ANALYTIC SOLUTIONS FOR A SPINNING RIGID BODY
SUBJECT TO TIME-VARYING BODY-FIXED TORQUES
PART I: CONSTANT AXIAL TORQUE

J.M. Longuski® and P. Tsiotras’

Analytic solutions are derived for the general attitude motion of a near-
symmetric rigid body subject to time-varying torques in terms of certain
integrals. A methodology is presented for evaluating these integrals in closed
form. We consider the case of constant torque about the spin axis and of
transverse torques expressed in terms of polynomial functions of time. For an
axisymmetric body with constant axial torque the resulting solutions of Euler’s
equations of motion are exact. The analytic solutions for the Eulerian angles are
approximate owing to a small angle assumption, but these apply to a wide
variety of practical problems. The case when all three components of the
external torque vector vary simultaneously with time is much more difficult and
is treated in Part I1.

1 Introduction

Many numerical simulations are often necessary in order to understand the attitude response and control
characteristics of a rigid body vehicle. In fact, sensitivity and/or error analyses, using numerical integration, may be
prohibitively expensive and time consuming, especially when a large number of problem parameters are involved.
Analytical models can be of great help in obtaining a gualitative understanding of the complex dynamical behavior;
even simple heuristic analytical results may provide a fast and relatively accurate model for maneuver analysis.
This approach has been proved to be very useful in the past (Hintz and Longuski, 1985; Kia and Longuski, 1984;
Longuski, Kia and Breckenridge, 1989). Moreover, for future applications it appears that the trend for autonomous
on-board guidance control schemes dictates the use of compact, simple, analytical expressions modeling the attitude
evolution. The development of such analytic solutions for the attitude history of rotating bodies thus provides a
cornerstone for the advent of autonomous, closed-loop navigation. Even for the case of optimal open-loop control
laws, analytic solutions can be very helpful in the associated two-point boundary value problem, providing a first
guess for shooting-method algorithms. Analytic solutions are also important in the area of attitude reconstruction,
where modern satellite telescopes require a precision of a few milliseconds of arc for the success of the mission

*

Associate Professor, School of Aeronautics and Astronautics, Purdue University, West Lafayette, IN 47907.
1 Ph.D. Candidate, School of Aeronautics and Astronautics, Purdue University, West Lafayette, IN 47907.



(Bois, 1986). In such cases attitude reconstruction by numerical integration is not suitable; it is necessary to have
analytical representations, using as few parameters as possible. Thus, the revival of interest in analytic solutions for
the rigid body dynamics problem comes as no surprise. In fact, attitude evolution of a rigid body has been
extensively studied over the past few decades.

Analytic solutions for the attitude motion of a rigid body have been obtained recently for the constant body-fixed
torque problem by Longuski (1980, 1991) and Tsiotras and Longuski (1991a). By this term, we mean the problem
of a rotating rigid body under the influence of an external torque vector, which has constant components along the
axes of a coordinate frame fixed in the body. Practical applications of this problem include the case of spinning
satellites in space, where the torques are created internally in the body, e.g. as a result of a thruster firing. This
problem is often referred to in the literature as the self-excited rigid body problem and includes all the cases when
the acting torques do not depend on the actual orientation of the body in inertial space. It does include, however,
the case when the acting torques have a prescribed time-varying behavior in a reference frame fixed in the body.
This is exactly the case that we are interested in. In this paper we assume that the transverse torques vary
continuously with time, and are modeled as polynomials, or more generally, as truncated Taylor series expansions
of analytic functions. The axial torque is assumed to be constant. This restriction can be relaxed, although a
different procedure is necessary in order to handle the more complex integrals arising in this case (see Part IT). The
solution for the angular velocities is exact for symmetric rigid bodies, and very accurate for near-symmetric rigid
bodies. In the case of the Eulerian angles, the solutions are always approximate because of a small angle
assumption. We use the term symmetric (or equivalently, axisymmetric) for bodies with two equal principal
moments of inertia. The term near-symmetric will refer to bodies with two principal moments of inertia that do not
differ "too much." When the body is symmetric or nearly-symmetric we will also assume that the spinning axis is
the third principal axis, being perpendicular to the plane defined by the two principal axes with equal (or nearly
equal) moments of inertia.

Since every torque that varies continuously with time can be approximated to any desired degree of accuracy by
polynomials, the analysis permits one to develop more realistic models of spacecraft torques and forces; these then
may be applied to a variety of current and future problems involving chemical, ion and solar sail propulsion.
Another work by the authors (Tsiotras and Longuski, 1991b) examines the closely related problem when the acting
torques are periodic functions of time, or alternatively, torques that can be expressed in terms of Fourier expansions.
In such cases, solutions have been obtained for both the angular velocities and Eulerian angles, however the analysis
is more involved because the frequency of the acting transverse torques generates a two-parameter family of
integrals, the explicit evaluation of which is very tedious. Since Fourier and Taylor expansions are the most
common techniques of functional approximations, the results can be used in many applications. One, of course,
would expect that the results of Tsiotras and Longuski (1991b) will be more helpful for discontinuous torques, or
when the torques exhibit some kind of periodicity. For most of the other cases however, the results of the current
work will be more relevant and easier to apply.

2 Analytic Solution of Euler’s Equations of Motion

Euler’s equations of motion for principal axes at the center of mass are

M, = Lo, + (1, - L)oo, (1)
M, =L, + I, - L)o,0 )
M, =10, + (Iy - Ix)wxwy 3)

In these equations M,,M, and M, are the torque vector components, ®,,m, and ®, are the angular velocity vector
components, and I,,I, and I, are the principal moments of inertia. As usual, a dot represents differentiation with
respect to time. No explicit analytic solutions of this system of nonlinear differential equations are known to exist



for arbitrary functions of the external torques M,,My, and M,. In fact, no exact solutions are known, without the
need of some simplifying assumptions, even for the case of M,,M, and M, being constant. Assuming that only M,
is constant and that the last term of Eq. (3) is small (either because of near symmetry or because of the product
O,y being small) we obtain

0, (t) = (Mz/Iz)t + 0, (%) é 0, (O) (4)

This approximation has been proved very useful in previous developments (Longuski, 1980; Longuski, 1991;
Tsiotras and Longuski, 1991a) and is exact for the case of a symmetric rigid body (defined here by I, =1I,). Surely
this approximation is very accurate also for the case of a spin-stabilized spacecraft, when both w, and ®, tend to
remain small, even when no symmetry assumption can be made. This approximation in the solution of the third
equation (3) allows one to decouple the third order system of nonlinear differential equations (1)-(3). Therefore,
assuming the validity of Eq. (4), one can merely concentrate on Egs. (1) and (2), which now become a set of two
coupled, but linear time-varying differential equations. The use of the change to the new independent variable

A
(1) =, (1) ®)
and the transformation of the dependent variables
o tok, @ 2ok ©

where k, 2(I, ~ L)L, k,2(1, 1)1, k2+kk, allows one to combine both Egs. (2) and (3) into the
following scalar, linear but complex differential equation with a time-varying coefficient

% —-iptQ=F @)

In Eq. (7) we have
Q20 +iQ,, p2kI,M,), FAF, +iF, (8)
F, 2 (M,/1,) (I,M,) kK, F, 2 (M,/1,) (I/M,) vk, ©)

where F = F(7) is now considered as a function of t. It is assumed, without loss of generality, that the spin axis is
the axis of the largest moment of inertia I,, and for the sake of consistency we will assume that 1, > I, > I,. This
choice will imply stable motion about the spin axis. The following procedure can be applied with a few
modifications to the case when the z-axis is the minor principal axis, as well. The case when I, represents the
intermediate axis will not be considered, since it always results in unstable motion. The solution for the transverse
angular velocities can be written immediately as follows:

T
Q1) = Qoexp(i%‘cz) + exp(i%‘tz) | exp(—i%uz) F(u) du (10)
To
where € éQ(rO) exp [— i(p/2)r%] and €(1) is the initial condition in the new independent variable t. The only
difficulty that arises in the computation of the solution for the transverse angular velocities ®, and ®, comes from
the integral of the nonhomogeneous part of the solution, due to the forcing function F(t). We are therefore, merely
interested in computing the integral appearing in (10), that is,

T
lo(To. ) & [ exp(-i5-u®) F(u) du (1)
To
for the special case when the transverse torques, M, and M,, are assumed to take the form of polynomials. Using
the affinity of the transformation (4) and (5), one can assume, without loss of generality, the following expression
for M, and M, in the new independent variable t



M (D=3 M ™", My(1)=Y M, (12)
n=0 n=0

where MX,H and My’n are constants, and some of them can be zero. (Therefore, there is no loss of generality in
assuming that both M, and M, are polynomials of the same degree.) Equation (12) implies that because of the
simple character of the transformation (5), polynomial functions in the original independent variable t, correspond to
polynomials in the new independent variable T. This is not the case however, when M, is not constant, and the
relationship between the two expressions is not that obvious. Part II of the paper addresses this problem. Using
Egs. (8), (9) and (12) one can now write the following expression for the forcing function F(t)

F(1) = ﬁ F, ° (13)

n=0

where the coefficients F, in the above expression are complex constants, given by F, éFx,n +iFy, and
Fen 2 M0 /TOAM )k 5 Fyp 2 (M1 /L)/M, )Nk, . Substitution of this representation into Eq. (11) allows
one to rewrite the integral as follows:

_[exp( 1'u )F(u) du= Z F, _[exp( 1'u )u du= Z F, 1 2(T0,T;P) (14)

n=0 Ty n=0

where for convenience the following integrals have been introduced:

1,(t,T:p) & jexp( 1' u?) u" du n=0,1,2,...m (15)

To
Integrals of the form
Locp) [ exp(—i%uz) u" du (16)
0

can be evaluated easily by means of the recurrence formula

- P
J.exp(—li 2)u” du=i> exp(—lzxz) S ELE Iexp( 1* u?) u"? du n=2,3,4,.. (17

To obtaln all the integrals from (17) one needs to find the ﬁrst two terms of the sequence. This can be done using the
following expressions:

Io(x;p) é'[ exp(—i%uz) du = Vr/p sgn(x) E(Np/nt x) (18)
0

I(x:p) 2 [ exp(-iLu?) udu = A lexp-i®x?) = 1] (19)
0 2 p 2

where E(x) represents the complex Fresnel integral function of the first kind defined by
E(x) éj: exp(—i%uz) du (20)
There exists also the complex Fresnel integral function of the second kind defined by
E,(x)2 Lj expin) g 1)

V2my Vu

The above two functions are related by E(x) = E,[(n/2)x?]. Series and asymptotic representations of these functions



can be found, for instance, in Abramowitz and Stegun (1972). We have assumed, without loss of generality, that in
Eq. (18) p is positive (which corresponds to a spin-up), since from (16) one sees that for p negative (spin-down) one
merely takes the complex conjugate of Eq. (18), that is, I(x;p) = Io(x;—p) where the asterisk denotes complex
conjugation. Both cases can be handled at the same time by defining the function

_ Ex) ifp>0

E() é{ E'(x) ifp<0 (22)
Since we have assumed that I, > I, > I, the case of p =0 is of no concern to us, since it corresponds to either I, =1,
or [, =1, and in either case the problem reduces to the axisymmetric case. Therefore one can solve exactly for one
of the components of the angular velocities (wy if I, = I, or w, if [, =1,) and substitute in the other two. It is clear
that by relabeling the axes, the problem can be cast into the current framework of analysis. On the other hand, if
I, =, =1, then the solution of the system of the differential equations (1)-(3) becomes trivial. Hence in any case
we can assume without loss of generality that p # 0. Using (22) we have that for both spin-up and spin-down the
integral I(x;p) can be evaluated by

Ip(x;p) = /[ p | sgn(x) E(V[p|/m x) (23)

In this expression sgn denotes the signum function such that sgn(x)=1, for x>0, sgn(x)=—1, for x<0, and sgn(x)=0,
for x=0. Therefore, equations (10) and (14) give the complete solution for the transverse components of the angular
velocity vector 0, and o, in terms of complex Fresnel integrals (20). The solution for @, was found in (4).

3 Analytic Solution of Attitude Motion

We use Eulerian angles to describe the attitude orientation of a rotating body. Although other descriptions of the
attitude are also available (Euler parameters, direction cosines) the Eulerian angles have the advantage of directly
representing physical quantities, making them amenable to engineering insight. We have chosen to use Eulerian
angles in the present analysis, mainly for this reason. Using a 3-1-2 Eulerian angle sequence (Wertz, 1980; Kane et
al., 1983), the kinematics obey the following set of differential equations

d)x = cosd, + w,sind, 24)
dy = 0y — (@,c080, — ,5ind,) tand, (25)
d)z = (w,cosd, — w,sindy) sechy (26)

Under this parametrization of the kinematics, the orientation of the local body-fixed reference frame with respect to
the inertial reference frame is found by first rotating the body about its z-axis through an angle ¢,, then rotating
about its x-axis with an angle ¢, and finally by rotating about its y-axis by an angle ¢,. Note that a singularity exists
in Egs. (25) and (26) for ¢, = £ /2. For a 3-1-2 sequence, 0, and ¢, describe the attitude deviation of the spin axis
from its initial orientation (assumed to be the inertial Z-axis), that is caused from the application of disturbances.
For a spin-stabilized body these represent unwanted deviation of the spin axis and are often referred to as the

attitude error components.

A small angle approximation for ¢,,¢, is therefore quite reasonable for a spin-stabilized body, and together with
the assumption that the product ¢, w, in Eq. (26) is usually small compared to ®,, reduces the previous system of
equations, (24)-(26), to the following reduced system of three linear time-varying differential equations.

Oy = 0 + 0,0, 27)
q?y =0y — 0,0, (28)
0, =, (29)

The solution for ¢, is given immediately by



t
1 A
0,0 = @, du+0,(0) = = (M,/1,) € + 0 L+ . 00 20,(0) (30)
0
Since the solution of ®, is known from (4), one can combine the two equations (27) and (28) into the following
single complex scalar equation
O+im,0=0 (31)

where the complex variables ¢(t) éq)x(t) +1¢y(t) and w(t) émx(t) +1iwy(t) have been introduced. Using the new
independent variable T as was done in Eq. (5) one gets that

do +iAtd = w (32)
dt

where A is defined by A & p/k =1,/M,. Equation (32) is a linear time-varying differential equation in the complex
plane. The complex angle ¢ represents a measure of the total deviation of the spin axis. The differential equation
for ¢ has the solution

O(T) =y exp(—i%‘cz) +A exp(—i%rz) j exp(i%uz) o(u) du (33)

where ¢, é(1)(‘170) exp [i(A/2)t3] and ¢(t,) represents the initial condition for the transverse angles ¢, and ¢y in the
new independent variable. The solution involves an expression for m(t) instead of €(t) which has been already
found in Eq. (10). However, it is easy to see that ®(t) can be expressed in terms of the already known solution of
€Q(7) to obtain

RSP 3
O

o(1) = Q1) ———— + Q" (34)
Therefore, in order to solve for the Eulerian angles, one needs to evaluate the two integrals
f A
A .
Lo, (To.T:hp) 2 [ exp(i<u®) Q) du (35)
T
: A
A . %
L, (To. T:h.p) 2 | exp(lguz) Q*(u) du (36)
To
Recall that from Eqgs. (10) and (11) the solution for €(t) is given by
Q1) = Qoexp(i%‘cz) + exp(i%fz) I,(To,T50) (37)

m — —

where, from Eq. (14), 1,(to,T:p) = X, F, 1,(T0,7;p) and I, (ty,7;0) was given in Eq. (15). If one substitutes (37) into
n=0

(35) and (36), after carrying out the algebra, one obtains

Iy, (T, T:A,p) = Z F, I,(To;p)] J. exp(liu ) du + Z F, .[ exp(liu ) I, (u;p) du (33)
O T n= 0 T
Iy, (To, TA,p) = [Qg — 2 F! L (T:p)] j exp(liu ) du + Z F; j exp(liu ) I (u;p) du (39)

where u = ?»+p A (14k) and K = ?»—p }» (1-k). The first integral in (38) is computed by

T
[ exp5u?) du =Tyt v:p) (40)
To



In a similar way one handles the first integral in (39). The second integrals appearing in Eqs. (38) and (39) are of
the same form and can be handled simultaneously. Therefore, we present next how one computes the second
integral in (38), with the provision that the computation of the corresponding integral in (39) is found by taking the
complex conjugate. Let the integral in Eq. (38) be denoted by

T

1. (To, T3, 0) 4 f exp(i%uz) I,(u;p) du n=0,1,2,....m 41

To

From the recurrence formula for I,,(u;p) given in Eq. (17), one can easily verify the following recurrence formula
for J,,(to,T;1,0)

T
T (T, T, ) = éf exp(i%u% u™! du - i% Toa (T, T, P) n=2,34,... 42)

To

Since one readily computes

T

j exp(i%uz) " du =1, (T, T;-A) (43)

To

the use of the above recurrence formula allows one to reduce the evaluation of the integral J,(ty,T;U,p) to the
evaluation of the first two unknown terms of the sequence, given by

T
Jo(to.Ti.p) & [ exp(iu) To(uzp) du (44)

To

T
115, Tp) & [ exp(i u?) i usp) du (45)

To

The integral in (45) can easily be computed using Eq. (19) as
. T by T
J1 (T9, T3, P) = L [ J. exp(i'uz) du - _[ exp(iﬂuz) du ]
(VIS 2 k4 2

[o(To,T:=h) — To(To, T W] (46)

o |~

Using (23) the integral J,(T,T;U,p) takes the form
T
Jo(o.Tnp) = N [p[ [ senw expi ) EV[pl/mw) du 47)
To

By the change of variable u 4y | p|/mu, the above integral simplifies to

Jo(to,Tpp) = (/| p) [ sgn(@) exp(i%uj ) B@) du 2 (/| p]) Jo %o, T:0) (48)

To

where T, 4y |p|/m T, A4 [p|/m T, and p g ur/|p|. If one now also drops for notational convenience the bars

from the arguments of J, one has merely to examine the integral

To(To. ) 2 [ sgn() exp(i%uz) E(u) du (49)

To

The above is an integral that appears in the problem when the forcing transverse torques are constants, and has been



thoroughly evaluated by Tsiotras and Longuski (1991a), where series expansions of the Fresnel integral ]_E(u) were
used, in order to integrate (49) termwise. A very accurate representation of the Fresnel integral was used (Boersma,
1960) based on the t-method of Lanczos (1956). It is interesting to note that TO(‘CO,T;M) is closely related to integrals
appearing in the mathematical theory of rocket flight (Rosser et al., 1947). Summing up, we have that I (o, T;A,p)
and I, (t9,T;A,p) are computed by

m _ m

Lo, (70, Thp) = [Qo — X Fy L, (T:0)] I(To, T5—W) + X Fy T (To, T P) (50)
n=0 n=0

L, (o, Th.p) = [Q0 — 3 Fy L1 (To3p)] Iy (10, T5-%) + 3, Fp I1(To, T5-K, p) (51)
n=0 n=0

The above relations along with (33)-(36) and (30), provide the complete analytical solution to the differential
equations (29) and (31), for the orientation of a near-symmetric spinning rigid body, when the forcing transverse
torques are polynomial functions of time.

4 Numerical Example

A numerical example is used in order to demonstrate the accuracy of the analytic solutions. The inertia
parameters are based on the Galileo spacecraft (Longuski, 1991) and are given by
I, = 2985 kg—m? , I, =2729 kg-m?, and I, =4183 kg-m”. The Galileo spacecraft is a dual spin vehicle. It can
operate in an all-spin mode in which the rotor and the stator revolve together, or a dual-spin mode with the stator
fixed in inertial frame. The above values correspond to its all-spin mode, i.e., when the stator and the rotor are
locked and are rotating with the same spin velocity. We consider first a spin-up maneuver from ,(0) = 3.15 rpm to
o, (ty) = 10 rpm. For the purpose of illustration, the transverse torques M, and M, are assumed to be given by

M,()= 1.04+27x1072 t-24x10%* £ +5.7x107 ¢ N-m (52)
M, () =-1.5-9.0x107 t+12x10™* £ -3.0x 107 £ N-m (53)

The coefficients of the corresponding polynomials of M, and My in terms of T in Eq. (12) can then be computed,
using (4) and (5).

The initial conditions for w,, ®y, ¢x, ¢y, and ¢, are all assumed to be zero. The spin-up maneuver is
simulated with a constant M, torque of 13.5 N-m. The results are shown in Figs. 1 and 2. In these figures the
captions refer to the exact solution which means a precise numerical integration of the original differential equations
(Egs. (1)-(3) and Eqgs. (24)-(26)). As shown in the figures, the analytic solutions are very close to the exact solutions
for the case of a spin-up maneuver. In fact, the analytic solutions are indistinguishable from the exact solutions
when presented on the same plot. Only the w, and ¢, solutions are plotted since w, and ¢, exhibited similar
behavior.

A spin-down maneuver through zero spin rate, is considered next, from ®,(0) = 3.15 rpm to ®,(t;) =—=3.15 rpm,
with all other initial conditions set to zero, as before. The torque M, is considered to be constant at
M, =-13.5 N-m. The transverse torques are given again by Eqs. (52) and (53). The results are shown in Figs. 3
through 5. Once again we see that the analytic solutions for the angular velocities cannot be differentiated from the
exact solutions when plotted in the same figure. The spin-down maneuver represents a much more difficult case for
the analytic solutions of the Eulerian angles when zero spin rate is reached, because the stabilizing effect of
spinning about the maximum principal axis of inertia vanishes, and the transverse torques cause the angles to grow
suddenly, as can be seen in Fig. 4. At this point the small angle assumption begins to break down and nonlinear
behavior is exhibited. This is clear from Figs. 4 and 5 where the solid line indicates the exact solution, while the
dotted line represents the analytic solution. It is interesting to note, however, that even though the value of ¢,
exceeds 1 radian in Fig. 4, the general behavior is still qualitatively predicted by the analytic solution. For a further



discussion of the large angle problem see Tsiotras and Longuski (1992).

5 Conclusions

Approximate analytic solutions have been derived for the attitude motion of a near-symmetric spinning rigid
body, under the influence of transverse time-varying torques, expressed as polynomial functions. The torque about
the spinning axis is assumed to remain constant. Analytic solutions were derived for both the angular velocity vector
and the Eulerian angles. These solutions were shown to be very accurate when compared with the exact solutions
for typical spacecraft maneuvers in a numerical example. In fact, the solution of the angular velocities are exact
when the rigid body is axisymmetric. The solutions for the Eulerian angles are always approximate due to a small
angle assumption, but they remain valid for a large class of practical applications. Part II of the paper extends the
preceding results to include cases when all three components of the external torque vector are time-varying.
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Figure Captions

Fig. 1 Exact and analytic solutions for o,(t)
Fig. 2 Exact and analytic solutions for ¢, (t)
Fig. 3 Exact and analytic solutions for o, (t)
Fig. 4 Exact and analytic solutions for ¢,(t)

Fig. 5 Exact and analytic solutions for ¢,(t)
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