in the indirect de-
sign formulation, we alternatively formulate a paramet-
ric uncertainty DD-DS (PU-DD-DS) problem and use
convex relaxations to tractably solve the original prob-
lem in Section 7. Lastly, to illustrate the proposed frame-
work, in Section 8 we perform an in-depth study of the
proposed control design methods, analyzing their effi-
cacy and precision, and compare them with their model-
based counterparts. We conclude with a discussion of
the proposed framework, and we offer several avenues
for future extensions. A full-length version of this paper
(including appendices and additional derivations) will
be made available on arXiv; we cite it as [?].

Contributions

This paper extends our previous work [19,20], where we
studied the limiting case of this problem, namely, the
dynamics were assumed to be deterministic and the un-
certainty resided solely in the boundary conditions. In
this case, Willems Fundamental Lemma holds exactly,
and we can achieve an exact correspondence with model-
based designs. In addition, [20] studied the full data-
driven density steering problem with noise quantifica-
tion. However, in that work, the uncertainty sets were
unnecessarily conservative (see Section 5). In this paper,
we remove this restrictive assumption.

In summary, the contributions of this work are as follows:

1. We introduce a unified data-driven framework for
steering the full state distribution of an unknown



stochastic LTI system using offline data, by com-
bining behavioral systems theory with model-based
covariance steering ideas.

2. We develop data-driven noise estimation and un-
certainty quantification tools to find the most likely
noise realization, along with its covariance, and pro-
vide finite-sample/asymptotic, high-confidence am-
biguity sets for the corresponding estimation errors.

3. We provide tractable (convex optimization) formu-
lations for both the data-driven mean steering (DD-
MS) and covariance steering (DD-CS) problems.
Each problem is solved so as to guarantee terminal
distribution constraint satisfaction with high prob-
ability.

4. We present a parametric-uncertainty (PU-DD-DS)
formulation, interpreting the certainty equivalent
(CE) problem formulation in terms of controlling
a system subject to multiplicative uncertainty, and
provide a tractable convex formulation for its so-
lution, showcasing an alternative approach to the
data-driven density steering problem.

5. We evaluate the performance and efficacy of the
proposed data-driven designs against alternative
CE-based approaches and against model-based
counterparts.

Notation

Real-valued vectors are denoted by lowercase letters,
u € R™, matrices are denoted by upper-case letters,
V € R™™™ and random vectors are denoted by boldface
letters, w € RP. Xf, denotes the chi-square distribution
with p degrees of freedom, and ng (¢) denotes its asso-

ciated quantile function (i.e., the inverse of the cumula-
tive distribution function) at the quantile ¢ € (0,1). The
Kronecker product is denoted as ® and the vectoriza-
tion of a matrix A is denoted as vec(A) = [a], ..., a] ]T,
where a; is the ith column of A. We use the shorthand
notation [A4; B] to denote the vertical stacking of two ma-
trices or vectors of compatible dimension. We define the
set [T] = {1,...,T} and similarly [T]o £ {0} U [T], for
any natural number 7' € N. Given two matrices A and
B of compatible dimensions, the inner product between
A and B is defined as (A, B) = tr(ATB). We denote the

minimum non-zero eigenvalue of a matrix by )\I';in. For
a matrix A, we denote its Moore-Penrose pseudoinverse
by AT. We denote the induced matrix two-norm (or spec-
tral norm) by || - || and the matrix Frobenius norm by
I - |lr- We denote the identity matrix of size n x n as I,
and the zero matrix of size m x n as 0,,x,. The set of
n X n symmetric matrices is denoted by S™, the set of
positive definite matrices by S’} |, and the set of positive
semi-definite matrices by S’ . For simplicity, we denote
the m-long vector of zeros as 0,,. Often, we will drop the
subscript in these matrices if the dimension is clear from
the context. Lastly, we succinctly denote a discrete-time

; T
signal zg, 21, ..., 2r by {2k }r_o-

2 Problem Formulation

2.1 Problem Statement

We consider the following linear, discrete-time, stochas-
tic, time-invariant system

Tyr1 = Axy + Buy + Dwy, (1)

where x;, € R" is the state, uy € R™ is the control input,
and wy, ~ N(0, I;) arei.i.d. Gaussian disturbances, with
time steps k € [IN — 1], where N represents the horizon
length. Alternatively, we may re-write (1) as

1 = Az + Buy + &, (2)

where &, ~ N(0,%¢) are i.i.d. random vectors for all

k € [T —1]o, and where X¢ = DDT is the covariance of
the noise. The constant system matrices A, B, D are as-
sumed to be unknown. The initial state xq is a random
n-dimensional vector drawn from the normal distribu-
tion

Lo ~ N(H'iv Zi)7 (3)
where p; € R™ is the initial state mean and 3; € S
is the initial state covariance. It is assumed that the
initial state is independent of the noise sequence, that
is, Elxow]] = 0, for all k € [N — 1].

The objective is to steer the trajectories of (1) from the
initial distribution (3) to the terminal distribution

where iy € R" and Xy € S" | are the desired state mean
and covariance at time step N, respectively. The cost
function to be minimized is

N-1
J(u) ﬁE[Z(mk_x;)TQk(mk_x;)w,nguk , (5)
k=0

where {J;};}kN:_Ol is a given reference trajectory, and Qy =
0 and Ry > 0 for all k € [N — 1]o.

Remark 1 We assume that the system (1) is control-
lable, that is, for any xo,x¢ € R™, and no noise (w, =
0, k € [N—1]o), there exists a sequence of control inputs
{up}n=y' that steer the system from xq to x.

It is assumed that we are given a T-long trajectory
dataset D = {x,(cd),u;d),ngl)}ggol for control design. Al-
though it is also possible to synthesize the controllers
using multiple episodic datasets D, (¢ = 1,..., M), for
simplicity, in the present work we assume only a sin-
gle dataset. Borrowing from the work in [?], we assume
affine state feedback policies of the form,

u = Ki(zr — px) + v, (6)
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Fig. 1. Breakdown of DUST framework into data-collection, noise estimation, uncertainty set construction, and robust control.
The noisy dataset D is used to estimate the past noise realization E(),T, which is subsequently used to generate norm-bounded
uncertainty sets Amodel for the (indirect) DD-MS and Ajeise for the (direct) DD-CS problems. The end result is optimal
moment trajectories that satisfy terminal distributional constraints with high probability.

parameterized by an open-loop control sequence v =
{vp}=, and a feedback gain sequence K = {Kx}p ',

where p, = E[xy] is the mean state.

In summary, the data-driven distribution steering (DD-
DS) problem is stated below.

Problem 1 (DD-DS) Given the dataset D, find the
feedforward {vi}o ' and feedback gain {Kp}n—' se-
quences that minimize the objective function (5), subject
to the initial state (3) and terminal state (4) boundary
conditions.

We note that under the control law (6), and with com-
plete system knowledge, it is possible to re-write Prob-
lem 1 as a convex program [?], which can be solved to
optimality using off-the-shelf solvers [21]. Next, we pro-
ceed to solve Problem 1 in the case where the system
matrices are not known.

2.2 Problem Reformulation

Since the state distribution remains Gaussian at all time
steps, we decompose the system dynamics (1) into the
mean dynamics and covariance dynamics. Plugging in
the control law (6) into the dynamics (1) yields the de-
coupled dynamics

Mig1 = Apy + By, (7a)
Ykt1 = (A-FBK;,C)E/C(A-FBK;C)T + DDT, (7b)

where the state covariance X £ E[(z), — ) (2 — 1) T].

Note that vy € R™ controls the state mean and K €
R™>*™ controls the state covariance.

Contrary to the approaches in [14,13] that formulate a
convex program in the lifted space of state and control
trajectories, in this work, and similarly to [?], we treat
the moments of the intermediate states {uy,, i}, over
the steering horizon as decision variables subject to the
dynamic constraints (7).

First, and similar to the decoupled dynamics (7), the
cost function (5) can be decoupled in terms of the mean
and covariance as follows

J:J;L(ukavk)+JE(Ek7Kk)v (8)
where,

N-1

Ju 2 37 (G = 2T Quln — 37) + o[ Favy ), (99)
k=0
N-1

Jx £ (tr(QkEk) + tI‘(RkKkaK]I))~ (Qb)
k=0

The two boundary conditions (3) and (4) are written as

KN = [, (10a)
Xy =Xy, (10Db)

Ho = M,
Yo =3,

where ¥;, ¥ ¢ > 0. Problem 1 is now recast as the follow-
ing two sub-problems.



Problem 2 (DD-MS) Given the (unknown) mean dy-
namics (7a), find the optimal feed-forward control se-

quence {vk},ﬁ’:}} and the corresponding optimal mean tra-
jectory {1, that minimize the mean cost (9a) subject
to the boundary conditions (10a).

Problem 3 (DD-CS) Given the (unknown) covari-
ance dynamics (7b), find the optimal feedback gain se-

quence { K k}i\[;ol and the corresponding covariance tra-

jectory {Sx Y, that minimize the covariance cost (9b)
subject to the boundary conditions (10b).

3 Data-Driven Parameterization

In this section, we review the main concepts from behav-
ioral systems theory [22] that will allow us to parametrize
the decision variables in Problems 2 and 3 in terms of
the collected input and output data streams.

First, recall the following definitions.

Definition 2 Given a signal {z,} where z;, € R7, we
denote the Hankel matriz of depth £ by

Zi Zi4l --o Zidj—1
Zi+l  Ri42 .- Zitj .
Zig; = eR7I, (11)
Ritl—1 Ritl -+ Ripltj—2

where i € Z and {,j € N. For shorthand of notation, if
£ =1, we denote the Hankel matriz by

Zi,l,j = Zi,j = [Zz Zi4l e Zi+j—1]~ (12)
Definition 3 The signal {z}5—g : [T — 1Jo — R is
persistently exciting of order ¢ if the matriz Zg ¢ ; with
j=T—4L4+1 has rank of.

Suppose we carry out an experiment of duration T € N,

where we collect input and noisy state data {uéd) z;ol

and {x,(cd)}gzo, respectively. Let the corresponding Han-
kel matrices for the input sequence, state sequence, and
shifted state sequence (with £ = 1) be

Uor = [u(()d) ugd) u(lel], (13a)
Xo,T = [méd) xgd) xgiizl], (13b)
Xip 2@\ 2l 29 (13¢)

Using (13), the system dynamics (2) take the form

X110 =AXor + BUpr + Zo1, (14)

4

where Zg 7 = [féd),... (d) ] € R™*T is the Hankel

1ST—1
matrix of the (unknown) disturbances, and .f;cd)

N(0,S¢).

Assuming that the data is persistently exciting (PE), the
block Hankel matrix of the input and state data has full
row rank

Uo,r

rank [ ] =n+m. (15)

Xo,T

This PE assumption is crucial for direct data-driven con-
trol design, and is generally a mild assumption in prac-
tice, especially when noisy data is used [7]. The condition
in (15) implies that any arbitrary input-state sequence
of (1) can be expressed as a linear combination of the
collected input-state data. Furthermore, this idea can be
used to parameterize any arbitrary feedback intercon-
nection [23]. In the following section, we parameterize
the feedback gains in terms of the input-state data and
reformulate the covariance steering problem as a semi-
definite program (SDP). First, we focus on the mean
steering problem, by first identifying the system matri-
ces using the collected input-state data. Because of this
extra system identification step, the data-driven mean
steering problem is solved using an indirect approach.

3.1 Indirect Data-Driven Mean Steering (DD-MS)

Given the mean dynamics (7a) in terms of the open-
loop control vy, the PE condition (15) provides a system
identification type of result using the following theorem.
Theorem 4 Suppose D = {z,&d),u;d),zgii)}fz_ol is a
dataset collected from the underlying system (1) such
that the rank condition (15) holds. Then, system (7a)
has the following equivalent representation

PROOF. See [24] for details.

Theorem 4 provides a data-based representation of a
linear system. Assuming exact knowledge of the noise
realization Z¢ 1, one may equivalently interpret equa-
tion (16) as the solution to the least-squares problem

Uo,r

, (17)
Xo,r

F

in | X, 7 —Zgr—[B A
min || X7 o7 — [B A

where || - ||r is the Frobenius norm. Data-driven indirect
designs based on the certainty-equivalence (CE) princi-
ple compute an approximate system description by solv-



ing (17) assuming no noise (i.e., 9, = 0). Using Theo-
rem 4, we can express the mean steering problem as the
following convex optimization problem

N-1
- — _ T ) 4T
min J, = kz_;) ((Mk 1) T Qr (1 xk)+kakvk)’
(18a)
such that, for all k € [N — 1],

Fy(Zor)vk + Fu(Zor) i — pier1 =0, (18b)
with the boundary conditions (10a), where F), €

R™*™ and F, € R™ ™ result from the partition of
the matrix F' as follows

3.2 Direct Data-Driven Covariance Steering (DD-CS)

To solve the DD-CS problem, first notice that from the
rank condition (15), we can express the feedback gains

as follows
Ky,
I,

where G, € RT*" are newly defined decision variables
that provide the link between the feedback gains and the
input-state data. Furthermore, using this parameteriza-
tion, we can re-write the covariance dynamics (7b) as

:
Ky Ky

Spi1 = [B A Sk [B A" + DDT

n

= (Xl,T — EO,T)GkEkGZ(XLT — EO,T)T + Eg. (20)

n

Similarly, the covariance cost (9b) can be re-written as
ek = tr(QkEk) + tr(RkU()’TGkaGZUJ’T). (21)

To remedy the nonlinearity G;X,G], in the covariance
dynamics and the cost, define the new decision variables

S & GpXy € RT*™ which yields

Yii1 = (X117 — Z07)Sk 8, ST (X1 — Zo7)T + e,
(22)
and

ok = tI‘(QkEk) + tI‘(Rka’TSkz],;lS,IUOTyT). (23)

This problem is still non-convex due to the nonlinear
term SkE,;lS,I. To this end, we define a new set of de-

cision variables Y, > Sk.Eng,I and relax the objective

function with these new variables. Similarly, we relax
the covariance propagation constraints to soft (inequal-
ity) constraints, which yields the relaxed optimization
problem

N—-1

Zkl,%i:,lyk jz = ; (tr(QkEk) + tI‘(RkUOVTYkUJ’T)> ,
(24a)
such that, for all k € [N — 1],
SpE ST =Y <0, (24b)

(X171 — Zo0,7) k) ' ST (X1,r — Eor)T

+ Zg — Y41 20, (240)
) — XorSy =0, (24d)
Sy - S =0. (24e)

The equality constraint (24d) comes from the second
block in (19) by multiplying ¥; on the right. The re-
laxed optimization problem (24) is convex, since the con-
straints (24b) and (24c) can be written using the Schur
complement in terms of the linear matrix inequalities
(LMI)

Y ST
PR =0, (25a)
Sk Yk
X -3 Xir—2= S
G’éé k+1 f ( 1,T O,T) k - 0.
Si(X1,r —Zo7)7 Xk
(25Db)

The cost (24a) and the equality constraints (24d)-(24e),
on the other hand, are linear in all the decision variables,
and hence are trivially convex.

4 Noise Estimation Algorithms

The optimization problems (18) and (24), as they stand,
albeit convex, are still intractable because we know nei-
ther the disturbance covariance 3¢ nor the noise realiza-
tion history =g 7. To this end, in this section we estimate
the noise realization matrix Z¢ r and the disturbance
matrix ¢ from the collected data D using maximum
likelihood estimation (MLE). We then briefly connect
this estimator to the corresponding indirect (certainty-
equivalence) identification approach.

4.1 ML Noise Estimation

To encode the stochastic linear system dynamics (2) as
a constraint that we can use in the MLE scheme, we
need to enforce consistency of the realization data. To
this end, any realization of the dynamics (2) must satisfy



(14). For notational convenience, henceforth, we denote
the augmented Hankel matrix in (13) as

€ ROmFmxT, (26)

from which we may re-write the dynamics realization
(14) as
Xl,T = [B A]S + EQT. (27)

Additionally, noting that the matrix pseudoinverse sat-
isfies the property SSTS = S, equation (27) can be writ-
ten, equivalently, as

X1 — o = [B AISSTS. (28)

Inserting the relation X7 — Egr = [B A]S into the
right-hand side of (28) yields

(X171 —Zo07)(Ir —STS) = 0. (29)

Equation (29) is a model-free type of condition that must
be satisfied for all noisy linear system data realizations,
and hence is a consistency relation for any feasible set S
of data.

Given the constraint (29), the MLE problem then be-
comes

Z log pe(£1)  (30a)

(X117 —Zo0,7)Ur — STS) =0, (30b)

“max  Jur(Eo71, Xe) =
Zo,T,5¢

where pg (€) is the probability density function (PDF) of
the random vector &, given as

() = s (et exp (37 e) . 31

Remark 5 Since the dynamics (1) are uncertain, it fol-
lows that there may be multiple noise realizations Zo
that satisfy the linear dynamics constraints (29). Con-
sequently, the purpose of the constrained MLE problem
(30) is to find the most likely noise realization sequence
éQT given that the noise is normally distributed accord-
ing to (31).

The next theorem provides the optimal solution to the
MLE problem (30).

Theorem 6 The solution to the MLE problem for the
most probable noise realization Zo v and disturbance co-

variance matriz X¢ is given by

o7 = X171 — StS), (32a)
1
i= fXLT(IT - 818)XT ;. (32b)

Remark 7 The solution (32) of the MLE program in
(30) is contingent on X¢ > 0. In fact, the optimal co-
variance estimate is simply the sample covariance of
the dataset with respect to the estimated noise realiza-
tions, i.e., Xf = 7250 (Es )T If B¢ is singular, how-
ever, then log det X¢ s undeﬁned hence the problem is
infeasible. As a result, regularization techniques (e.g.,
GLASSO [25], distributionally robust estimation [26])
should be used in these cases instead. It should also be
noted that such degenerate cases arise when the number
of disturbance channels is less than the number of states
channels, i.e., D € R™¥4, with d < n.

4.2 Indirect Design Estimation

We conclude this section by observing that an alterna-
tive way to extract disturbance information from noisy
data is by examining the difference between the observed
state and the state prediction from the dynamics model.
Referring back to (2), and assuming knowledge of the
system matrices A and B, the disturbance would be
given by

() — Az - Bu keT-1],. (33)

k+1
Given the collected data, and under the rank condition
(15), an estimate (B, A) of the system matrices can be
obtained as the unique solution to the (noiseless) least-
squares problem
[B A] = argming 4 | X1,7—[B AS|lr = X1,7ST. (34)
Concatenating (33) over the entire sampling horizon
yields the equality Z¢ 7 = X7 7 —[B A]S (see also (27)).
We may then estimate the noise sequence from the es-
timated model parameters in (34) as Egpr = X110 —
(B A]S, or
Sor = Xir(Ir — S'S), (35)
from which we may compute the disturbance covariance
as in (32b). The procedure, then, is to first estimate the
nominal model, then estimate the disturbance structure,

and lastly solve the associated CS problem using these
estimated model parameters.

Notice that the optimal noise realization under the as-
sumption of a noiseless system, (35), is equivalent to that
of the optimal ML noise realization, (32a). Thus, the CE
estimation solution (35) is equivalent to the MLE solu-
tion (32a) under a known disturbance structure, imply-
ing that there may be deeper parallels between indirect



and direct design methods in the context of noisy data.
For an overview of this observation, please see [27].

The estimated value of éO,T (and, perhaps, ﬁ]g) will
differ, in general, from its true value Z¢ . For con-
trol design, we need to quantify the estimation error
AZy T e Zor — éO,T~ In the next section, we therefore
derive high-probability bounds on the estimation error
AZo 7 which is used in Section 6 in a robust data-driven
design by enforcing the running and terminal state con-
straints to hold within the given uncertainty sets, de-
fined by these bounds, with high probability.

5 Uncertainty Set Synthesis

Given the noise estimation techniques outlined in Sec-
tion 4, we now derive high-confidence bounds for the
noise realization estimation errors that will be used later
in the robust control design. As mentioned earlier, this is
a necessary step to account for the model mismatch due
to noisy data. In particular, we leverage the statistical
properties of the MLE-based noise realization estimate
to construct tractable uncertainty sets for the estima-
tion error.

5.1 Moment-Based Ambiguity Sets

In light of the preceding discussion, we are interested
in practical bounds we can implement to ensure robust
satisfaction of the constraints for the DD-MS (e.g.,
(10a)) and DD-CS (e.g., (24c)) problems. To do so,
and equipped with the MLE noise realization estimate
(32a), we will use the statistical properties of Zg7 to
generate an ellipsoidal uncertainty set based on some
degree of confidence 1 -6 € [0.5,1). In the context of the
control design problem, this will imply that the result-
ing controller will steer the system to the desired final
distribution for all uncertainty estimates AZyr € A,
in some compact set A, with a prescribed degree of
confidence level 1 — 6.

For simplicity, assume ¥¢ > 0 is known. First, we
re-write the MLE problem (30) in terms of the vec-
torized parameters to be estimated & = vec(Zgr) =
(€8, &5 4]T € R™ as the optimization problem be-
low, where for notational simplicity, we have dropped
the superscript (d) from &(@):

min A (D) = €T (o TE (36

C) 2T el,)-A=0, (36h)

where I' £ I — STS € RT*T and A £ vec(X; rT).
It can be shown [28] that, as the number of samples

grows, the unconstrained ML noise estimate é is asymp-
totically efficient and converges to a normal distribution

as VT AE % N(0,Z71Y), where A¢ £ € — £ and where
T =E¢ [aa—;jML(ﬁ \ D)} is the Fisher Information Ma-

triz (FIM), which is given by Z = I ® 25—1 in the un-
constrained case.

In our setting, the constraint Jacobian J(¢) =
0C(£)/0¢ =T ® I, is generally rank-deficient because
I' is an orthogonal projector. The constraint manifold
is nevertheless smooth, and asymptotic efficiency holds
on the tangent space if we enforce only an independent
set of equality constraints. Concretely, let V, € RT*P
have orthonormal columns spanning range(I') (so that
p =rank(I') = T—(n+m)), and define the full row-rank
Jacobian

J. & (VI®I,) e R(pm)x(nT)

which satisfies range(J,) = range(J) and encodes the
same constraint manifold. Under standard regularity
conditions, and with J,. used as the effective constraint
Jacobian, the constrained MLE is +/T-consistent,
asymptotically normal, and asymptotically efficient on
the tangent space of the constraints [29,30].

It follows from [31] that the asymptotic covariance of the
constrained MLE error is the projection of Z~! onto the
tangent space. Equivalently, one may write

Sa=I ' =T (LT IN T (37
—r gz (37b)

Using the MLE error covariance matrix (37), we can
construct high-confidence uncertainty sets for use later
in a robust control design (Section 6). To this end, we
first compute the analytical form of the error covariance
for the constrained MLE problem (30).

Lemma 8 The distribution of the error of the con-
strained ML estimator (30) for the unknown noise re-
alization § = vec(Eo, 1) converges, as T — oo, to the
normal distribution N'(0,X), that is, AE ~ N(0,X),
where ¥a = STS ® Y.

Given the asymptotic noise estimation error covariance
YA, one can build uncertainty sets for A=y r by taking
quantiles of the associated Gaussian distribution. A con-
servative option (used in our earlier work [20]) treats the
joint error as full-dimensional and yields a radius with
nT" degrees of freedom; we omit that derivation here for
brevity.

Instead, we directly construct the tight confidence set by
accounting for the fact that XA is singular (Lemma 8),
which reduces the effective degrees of freedom. We first
provide a formal definition of a normal distribution that
takes into account singular covariance matrices.



Corollary 9 For the MLE problem (30), the associated
(1 — b)-quantile uncertainty set may be taken as

At ={lazor] <5710 (1-9)f. @3

+m)
that is, P{AZgr € A*} > 1—94.

Proposition 10 ([26]) Let P be a normal distribution
on RP with mean p € RP and covariance matriz X >~ 0,
that is, P = N(u, ), and let v = rank(X). Then, P is
supported on supp(P) 2 {u + FEv : v € R"}, and its
density with respect to the Lebesque measure on supp(P)
is given by

a 1

e~z (E-mTEDTIET(E-p) - (39)
(27)" det(D)

pp(§)

where D > 0 is the diagonal matriz of the positive eigen-
values of 3, and E € RP*" is the matriz whose columns
correspond to the orthonormal eigenvectors of the posi-
tive eigenvalues of 3.

Next, we use this result to construct a confidence ellip-
soid for a normal distribution with a singular covariance
matrix by recognizing that (£ — u)TED LET(£ —p) is a
X2 random variable with 7 degrees of freedom [32].

Proposition 11  Given the normal distribution P =
N (i, X)) with mean . € RP and covariance matriz ¥ = 0,
the associated uncertainty set

Uy = {€ € supp(P) : (E~p)TEDT'ET(E—p) < Qxz(1-6)}

(40)
contains the (1 — §)-quantile of the distribution P, that
is, P(E €eUpn) >1-14.

The uncertainty set for the joint distribution AZgr
from MLE can now be constructed by recognizing that
rank(Xa) = n(n + m) since’ Tp = STS ® T¢ from
Lemma 8, and rank(S'S) = n 4+ m. We arrive at the set

* —_ 1/2 1/2
At ={azor) < 12210,

(1-8)}, ()
n(ntm)

which guarantees that P(AEgr € A*) > 1 — 4. Since,
in general, r = n(n + m) <« nT, it follows [33] that
Qx2(1-9) < Qxz (1 —9), and hence A* C A.

Remark 12 The above analysis relied on the asymp-
totic properties of the MLE estimator to obtain the er-
ror covariance of the noise realization estimates through
Lemma 8. One natural question is whether the derived
bound still holds for the case of a finite T-long input/state

! In general, ¥ a becomes a very low rank matrix, since when
T is large, Tn > n(n + m).

dataset. D. In the full-length version [?] we show that,
in fact, the finite-sample norm estimate coincides with

the uncertainty set radius p = ||Eé/2||Q;/22( . (1-46) in

(41) as long as the data is persistently exciting.

6 Robust DD-DS

Equipped with the machinery to efficiently estimate and
bound the uncertainty due to the noise, we are now in a
position to tackle the uncertain convex programs in (18)
and (24). The analysis in this section will lead to robust
versions of the DD-MS and DD-CS problems. To this
end, notice that the DD-MS problem essentially becomes
a robust control problem with unstructured model un-
certainty, albeit only with high probability guarantees.
Hence, in Section 6.1, we use techniques from system-
level synthesis (SLS) [34] to tractably enforce termi-
nal constraint satisfaction (with high probability) for all
bounded model uncertainties arising from the methods
in Section 5. We note that this procedure is similar to
the Coarse-ID proposed in [35], which used SLS to solve
a robust control problem using uncertainty bounds con-
structed during the model identification step. Therein
the authors employed techniques from RMT to construct
tight uncertainty sets, which provide a promising frame-
work for analyzing the estimation errors arising from
both noise and model estimation. The main difference
between our work and [35] is that we employ an indirect
design technique solely for the mean steering problem,
while other robust optimization methods (i.e., the robust
counterpart of uncertain LMIs), based on a direct design,
are utilized to address the covariance steering problem.
In this regard, the DD-CS problem requires robust sat-
isfaction of LMI constraints over the planning horizon
that encode the covariance propagation constraints un-
der the chosen feedback control strategy. In Section 6.3,
we will form the robust counterpart of these semi-infinite
constraints, and use techniques from robust optimiza-
tion to tractably enforce these as equivalent, determin-
istic LMIs. First, we address the robust DD-MS control
design problem.

6.1 Robust Problem Formulation for DD-MS

Solving the DD-MS program (18) by replacing the true
Zo.r with its estimate Zo 7 will result in optimal con-
trollers that do not satisfy the terminal constraint uy =
iy due to the inaccuracy in the estimated model from
the indirect design step (34). The true mean dynamics
are

es1 = (A+ AA) g + (B + AB)uy, (42)

where the nominal matrices [B A] = X; 7S are com-
puted from CE estimation, and where the model devia-
tions AA, AB are bounded as

I[AB AAJ|| < p(6)/omin(S) £ a(8),  (43)



where we have used the fact
[AZor|| = [[[AB AAJS|| = omin(S)[[AB AA]|], (44)
where ||AZ 7| < p(d) from Corollary 9.

Note, however, that enforcing the terminal constraint
pun = py for all uncertainties [[[AB AA]|| < a(d) is
intractable, in general. Instead, we relax the pointwise
terminal constraint to a terminal set given by a polytope
such that uy € Xy £ {z : Fyyz < by}, and require
robust satisfaction of the constraint uy € A, for all
IAA| < e4 and forall |AB|| < ep, for somee4,ep > 0.
Along these lines, and in order to enhance tractability,
we also impose polyhedral constraints on the transient
motion of the mean state and the feed-forward input
as pur € Xy 2 {z : Fpx < by} and vp € Uy, = {u :
F,u < b,}. Lastly, instead of the open-loop control vy,
we introduce a feedback mean control in terms of the
mean state history as follows vy = Zf:o Ly it

For notational convenience, let the nominal mean state
be denoted by ji;, which satisfies the error-free dynamics
[kl = A[Lk + By, and let o), = Zf:o Ly ;fi;. In sum-
mary, the robust DD-MS (R-DD-MS) problem is posed
as follows.

N

min T = kzzo ((ﬂk — xp)TQr (ke — 23) + @ZRk5k>
(45a)
such that, for all k € [N —1] and for all ||AA| <ea

and ||AB|| < ep,

fire1 = Afix + Bog, (45Db)
i1 = (A+ AA)u, + (B+ AB)v,,  (45¢)
k
U = Z Liipis (45d)
=0
Wi € Xk, v € Uy, N € Xf. (456)

There are numerous methods in the robust control liter-
ature to tackle the R-DD-MS problem in (45), ranging
from the early works of tube-MPC [2] to disturbance-
feedback with lumped uncertainty [36], to the more mod-
ern methods using system level synthesis (SLS) [34]. Be-
low, we use SLS to solve the R-DD-MS problem by refor-
mulating the semi-infinite program (45) as a tractable
SDP.

6.2 Solution to the Robust DD-MS Problem via SLS

The SLS approach to robust control aims at transform-
ing the optimization problem over feedback control laws
to one over closed-loop system responses, i.e., linear
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maps from the uncertainty process to the states and in-
puts in the closed loop. To this end, and for the nominal
dynamics (45b), define the augmented state and control

inputs as o = [, -+, AN]T, 0= [0, -+ , 04T, and the
vector 2 @ £ [po;w] = [po; Ony). Let the control input
v = Lp, where
Lo
Lio L1a
= . ; (46)
Lyi -+ Lyn-1 Ly

and concatenate the dynamics matrices as A £

blkdiag(Iy,0) ® A and B £ blkdiag(Iy,0) @ B. Let
Z € RrVFL>n(N+D) he the block-downshift opera-
tor, that is, a matrix with the identity matrix on the
first block sub-diagonal and zeros elsewhere. Under the
feedback controller L, the closed-loop behavior of the
nominal system (45b) can be represented compactly as

fi=Z(A+BL)ji+ w. (47)
The closed-loop map from w — (f, v) is given by
T I-Z(A+BL)™! 3,
pl_ ( + A)) o |2 w, ()
v L(I — Z(A+ BL))™1 w

where the matrices ®, and ®,, are the nominal system
responses under the action of the feedback controller
L in (46) on the LTT system (45b). The essence of the
SLS approach is to treat these closed-loop system maps
as the decision variables in the resulting optimization
problem. In order to satisfy the closed-loop dynamics in
(48), the matrices ®, and ®, must be constrained to
an affine subspace parameterizing all system responses,
similar to the subspace relations in (29) that encode the
LTT dynamics of the realization data. The next theorem
formalizes this intuition and provides the corresponding
controller.

Theorem 13 ([34]) Consider the nominal system dy-
namics (45b) with state feedback law v = Lji, where L is
a block-lower triangular matriz. Then, the following are

true:
P,
| =1,
@,

2 This is a special case of the more general expression w =
wd,wl,...,wl_{]7, where wi € W are additive bounded
uncertainties to the dynamics (45b).

i) The affine subspace defined by

I—2A —ZB} (49)



tsiotras
Highlight

tsiotras
Highlight

tsiotras
Highlight


parameterizes all possible system responses (48).

it) For any block-lower triangular matrices ®, and @,
satisfying (49), the controller L = ®,®; ! achieves the
desired response.

Thus, instead of requiring satisfaction of the dynamic
constraints (45b), we can, equivalently, require satisfac-
tion of the system map constraints (49) that achieve
the desired system response. Moreover, this framework
can be extended to handle model uncertainty as well,
through the following theorem.

Theorem 14 ([34]) Let A be an arbitrary block-lower
triangular matriz, and suppose that ®, and ., are block-
lower triangular matrices that satisfy

sy — ZA 28]

o, _
o |~ Iinsiyn — A (50)

u

If (I — Ay ;)77 exists for alli = 0,..., N, then the con-
troller L = ®,®, ! achieves the system response

(51)

To see how Theorem 14 allows us to encode model un-
certainty into the SLS framework, note that the nominal
responses also approximately satisfy (49) with respect
to the true model (45¢) with an extra perturbation term

given by
P,
o,

where in the first equality we use the fact that ®, and

®,, satisfy (49), and in the second equality, we define

¢ £ [®,;®,],and A £ Z[AA AB]. As aresult, invoking

Theorem 14 we conclude that the controller L = ®,,®, 1,
computed using the system estimates { A, B}, achieves
the response (51) on the actual system {.A, B}, with A =

AD.

x

- 24 28| 5 =1-27[a4 AB]

21— AD, (52)

Next, following standard SLS lifting [34], define Q =
blkdiag(Qo, - ..,Qn), R = blkdiag(Ro,...,Ry), and
M £ blkdiag(Q, R). Since @ has only the initial-state
block nonzero, the cost depends only on the first block-

column of the response. Partition ® = [®° ®7], where
PO c R(N+1)(n+m)><n and ®¥ c R(N+1)(n+m)><Nn' We
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then minimize

2

Qx”

_ _ 2
o o]
0(N+1)m

@OMO_FHQU%UT

(53)
We also stack all constraints z, € X, up € Ui, and
xn € Xy as Flu;v] < b (see [34,37] for details). In sum-
mary, the R-DD-MS problem (45) can be written as the
following program

,mgl [M2E0 1015 — 2[Qa"; 0 1)m ]| T8 1o
T u 2
- HQV%T (54a)
1-2A 28|38 =1, (54b)
F(I+®A(I — @A) "1H)d%u <b.  (54c)

The main difficulty in (54) is in the robust constraints
(54c), which are nonlinear in ®. Following the work of
[37], we can upper bound the LHS of the constraints and
formulate sufficient conditions such that (54c) holds,
for all ||AA|l < e4 and ||[ABJ| < ep. To this end, de-
fine the partitions ®° = [®Y; ®%] and &% = [®¥; d¥],
where ®0 € RIVFUmxn g0 ¢ RINFLmxn oo ¢
R(N'*'l)”XN",(f)g’ e RINHLmXNn  The convex approxi-
mation is stated in the following theorem.

Theorem 15 Let 7,7 > 0 and § € (0,1). Consider the
following convex optimization problem

émill |M200 1013 — 2(Qa"; 0w 1)m|T®%p0 (55a)
1-27A-z8]% =T, (55b)

FT3° FTerI ATy i e ], (55
5 @0mo + |F] @ || 5——v < b, Vj € [J], (55¢)

A pUW €4 0
C < O | ol <
EB_puw ’ €B (I)O ’
1-6 ~u 1—0 ~u

(55d)

where F; € RN+ (ntm) b; € R denote the jth row and
element of F' and b, respectively. Let the solution to this
optimization problem be ® = [®,; ®,] = [®° ] where
&, and ®, are lower-block triangular matrices. Then,
the controller L = ®,®, 1 guarantees the constraint sat-
isfaction in (54c) for all possible model uncertainties
IAA| < e4 and ||AB|| < ep in (45), that is, the solution
to (55) is a conservative convex approzimation of (54).

6.3 Solution of the Robust DD-CS Problem

In this section, we reformulate the uncertain CS pro-
gram (24) so that it is amenable to a tractable convex
matrix feasibility problem. The original constraints in



(24c), when reformulated as the LMI constraints G}; = 0
in (25b), may be robustly satisfied with high-probability,
using the decomposition =y 7 = éO,T +AZ 7 along with
the established estimation error bounds, as the semi-
infinite uncertain LMIs

G + AGP(AZgr) = 0, VY||AZgr| < p(d), (56)
where,
R Yir1 — 2 X117 —207)S
o - e~ e (X117 —Eo0,7) k] 0,
SHX1,r —Zo,1)7 Y

is the nominal covariance LMI, and

On

TA=T
_Sk A“O,T

—AZo, 7Sk

AGY = [
0,

1 =0 (58)

is the perturbation to the covariance LMI. Next, we
rewrite the perturbation matrix (58) as

AGY = OT(Sp)AZ] I+ ITAZ) 7O(Sk),  (59)

where OT(S;) £ [0, 7; —S]] and IIT = [I,,;0,]. Finally,
using [38], we may equivalently represent the uncertain
LMI (56) as the following standard LMI

Al 0)O(S
T R 10( ) ( k) > O7 (60)
p(5) @T(Sk) GE(E}C, 2k+17 Sk) — MITII

in terms of the decision variables Si, A\, X and ¥j1.

7 Parametric Uncertainty DD-CS

Rather than deriving bounds on AZyr and design-
ing for the worst-case disturbance (Sections 5 and 6),
in this section we treat the parametric disturbances
as stochastic ones obeying a known probability law
E,(cd) ~ N(0,%¢). For simplicity, in this section, we as-
sume that D is known. We pose a data-driven density
steering problem with probabilistic parametric uncer-
tainty (PU-DD-DS). In other words, we treat the noise

vectors & ;Cd) as random variables with known probability
distributions rather than attempting to estimate their
specific realization. This approach has the advantage
of allowing us to design a controller that is inherently
robust to the entire distribution of possible noise re-
alizations, rather than being robustly optimized for a
single estimated noise instance.
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7.1 Solution of the PU-DD-DS Problem
The dynamics of the actual system may be written as

Lp41 = (A + AA(EO,T))ZBIQ + (B + AB(EO,T))’LL/C +(€k)7
61

where [B A] = X, 78T is the CE estimate from (34), and

[AB AA] = —Eq 1S is the error from the CE design.

Partition the matrix ST = [S;,Ss] € RT*(™+7) in (26)
into S; € RTX™ and Sy € RT*™, and let 7; € R™ denote
the ith row of &1 and o; € R™ denote the ith row of Ss.

() (d)

Since Eor = [£; ", ..., & ], the dynamics (61) can be

written as

T-1 T-1

—_ (A Y &E%T) mk+<3 Yy s&f“az) wiés
i=0 i=0

(62)

Forming the outer product 412}, |, where &), £ @, —

1, and taking expectations yields the following expres-
sion for the covariance dynamics

Skt1 = Bapp, T AZY) | +ATO (63)
where,
Sy = ASEAT + AS,, BT
+BxT , AT+ BY,, BT + 3¢, (64a)
T—1
axd), = 3 (o75k01 + 0T Sy
1=0
+ IS, 00 T, S, (64)
T-1
Aka)H = Z (o] + 77 og)* e, (64c)
=0

where 3, £ E[(ur—E[uy]) (uk—E[uk])T] and Xy, 4, =
E[(zr — Elzs]) (ur — E[uk])T}, and where we have used
the fact that the noise follows an i.(ij.d normal distribu-
tion, and E[€,£]] = 8;1,, and E[¢”€]] = 0. With the
affine feedback controller (6) the covariance matrices are
given by

Yu, = KpXp KT, Sppu, = K] (65)
Note that with multiplicative uncertainties, the mean
and covariance designs become coupled through the ex-
tra term (64c) entering equation (63); this is in contrast
to the case of only additive disturbances, where the mean
and covariance subproblems are decoupled.

For the uncertain mean dynamics, we have the following
expression

prr1 = (A+ AAEor))pn + (B + AB(Zo.1)) vk



To proceed, we follow an CE approach, by neglecting
the model error matrices, which yields the approximate
mean dynamics

pr+1 = Apg + Bug, (66)
with the additional caveat that the true terminal mean
constraints may not be satisfied in practice, due to the
model mismatch. Future work will investigate ways to
incorporate robust design techniques, such as those in

Section 6.1, in the context of PU-DD-DS. In summary,
the PU-DD-DS problem is given as follows.

Problem 4 (PU-DD-DS) Given the dataset D corre-
sponding to the unknown linear system (1) with the nom-

inal model [B A] = X, 78, find the optimal control se-

quence {uy} o' that minimizes the cost (5), subject to
the (approzimate) mean and (exact) covariance dynam-
ics (66), (63), respectively, initial state (3) and terminal

boundary conditions uy = py, Xy =X Xy.

Next, we provide a convex reformulation of Problem 4,
which is similar to the derivation in [39]. To this end,
first notice that the third term (64c) is quadratic in the
decision variables { g, v }. Additionally, the control pa-
rameterization (65) results in a nonlinear program in the
decision variables {2, , K, 3z, }. To remedy the former
issue, we relax the equality constraint (64c) by introduc-
ing the new decision variables ¥4 for each i € [T — 1],
and k € [N — 1] such that

S = (0T e + 7 ve)Se (o] e + 77 or),  (67)

which, using the Schur complement, can be recast as the
LMI

A
Ejik

(o] pw + 7o) I,

(of e + 7 op) I

= 0.
1 =
Xg

(68)

To address the nonlinear dependence in the control pa-
rameterization, and in a similar manner to the theory
developed in Section 2.1, define the new decision vari-
ables U, £ Kip¥,, = E;k,uk' The control covariance
thus becomes %, = UkE;kl U/, which is still nonlinear
in the decision variables. To this end, we relax this equal-
ity constraint by introducing yet another new decision

variable Y}, such that

Yi U
UT S,

Y, = UpS U] = > 0. (69)

In summary, the relaxed PU-DD-DS problem is given by
the SDP in (70)
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N-1
i EQup + ViR
min M kg T Vg LU Vg

S5, Uk, Y, 55

ik f=0

(70a)
+ tr(QxXk) + tr(RiYr)),
such that, for all k € [N — 1], ¢ € [T — 1]o,
fti1 = Apx + Buy, (70b)
T-—1 T-—1
e Z ¥4+ Z (UJE%@ +olUlT;
i=0 i=0
+ 7T Ui + TJYW) Se, (70c)
= A%, AT + AUT BT + BU AT
+ BY, BT + 3¢,

Y

Th41

Y, = UpS MUT,

k

)

(70e)

Y8 = (0T pk + 7o) e (0T e + 77 v) T, (70f)
)

)

Y=gy =0,
pg—pn = 0.

8 Numerical Example

In this section, we compare all previous methods devel-
oped in the previous sections, using the following linear
system

1(1 -1
A==
212 1

The initial state is normally distributed with mean pg =
[2,10]7 and covariance $o = (1/3)2I5. The target ter-
minal distribution has mean py = [—1;—1]7 and co-
variance Xy = 0.253¢. For the objective function, we
set Q = I, and R = 10l,. For the robust mean de-
sign (Section 6.1) we set the terminal constraint set as
X =A{x : |psi — ;] <05, ¢ = 1,2}, where z; € R
denotes the ith element of the state.

., B=I, D=0.15.

8.1 Noise Realization Estimation Analysis

We first start with an analysis of the estimation er-
rors AZg r resulting from the MLE problem (30). To
this end, we ran the noise estimation procedure for 10°
random trials, where the data was randomly generated

for each trial from inputs uéd) ~ U]—1,1], initial state

x\? ~ N(0, 1), and disturbances 'w](gd) ~ N(0,DDT).
In the full-length version [?] we provide additional plots
of the individual noise estimation errors A& for vary-
ing sampling horizon lengths T'. Notably, we see that,
indeed, as we gather more noisy data, the covariance of
the estimation errors of each individual noise term con-
verges to its exact value. The total magnitude of the
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joint estimation error, ||AZo r||, as shown in Figure 2,
however, does not converge to zero. This is explained by
noting that while the individual estimation errors con-
verge with more samples, the compounded error remains
fixed due to the increasing number of elements to be es-
timated (see the full-length version [?] for a more for-
mal derivation of the normed error distribution). Addi-
tionally, Table 1 shows the efficacy of the various upper
bounds constructed in Section 5.

Table 1
Upper bounds for noise uncertainty set constructions com-
pared to true error quantile p* for various confidence levels 4.

5 | 01 0.2 0.3 0.4 0.5
0" 0.326 0.292 0.269 0.249 0.231
Tight 0.326 0.293 0.269 0.249 0.231
Loose (T =10) | 0.533 0.500 0.477 0.458 0.440
Loose (T =100) | 1.503 1472 1.449 1.430 1.412
Loose (T =1,000) | 4.562 4.531 4.509 4.480 4.471

As mentioned in Section 5.1, the uncertainty set (41)
based on the subspace decomposition of the singular
joint Gaussian density ( Tight row) has the smallest con-
servativeness of all the three alternatives, as it is almost
exactly equal to the true quantile. Additionally, the orig-
inal uncertainty set construction (Loose row) from our
previous work in [20] (see Corollary 9) provides unneces-
sarily too loose bounds, and degrades rather quickly for
large sampling horizons. We thus confirm that the un-
certainty set constructed from the subspace density (39)
and associated confidence set in Proposition 11 has the
tightest overapproximation to the true quantile, and the
original construction in [20] is the most conservative due
to the spurious extra degrees of freedom. For the rest of
the analysis, in this section, we choose to use the least

. 1/2)| H1/2
conservative upper bound p(J) = ||Z£/ ||Qx/2 (1-9)
n(n+m)
from (41).
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Fig. 2. Empirical distribution of norm of joint estimation
errors AEg, 1, for varying sampling horizons T'.

8.2 DD-MS Robustness Analysis

Next, we turn our attention to analyzing the effect of an
unknown model on the resulting optimal mean trajec-
tories. To this end, we compare the CE (i.e., using the
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Fig. 3. Comparison of (left) DD-MS and (right) R-DD-MS
terminal splashpoints for 500 randomized trials of data col-
lected from the true model over a horizon T' = 30, with em-
pirical error distribution (bottom).

subspace predictor [B A] = X, 7St) design with the ro-
bust design outlined in Section 6.1. We remark that the
MLE noise estimation scheme in Section 4.1 does not
influence the nominal model estimate since EQTSJr =
X1 r(Ir — ST8)ST = 0. To compare the two designs, we
ran a set of 500 trials with data generated randomly for
each trial in a similar vein to the noise estimation study.
We use the upper bound « = p(§)/omin(S), where p(d)
as in (41), for the model estimation error, with 6 = 0.1
for the robust DD-MS design, and a data collection hori-
zon T = 30.

Figure 3 shows the difference between the optimal mean
trajectories for the two designs with respect to the true
model {A, B}. Clearly, the robust design has better con-
trol over the dispersion of the terminal mean trajectories
than that of the CE design (as done in [20]), as intended.

We conclude the discussion on the DD-MS design by fo-
cusing on the specific parameters involved, namely, the
robustness level o and the terminal constraint box A’.
One common issue with robust MPC frameworks is the
design of the terminal set in order to ensure recursive
feasibility [40]. In this work, however, we simply want a
small enough terminal set, centered around the desired
terminal mean that we can robustly steer the system
trajectories to. As such, it is not guaranteed that the ro-
bust control problem will be feasible with a given termi-
nal constraint set and model uncertainty «(d6|D) under
the dataset D and confidence level §. Table 2 shows a
quantitative comparison of the percentage of feasible so-
lutions for varying levels of robustness and terminal set
sizes. We see that, when the terminal box is large and
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Table 2
Percentage of feasible solutions to R-DD-MC for varying
model uncertainty ¢ and terminal constraint space size |Xy|.

| Box Width
a| 05 04 03 02 01 005
0.05| 100 100 100 100 100  99.4
01| 100 100 100 100 962 50.6
0.5/ 100 100 100 100 438 17.4
02| 100 100 100 71.0 134  8.00
0.25| 100 994 424 840 6.20 4.60

when there is not much robustness, all problems are fea-
sible. However, as we increase the level of robustness and
decrease the size of the terminal box, many more prob-
lems become infeasible. Thus, the control designer has
a trade-off between the desired accuracy of the nominal
model with the level of precision in the terminal state.

8.8 DD-CS Robustness Analysis

Next, we proceed with the DD-CS analysis in the pres-
ence of noisy data, and subsequently with the synthesis
of both the mean and covariance control designs. To this
end, and similarly to the DD-MS analysis, we first be-
gin with a study on the effect of robustness level p on
the resulting terminal covariances. For reference, given
the disturbance matrix D = 0.115, confidence level § =
0.1, and sampling horizon T' = 30, the associated MLE
noise error uncertainty set is A* = {||AZq || < p},
with p = 0.3263. Figure 5 shows the terminal covari-
ances from the R-DD-CS design for varying levels of
p €{0,0.3,0.6,0.9,1.2, 1.5}, as well as for varying noise-
to-precision ratio (NPR) o¢ /oy € {0.6,0.72,0.84,0.96},
evaluated on the true dynamics model {A, B, D}, where
we assume Xy = JJQJQ and X¢ = 0212. As the level of
robustness to noise estimation errors increases, the ter-
minal covariances become smaller when simulated on
the true model because the optimal feedback gains an-
ticipate more uncertainty than there is in reality. Note
also that with no robustness (i.e., p = 0), the terminal
covariances (black) do not, in general, satisfy the con-
straints (green) due to the non-zero estimation errors.
Hence, robustness against estimation errors is essential
for feasible covariance designs.

It is interesting to note that as the NPR increases, not
only does the terminal covariance becomes larger, as ex-
pected, but also the R-DD-CS is more likely to become
infeasible. According to [?], there is a theoretical lower
bound on the achievable terminal covariance, given by
YN~ DN,lD]T\,fl. As the noise covariance o¢ increases
and approaches o, this lower bound becomes more con-
straining. At the same time, increasing the robustness
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Table 3
Percentage of feasible solutions to R-DD-CS for varying noise
estimation error bounds § and disturbance variance 02.

‘ Noise variance Jg

p| 01% 0122 014 0162
0.0/ 100 100 100 100
03| 100 100 100 100
0.6/ 100 100 100  4.00
09| 100 99.0 70.8 0.0
12| 870 542 1.00 0.00
15| 228 1.2 0.00 0.00

level p requires the covariance steering algorithm to aim
for smaller values of ¥ to ensure Xy =< Xy holds for
all bounded errors within p. However, when p becomes
too large relative to the gap between o¢ and o, the con-
vex program (24) with robust constraints (60) becomes
infeasible as it cannot reduce X below the theoretical
lower bound while meeting the robustness constraints.
Table 3 empirically verifies this relationship, showing the
percentage of feasible solutions for each NPR across 500
random trials.

8.4 Closed-Loop Density Steering

Lastly, we combine the DD-MS and DD-CS designs and
look at the resulting optimal trajectories. We choose a
planning horizon of N = 30 and ran a set of 50 random
trials for data collection, where, for each trial, we plot 10
Monte Carlo trajectories from randomly sampling the
additive noise. Of all the designs, the R-DD-DS design
performs the best in terms of achieving the closest ter-
minal distribution to the desired one in the presence of
noisy data. The PU-DD-DS design, which does not esti-
mate the noise realizations but instead incorporates the
distributional knowledge as multiplicative uncertainty,
satisfies the terminal covariances for each trial, but is not
robust against mean estimation errors, similar to vanilla
DD-MS. Figuring out a way to robustly satisfy the ter-
minal mean constraints in this parametric uncertainty
framework is an interesting problem for future work.

9 Conclusion

We have presented a novel framework for data-driven
stochastic optimal control for unknown linear systems
with distributional boundary conditions, referred to as
data-driven density steering (DD-DS). The proposed
framework provides a comprehensive approach to the
design of optimal controllers that steer the state distri-
bution of an uncertain linear system to a desired termi-



Robust Cov 5 Robust Mean + Cov

0 0
(a] o 1‘ ‘ o
5 -1 g -1 W g -1
-2 2 2
-2 -1 0 -2 -1 0
T T
(a) Non-robust design. (b) Robust covariance design. (c) Robust mean/covariance design.
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Fig. 6. Comparison of optimal closed-loop trajectories between (a) model-based, and (b-d) data-driven control design. The
solid lines represent the mean trajectories and the ellipses represent the 30 covariance ellipses for each randomized trial.
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nal Gaussian distribution, using only input-state data
collected from the actual system. By parameterizing the
feedback gains directly in terms of the collected data, we
have reformulated the data-driven distribution steering
problem as an uncertain convex problem in terms of
the unknown noise realizations. Using techniques from
behavioral systems theory and statistical learning, we
were able to develop tight, tractable uncertainty sets for
the errors of these estimated noise realizations, which
were subsequently used to formulate and solve robust
data-driven extensions for the mean steering (DD-MS)
and covariance steering (DD-CS) of the state, which
guarantee high-probability constraint satisfaction under
bounded estimation errors. Additionally, an alternative
parametric uncertainty formulation (PU-DD-DS) was
developed that treats model uncertainties probabilisti-
cally rather than deterministically. Extensive numerical
studies demonstrated the efficacy of the proposed meth-
ods compared to certainty-equivalence and model-based
approaches.
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