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This paper proposes a sampling-based kinodynamic motion planning method with several
learning components. Kinodynamic RRT* for general nonlinear systems is computational
inhibitive because many two-point boundary value problems (TPBVPs) are required to be
solved repeatedly. This paper exploits supervised learning and offline optimal trajectories to
build a state feedback neural network controller. The neural network controller aims to steers
the system from points in an initial state set to points in a goal state set, thus avoiding the need
for online solving TPBVPs. We develop a learning-based kinodynamic RRT* algorithm that
is explicitly designed to incorporate the learned Neural Network controller and a cost-to-go
Neural Network. Finally, Multiple simulation cases are studied to evaluate the performance of
the proposed method.

I. Introduction

Sampling-based motion planners, such as RRT*, are well suited for planning in obstacle-rich, high dimensional complex
environments [1]. RRT* is probabilistic complete and almost surely converges asymptotically to the optimal solution.
Many extensions and applications have been studied in recent years [2–5]. One limitation of RRT* is the requirement
that any two points sampled in the sampling space can be connected with an optimal trajectory. For robot systems with
differential constraints, this essentially requires the solution of the two-point boundary value problem (TPBVP), which
is non-trivial to solve in general. Thus, many works on RRT* assume a holonomic model and connect sampled points
with straight lines [6].

For motion planning of robot systems, considerations of the Kinodynamic (differential) constraints are necessary for
generating safe trajectories that the robot can execute. In recent years, many works have studied the kinodynamic RRT*
problem where the differential constraint of the robot is considered. The sufficient conditions that ensure asymptotic
optimality of the RRT* for systems with differential constraints were established in [7]. Because every local steering
and distance function requires solving a TPBVP [7], it is known that kinodynamic RRT* is computationally expensive.
The closed-form solution of the TPBVP is known only for some linear systems [8], several simple nonlinear systems [7],
and for some specific cost function. Infinite-horizon LQR controller is used to connect pairs of states for linearized
systems in [9]. Since this controller will not reach the final state exactly or within a guaranteed neighborhood, it results
in suboptimality. Reference [8] uses a fixed-final-state-free-final-time controller to achieve the exact connection of
any pair of states for linear or linearized systems. Closed-form solution is not available for general linear systems.
In addition, the final time is computed by solving a root finding problems. The computation of their method is still
expensive. Reference [10] directly uses a numerical solver to solve the TPBVP online, thus their method can be used for
nonlinear systems. However, numerically solving the optimal control problem of general nonlinear systems faces the
challenge of stability and convergence. It can be sensitive to initial guesses and the computation is demanding. Because
of the challenge to develop appropriate steering functions for nonlinear system in RRT*, [5] proposes a method that
does not require steering function by using randomly sampling piece-wise constant control inputs of the system. The
method is asymptotic optimal. However the convergence to high quality trajectories in practice can be slow by the use
of random controls [10, 11].

Learning methods have been explored to replace the computationally heavy parts of kinodynamic RRT*. Reference
[12] uses indirect optimal control to generate optimal trajectories. Authors use the pre-computed trajectories as training
data to train a neural network. The neural network outputs a trajectory when given a boundary condition. After the
neural network is trained, it is used as the steering function in the RRT algorithm. However, no detail of the accuracy of
the predicted trajectories form their neural network is given. Their method is tested on an inverted pendulum system.
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The results show large errors of the predicted trajectories. In this paper, instead of predicting the whole open-loop
trajectory using neural network, we propose a state feedback neural network controller. We show that the neural network
controller generates accurate trajectories. Also, instead of considering the RRT algorithm, we propose a learning-based
kinodynamic RRT* algorithm. Using Deep Reinforcement Learning (DRL) to learn a local policy for kinodynamic
RRT* is studied in [13]. They also use supervised learning to train a time-to-reach estimator and use it as the distance
function of RRT*. Their policy require realtime sensor feedback, laser sensor in this case, to generate control action,
thus geometric information of the environment is required at the planning stage. Using deep reinforcement learning
for local steering requires a lot of training data. Because the DRL method is trained using training data of a specific
environment, it is hard to generalize the trained local planner to different environments.

In this paper, we use a state feedback neural network controller to solve the local steering problem in kinodynamic
RRT*. We propose a near-optimal controller synthesis using supervised learning. We train a neural network using
state-action data from pre-computed optimal trajectories. The neural network is used for online control and act as the
steering function in RRT*. The idea is to generate many optimal trajectories offline using (computationally expensive)
numerical solvers, and then exploit the data for online optimal control. Several papers have adopted this idea to
learn/approximate the optimal controller for different nonlinear systems [14–17]. Satisfactory numerical results are
obtained in these papers, which demonstrate its potential. Compare to [14–17], a goal-conditioned method is introduced
in this paper, which enables the steering of nonlinear systems from any initial state in an initial set to any state in a goal
set. The goal-conditioned extension is necessary for combining the neural network controller with RRT*. One benefit
of using data-driven learning methods is their real-time implementation potential. Once trained, the neural network
makes predictions efficiently.

The contributions of this paper are: First, a goal-conditioned state-feedback near-optimal neural network controller
is proposed, which enables the steering of a dynamical system from any state in an initial state set to any state in the goal
state set. We modify the training data by augmenting every data point along the trajectory with the goal state of that
trajectory, which results in a goal-conditioned method. The neural network is trained using state-action pairs. Given the
current state, the neural network predicts the corresponding optimal control, which results in a state feedback controller.
Second, a learning-based kinodynamic RRT* algorithm is developed. The RRT* algorithm is modified to explicitly
incorporate the Neural Network Controller (NNC) and the cost-to-go Neural Network. We introduce a Shink procedure
in the RRT* algorithm to explicitly require that the neural networks is used for interpolation instead of extrapolation.
The performance of the NNC is evaluated using several examples, Finally, simulation results of the learning-based
kinodynamic RRT* are given.

The paper is organized as follows. In Section II, we define the problem considered in this paper. The details of
the neural network controller is given in Section III. The kinodynamic RRT* algorithm is introduced in Section IV.
Simulations results of both the neural network controller and the learning-based kinodynamic RRT* are given in Section
V. Finally, some conclusions are drawn in Section VI.

II. Problem formulation

The optimal kinodynamic motion planning problem is given below. Given the domain 𝑋 , free space 𝑋 𝑓 𝑟𝑒𝑒, initial state
𝑥0, goal region 𝑋𝑔𝑜𝑎𝑙 , and system dynamics

¤𝑥(𝑡) = 𝑓 (𝑥(𝑡), 𝑢(𝑡), 𝑡), 𝑥(0) = 𝑥0, (1)

where 𝑓 is a smooth function of its variables, find a control 𝑢(𝑡), 𝑡 ∈ [0, 𝑇] for some positive 𝑇 , such that the unique
solution 𝑥(𝑡) to (1) is obstacle-free, i.e. 𝑥(𝑡) ∈ 𝑋 𝑓 𝑟𝑒𝑒 for all 𝑡 ∈ [0, 𝑇], reaches the goal region, i.e. 𝑥(𝑇) ∈ 𝑋𝑔𝑜𝑎𝑙 , and
minimizes the following cost functional

𝐽 (𝑥, 𝑢, 𝑡) = 𝐶 (𝑥(𝑇), 𝑇) +
∫ 𝑇

0
𝐿 (𝑥(𝜏), 𝑢(𝜏), 𝜏) d𝜏. (2)

The optimal kinodynamic motion planning problem is an optimal control problem with nonconvex state constraints
and possibly in high dimensional state space. Sample-based methods try to solve this problem by randomly sample
intermediate states (waypoints), make optimal connections between states, and converge to the optimal solution
asymptotically.

2



In kinodynamic RRT*, every edge connection is a TPBVP and is given as

𝑢∗ = arg min
𝑢

𝐽 (𝑥, 𝑢, 𝑡), (3)

s.t. ¤𝑥(𝑡) = 𝑓 (𝑥(𝑡), 𝑢(𝑡), 𝑡),
𝑥(𝑡0) = 𝑥𝑎, 𝑥(𝑡f) = 𝑥𝑏 ,

(4)

where 𝐽 is defined in (2) with time interval [𝑡0, 𝑡f]. 𝑡f is left free which leads to a free-final-time optimal control problem.
Note that the TPBVP do not need to consider the nonconvex state constraints (obstacles).

In this paper, we develop a Neural Network Controller (NNC) to replace the computation demanding steering
function (TPBVP), train a cost-to-go network to function as the distance metric of RRT*, and propose a learning-based
kinodynamic RRT* algorithm to approximately solve the kinodynamic motion planning problem with reduced online
computation.

III. Neural Network controller

We first generate the training data. For a dynamical system, we use numerical optimization solvers [18] to solve the free
final time TPBVP, given by (3) and (4), offline. Since we are interested in steering the system from different initial
states to different goal states. We generate optimal trajectories with different initial states and different goal states, see
Figure 1. Each trajectory returned by the numerical solver contains a sequence of control inputs and a sequence of states
indexed by time. In previous related works [14–17], all the offline trajectories have the same goal state. Thus, it is
expected that the neural network trained based on this data will generate control actions that steer the system to the same
goal state. If the goal state changes, one has to regenerate the trajectories correspond to the new goal state and train a
different neural network.

Fig. 1 Illustration of the controller synthesis procedure. Gray lines are the offline trajectories generated using a numerical solver. Black dots and
blue dots are the initial states and goal states of the offline trajectories respectively. After the neural network is trained using the offline data, it is used
for online feedback control. Given a new initial state (orange dot) and a new goal (red dot), the neural network controller predicts control actions that
are used to propagate the system. This results in the orange dash line.

Fig. 2 Goal-conditioned neural network controller. For each offline trajectory, the final state 𝑥𝑛 of the trajectory is augmented to every data point
(𝑥𝑖 , 𝑢𝑖) of that trajectory. The neural network is trained using the augmented data. The trained neural network is a state feedback controller that maps
the augmented state the the corresponding control input.

We introduce a goal-conditioned method by rearranging the training data. Specifically, for each offline trajectory,
the final state of the trajectory is augmented to every data point (state-action pair) of that trajectory. For example, for
any trajectory given by {(𝑥1, 𝑢1), (𝑥2, 𝑢2), ..., (𝑥𝑛, 𝑢𝑛)} where the state and control pairs are indexed by time. 𝑥𝑛 is
the endpoint of the trajectory which is also the goal state of the trajectory. We modify the data to get the sequence
{(𝑥1, 𝑥𝑛, 𝑢1), (𝑥2, 𝑥𝑛, 𝑢2), ..., (𝑥𝑛, 𝑥𝑛, 𝑢𝑛)}. This procedure is illustrated in Figure 2. For each trajectory, the goal state is
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explicitly added as another feature to every data point of that trajectory, which enables the neural network to generate
controls for different goal states. After modifying the data, we combine all the data points from all offline trajectories to
form the final training dataset. Each data point is a tuple of three vectors (𝑥𝑖 , 𝑥𝑛, 𝑢𝑖). The goal of the neural network is
to mimic the structure of the optimal controller. The neural network controller is the mapping

𝑁𝑁𝐶𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑒𝑟 : (𝑥𝑖 , 𝑥𝑛) → 𝑢𝑖 ,

where 𝑥𝑖 is the current state. The Neural network controller predicts the control 𝑢𝑖 based on the 𝑥𝑖 and the goal state
𝑥f . The idea of the goal-conditioned method has been used in [19] for path planning problems. To the best of our
knowledge, this is the first time it is used to obtain a state-feedback neural network controller.

After training the neural network controller, the controller is used for online control and online trajectory generation.
Provided a new boundary condition, we repetitively apply the neural network controls and simulate the system to obtain
the trajectory that solves the boundary value problem. Since the final time of the trajectories is left free, we also train a
time-to-reach neural network to predict the time duration that we want to simulate the system. The time-to-reach neural
network is the mapping

𝑁𝑁𝑇𝑖𝑚𝑒𝑇𝑜𝑅𝑒𝑎𝑐ℎ : (𝑥𝑖 , 𝑥𝑛) → 𝑡𝑖 ,

where 𝑡𝑖 is the time required to go from 𝑥𝑖 to 𝑥f .
Finally, we train a cost-to-go neural network that functions as a distance metric in RRT*

𝑁𝑁𝐶𝑜𝑠𝑡 : (𝑥1, 𝑥𝑛) → 𝐽,

where 𝑥1 is the initial state, 𝐽 is the cost of the trajectory corresponds to (2) returned by the numerical solver [18]. In the
next section, we present the kinodydynamic RRT* algorithm that relies on these learned components.

IV. Learning-based Kinodynamic RRT*

The primitive procedures are summarized next before providing the main algorithms.
𝑆𝑎𝑚𝑝𝑙𝑒 : The sampling procedure 𝑆𝑎𝑚𝑝𝑙𝑒 returns a state that is randomly sampled in free space 𝑋 𝑓 𝑟𝑒𝑒.
𝑁𝑒𝑎𝑟𝑒𝑠𝑡 𝑁𝑒𝑖𝑔ℎ𝑏𝑜𝑟 : Given a tree 𝐺 = (𝑉, 𝐸), where 𝑉 is the set of nodes in the tree and 𝐸 is the edge set, the

function 𝑁𝑒𝑎𝑟𝑒𝑠𝑡 (𝑉, 𝑥) returns a vertex in 𝑉 that is closest to the state 𝑥 in turns of Euclidean distance.
𝑁𝑒𝑎𝑟 𝑁𝑒𝑖𝑔ℎ𝑏𝑜𝑟𝑠 : The function 𝑁𝑒𝑎𝑟 (𝑉, 𝑥) returns all the vertices in 𝑉 that are in the Euclidean hyper-ball of

radius 𝛿 centered at 𝑥.
We use Euclidean distance to find the nearest neighbor and near neighbors, which is not the true distance. For

the motion planning defined in Section II, the true distance between two states is the minimum cost 𝐽 obtained by
solving the TPBVP in (3) and (4) [7]. Based on the true distance, it is possible to define an 𝜖-radius sub-Riemannian
ball centered at 𝑥, which is the set of all states where the true distance from 𝑥 to these states are less than or equal to 𝜖 . It
is showed in [5] that there always exists a certain size Euclidean hyper-ball inside such sub-Riemannian ball under
mild conditions, thus justifies the use of Euclidean norms. Euclidean distance is also used in [5]. Note that after the
nearest and near vertices (in terms of Euclidean distance) are selected, we use 𝑁𝑁𝐶𝑜𝑠𝑡 as the distance metric. 𝑁𝑁𝐶𝑜𝑠𝑡

introduced in Section III is an approximation of the true distance. The Euclidean distance is used only to pre-select
relevant vertices and to benefit computation.

𝐶𝑜𝑙𝑙𝑖𝑠𝑖𝑜𝑛 𝐶ℎ𝑒𝑐𝑘 : Function 𝑂𝑏𝑠𝑡𝑎𝑐𝑙𝑒𝐹𝑟𝑒𝑒𝑃𝑜𝑖𝑛𝑡 (𝑥) returns true if and only if the point 𝑥 is in obstacle free space.
Function 𝑂𝑏𝑠𝑡𝑎𝑐𝑙𝑒𝐹𝑟𝑒𝑒(𝜏) returns true if and only if the trajectory 𝜏 lies entirely in obstacle free space.

𝑃𝑎𝑟𝑒𝑛𝑡 : The function 𝑝𝑎𝑟𝑒𝑛𝑡 (𝑥) returns the parent vertex of 𝑥.
𝐶𝑜𝑠𝑡 : The function 𝐶𝑜𝑠𝑡 (𝑥) returns the cost-to-go from the root vertex to 𝑥 in the current tree 𝐺.
The complete algorithm is given by Algorithm 1, Algorithm 2, and Algorithm 3. The following procedures are

specific to the proposed learning-based kinodynamic RRT* algorithm.
𝑆ℎ𝑟𝑖𝑛𝑘 : The 𝑆ℎ𝑟𝑖𝑛𝑘 procedure is to ensure that the boundary condition (given by 𝑥𝑛𝑒𝑎𝑟𝑒𝑠𝑡 and 𝑥𝑟𝑎𝑛𝑑 in line 5,

Algorithm 1) is within the range of the initial state set 𝑋1 and goal state set 𝑋2 on which the offline trajectories are
generated and the neural network is trained. The boundary conditions of the offline trajectories are randomly sampled
inside some bounded initial sets and bounded goal state sets.

The details of the 𝑆ℎ𝑟𝑖𝑛𝑘 procedure is shown in Figure 3. Suppose the rectangular 𝑎𝑏𝑐𝑑 space is the state space
(planning space) 𝑋 of the motion planning problem. To generate training data for the neural network controller, ideally,
we want to sample both initial state and goal state directly on the whole space 𝑋 . The boundary conditions of the offline
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Fig. 3 𝑆ℎ𝑟𝑖𝑛𝑘 procedure. Let the rectangular 𝑎𝑏𝑐𝑑 be the state space. Given any boundary point pair (𝑥1, 𝑥2) which we want to make a
connection, 𝑥1 must belong to one of the initial state subset 𝑖. If 𝑥2 is not in the corresponding goal state subset 𝑖, we shrink 𝑥2 to 𝑥

′
2, thus 𝑥

′
2 is in

goal state subset 𝑖. In the figure, (𝑥1, 𝑥2) is already in the range of the neural network controller and the 𝑠ℎ𝑟𝑖𝑛𝑘 procedure is not needed. We say that
the pairs (𝑥1, 𝑥

′
2) and (𝑥1, 𝑥3) are in the range of the neural network controller, while (𝑥1, 𝑥2) is not in the range of the neural network controller.

trajectories are the combination of those initial states and goal states. However, the size of the planning space 𝑋 may not
be known as a prior and can be varying. Even if the planning space is known and fixed, the planning space 𝑋 may be
very large, which requires many samples in the trajectory generation step to get a decent coverage of the state space. A
larger dataset means more time required for data generation, longer training process, a more complex neural network
structure, and more time required for online prediction. In our method, we divide the state space 𝑋 into small subsets.
The union of all subsets form the whole planning state space 𝑋 and every state in the 𝑋 only belong to one of the subsets.
We define those subsets as the initial state subsets. For each initial state subset 𝑖, there is a corresponding goal state
subset 𝑖 (see Figure 3, left figure). For offline trajectory generation, the initial states are sampled from initial state subset
𝑖 and the goal states are sampled from the corresponding goal state subset 𝑖. The sampling is repeated for all initial
state subsets. After the neural network is trained using the offline trajectories, the RRT* algorithm uses it for control
inference. Given an initial state 𝑥1 and a goal state 𝑥2 that we want to make connection, 𝑥1 must belong to one of the
initial state subsets 𝑖. If 𝑥2 belong to the corresponding goal state subset 𝑖, then we say the boundary condition (𝑥1, 𝑥2)
is in the range of the neural network controller, and the neural network will make useful predictions. If 𝑥2 does not
belong to the goal state subset 𝑖, a 𝑆ℎ𝑟𝑖𝑛𝑘 procedure is performed (see Figure 3, right figure) such that the new state 𝑥′2
belongs to goal state subset 𝑖. The 𝑆ℎ𝑟𝑖𝑛𝑘 procedure ensures that the neural network controller is used for interpolation
and avoid extrapolation.

𝑁𝑁𝑆𝑡𝑒𝑒𝑟 : Given an initial state 𝑥1 and goal state 𝑥2, 𝑁𝑁𝑆𝑡𝑒𝑒𝑟 (𝑥1, 𝑥2) repeatedly calls the feedback controller
𝑁𝑁𝐶𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑒𝑟 and forward simulate the system for a time period of 𝑁𝑁𝑇𝑖𝑚𝑒𝑇𝑜𝑅𝑒𝑎𝑐ℎ(𝑥1, 𝑥2). 𝑁𝑁𝑆𝑡𝑒𝑒𝑟 (𝑥1, 𝑥2)
returns the trajectory 𝜏 and the endpoint of the trajectory 𝑆𝑒𝑔𝐸𝑛𝑑. Since the 𝑁𝑁𝑆𝑡𝑒𝑒𝑟 can not make an exact connection
of two states, we will accept the resulting trajectory if 𝑆𝑒𝑔𝐸𝑛𝑑 is within a small neighborhood of goal state 𝑥2. This
condition is given in line 7, Algorithm 2 and line 5, Algorithm 3.

𝑁𝑁𝐶𝑜𝑠𝑡 : 𝑁𝑁𝐶𝑜𝑠𝑡 (𝑥𝑖 , 𝑥 𝑗 ) is given in Section III. It returns the cost to go from 𝑥𝑖 to 𝑥 𝑗 .

V. Implementation Details

This section gives both the results of the neural network controller and the results of the proposed learning-based
kinodynamic RRT* algorithm.

A. Results of Neural Network Controller
We evaluated the proposed method on a 2D double integrator and a planar quadrotor system. After rearranging the
training data as discussed in Section III, this data is used for training. In all examples, the NNs are trained using Matlab
Machine Learning Toolbox. All the implementations in this paper are done on a laptop computer with an Intel Core
i5-8250U 1.6GHz CPU. The architecture of the Neural Networks is tuned for different problems. We use the Bayesian
Regularization backpropagation algorithm for training in all examples.

The first example is a 2D double integrator, which has four-dimensional state space and two-dimensional control
space. The offline trajectories used for training are shown in Fig. 4(a). 1264 trajectories are generated. Each trajectory
contains 21 state-action pairs. After training the neural network. We test the neural network controller for randomly
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Algorithm 1: Learning-based Kinodynamic RRT*
1 𝑉 ← {𝑥init}; 𝐸 ← ∅; G ← (𝑉, 𝐸);
2 for 𝑖 = 1 : 𝑁 do
3 𝑥𝑟𝑎𝑛𝑑 ← 𝑆𝑎𝑚𝑝𝑙𝑒;
4 𝑥𝑛𝑒𝑎𝑟𝑒𝑠𝑡 ← 𝑁𝑒𝑎𝑟𝑒𝑠𝑡 (𝑉, 𝑥𝑟𝑎𝑛𝑑);
5 if 𝑥𝑛𝑒𝑎𝑟𝑒𝑠𝑡 × 𝑥𝑟𝑎𝑛𝑑 ∉ 𝑋1 × 𝑋2 then
6 𝑥𝑟𝑎𝑛𝑑 ← 𝑆ℎ𝑟𝑖𝑛𝑘 (𝑥𝑟𝑎𝑛𝑑);
7 if 𝑂𝑏𝑠𝑡𝑎𝑐𝑙𝑒𝐹𝑟𝑒𝑒𝑃𝑜𝑖𝑛𝑡 (𝑥𝑟𝑎𝑛𝑑) then
8 (𝜏, 𝑆𝑒𝑔𝐸𝑛𝑑) ← 𝑁𝑁𝑆𝑡𝑒𝑒𝑟 (𝑥𝑛𝑒𝑎𝑟𝑒𝑠𝑡 , 𝑥𝑟𝑎𝑛𝑑);
9 if 𝑂𝑏𝑠𝑡𝑎𝑐𝑙𝑒𝐹𝑟𝑒𝑒(𝜏) then

10 𝑥𝑛𝑒𝑤 ← 𝑆𝑒𝑔𝐸𝑛𝑑;
11 𝑋𝑛𝑒𝑎𝑟𝑏𝑦 ← 𝑁𝑒𝑎𝑟 (𝑉, 𝑥𝑛𝑒𝑤 );
12 𝑉 ← 𝑉 ∪ {𝑥𝑛𝑒𝑤 };
13 𝑥𝑚𝑖𝑛 ← 𝐶ℎ𝑜𝑜𝑠𝑒𝑃𝑎𝑟𝑒𝑛𝑡 (𝑋𝑛𝑒𝑎𝑟𝑏𝑦 , 𝑥𝑛𝑒𝑎𝑟𝑒𝑠𝑡 , 𝑥𝑛𝑒𝑤 );
14 𝐸 ← 𝐸 ∪ {(𝑥𝑚𝑖𝑛, 𝑥𝑛𝑒𝑤 )};
15 𝐸 ← 𝑅𝑒𝑤𝑖𝑟𝑒(𝑋𝑛𝑒𝑎𝑟𝑏𝑦 , 𝐸, 𝑥𝑛𝑒𝑤 , 𝑥𝑚𝑖𝑛);
16 G ← (𝑉, 𝐸);

17 return G;

Algorithm 2: Choose Parent Node
1 ChooseParent (𝑋𝑛𝑒𝑎𝑟𝑏𝑦 , 𝑥𝑛𝑒𝑎𝑟𝑒𝑠𝑡 , 𝑥𝑛𝑒𝑤):
2 𝑥𝑚𝑖𝑛 ← 𝑥𝑛𝑒𝑎𝑟𝑒𝑠𝑡 ;
3 𝑐𝑚𝑖𝑛 ← 𝐶𝑜𝑠𝑡 (𝑥𝑛𝑒𝑎𝑟𝑒𝑠𝑡 ) + 𝑁𝑁𝐶𝑜𝑠𝑡 (𝑥𝑛𝑒𝑎𝑟𝑒𝑠𝑡 , 𝑥𝑛𝑒𝑤 );
4 foreach 𝑥𝑛𝑒𝑎𝑟 ∈ 𝑋𝑛𝑒𝑎𝑟𝑏𝑦 \ 𝑥𝑛𝑒𝑎𝑟𝑒𝑠𝑡 do
5 if 𝐶𝑜𝑠𝑡 (𝑥𝑛𝑒𝑎𝑟 ) + 𝑁𝑁𝐶𝑜𝑠𝑡 (𝑥𝑛𝑒𝑎𝑟 , 𝑥𝑛𝑒𝑤 ) < 𝑐𝑚𝑖𝑛 then
6 (𝜏, 𝑆𝑒𝑔𝐸𝑛𝑑) ← 𝑁𝑁𝑆𝑡𝑒𝑒𝑟 (𝑥𝑛𝑒𝑎𝑟 , 𝑥𝑛𝑒𝑤 );
7 if 𝑂𝑏𝑠𝑡𝑎𝑐𝑙𝑒𝐹𝑟𝑒𝑒(𝜏) ∧ 𝑁𝑜𝑟𝑚(𝑆𝑒𝑔𝐸𝑛𝑑 − 𝑥𝑛𝑒𝑤 ) < 𝑑1 then
8 𝑥𝑚𝑖𝑛 ← 𝑥𝑛𝑒𝑎𝑟 ;
9 𝑐𝑚𝑖𝑛 ← 𝐶𝑜𝑠𝑡 (𝑥𝑛𝑒𝑎𝑟 ) + 𝑁𝑁𝐶𝑜𝑠𝑡 (𝑥𝑛𝑒𝑎𝑟 , 𝑥𝑛𝑒𝑤 );

10 return 𝑥𝑚𝑖𝑛;

Algorithm 3: Rewire
1 Rewire (𝑥𝑛𝑒𝑎𝑟𝑏𝑦 , 𝐸, 𝑥𝑛𝑒𝑤 , 𝑥𝑚𝑖𝑛):
2 foreach 𝑥𝑛𝑒𝑎𝑟 ∈ 𝑋𝑛𝑒𝑎𝑟𝑏𝑦 \ 𝑥𝑚𝑖𝑛 do
3 if 𝐶𝑜𝑠𝑡 (𝑥𝑛𝑒𝑤 ) + 𝑁𝑁𝐶𝑜𝑠𝑡 (𝑥𝑛𝑒𝑤 , 𝑥𝑛𝑒𝑎𝑟 ) < 𝐶𝑜𝑠𝑡 (𝑥𝑛𝑒𝑎𝑟 ) then
4 (𝜏, 𝑆𝑒𝑔𝐸𝑛𝑑) ← 𝑁𝑁𝑆𝑡𝑒𝑒𝑟 (𝑥𝑛𝑒𝑤 , 𝑥𝑛𝑒𝑎𝑟 );
5 if 𝑂𝑏𝑠𝑡𝑎𝑐𝑙𝑒𝐹𝑟𝑒𝑒(𝜏) ∧ 𝑁𝑜𝑟𝑚(𝑆𝑒𝑔𝐸𝑛𝑑 − 𝑥𝑛𝑒𝑎𝑟 ) < 𝑑2 then
6 𝑥𝑝𝑎𝑟𝑒𝑛𝑡 ← 𝑃𝑎𝑟𝑒𝑛𝑡 (𝑥𝑛𝑒𝑎𝑟 );
7 𝐸 ← 𝐸 \ {(𝑥𝑝𝑎𝑟𝑒𝑛𝑡 , 𝑥𝑛𝑒𝑎𝑟 )};
8 𝐸 ← 𝐸 ∪ {(𝑥𝑛𝑒𝑤 , 𝑥𝑛𝑒𝑎𝑟 )};

9 return 𝐸 ;
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sampled novel boundary conditions. Some example trajectories obtained using the neural network controller are shown
in Fig. 4(b). We test the controller with 500 new randomly sampled boundary conditions. Since we are interested in
steering the system to a specific goal state, one index is the closeness between the endpoints of the trajectories and their
goal states. We compute the error between the endpoint of each trajectory and its goal. 500 trajectories are generated
using the neural network controller. The errors of the endpoints of those trajectories are shown in Fig 5. The Mean
Squared Error (MSE) of position vector is (0.0022, 0.0019), the MSE of velocity vector is (0.0054, 0.0053).

(a)

-4 -2 0 2 4

-4

-2

0

2

4

(b)

Fig. 4 Control results of a double Integrator. (a) 1264 offline trajectories. Since the double integrator is translational invariant regarding position, we
can always choose the position of the goal state to be zero. Note that all trajectories go to the origin but with different final velocities. (b) example
trajectories obtained using the neural network controller.

Fig. 5 Steering error of the controller for 2D double integrator. For 500 trajectories, the error between the endpoint of each trajectory and its goal
state is shown. The endpoint contains a position vector and velocity vector.

The second example is a planar quadrotor [20]. Its model is shown in Fig. 6. Assume that the quadrotor is modeled
by two point-masses that are connected by a rigid mass-less bar. Each point-mass is 𝑚. There are two motors, each of
which applies a force orthogonal to the connecting bar. The length from each rotor to the center of the bar is 𝑑. The two
forces, 𝑢1 and 𝑢2 from the two motors are the control inputs of the system. The planar quadrotor has three degrees of
freedom, and its pose is given by the position vector (𝑥, 𝑧), and the rotation angle 𝜃. The equation of motion is given by
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Fig. 6 Model of a planar quadrotor motion in (𝑥, 𝑧) plane.

(a) (b)

Fig. 7 Control results of a planar quadrotor. (a) 2900 offline trajectories used for training. The planar quadrotor is also translational invariant
regarding position. All trajectories go to the origin with different final velocities. (b) example trajectories obtained using the neural network controller.

¥𝑥 = − 1
𝑚

sin 𝜃 (𝑢1 + 𝑢2),

¥𝑧 = 1
𝑚
(cos 𝜃 (𝑢1 + 𝑢2) − 2𝑚𝑔),

¤𝜃 =
1

2𝑚𝑑
(𝑢2 − 𝑢1).

(5)

The pre-computed optimal trajectories used for training are shown in Fig. 7(a). The trajectories obtained using the
Neural network controller are shown in Fig. 7(b).

Similar to the double integrator case, we compute the error between the endpoint of each trajectory and its goal
state. The results are shown in Fig. 8 The MSE for the position vector, velocity vector, and angle are (0.0012, 0.0012),
(0.0068, 0.092), and 0.0016 respectively.

B. Results of Learning-based Kinodynamic RRT*
First, we tested the learning-based kinodynamic RRT* algorithm on the 2D double integrator. The results from one run
of the algorithm are given in Fig. 9. The algorithm finds the first trajectory after expanded 65 nodes, and time lapsed for
finding the first trajectory is 0.51 second. The cost of the first trajectory is 105.86. We run the algorithm multiple times.
The decreasing of the cost and the increasing of time as the increasing of the node expanded are given in Fig. 10.

Similarly for the planar quadrotor case, the results from one run of the algorithm are given in Fig. 11. The algorithm
finds the first trajectory after expanded 95 nodes, and time lapsed for finding the first trajectory is 0.51 second. The cost
of the first trajectory is 259.14. The decreasing of the cost and the increasing of time as the node expanded increasing
are given in Fig. 12.
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Fig. 8 Steering error of the planar quadrotor. For 500 trajectories, the position error, velocity error, and angle error of the endpoint of each trajectory
is shown.

VI. Conclusion

We proposed a learning-based kinodynamic RRT* algorithm for nonlinear systems. The core of this algorithm is a
near-optimal state feedback neural network controller. The neural network controller steers the system from an initial
state inside a set to a goal state in another set, which is uses as the steer function in RRT* algorithms. The training data
generation and neural network training is done offline thus the online computation burden is reduced. The controller is
suitable for real-time optimal control and trajectory generation for nonlinear systems. We developed a kinodynamic
RRT* algorithm to explicitly integrate the several learned components. The proposed method is tested and preliminary
results show high potential in online solving the kinodynamic motion planning problem for general nonlinear systems in
obstacle cluttered complex environment.
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Fig. 11 Planning results of the proposed kinodynamic RRT* for the planar quadrotor. The upper left figure corresponds to the first solution found.
From upper left to down right, the node expanded are 95, 500, 1000, 2000, 3000, 6000 respectively, the cost of there trajectories are 259.14, 235.56,
233.42, 216.83, 200.29, 175.61 respectively, the time for the algorithm to find those trajectories are 0.51, 4.77, 13.72, 47.33, 96.03, 229.46 seconds
respectively.
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Fig. 12 Result of the algorithm for planar quadrotor case. The lines with different colors are correspond to 5 run of the algorithm. Left figure shows
the decreasing of the cost as the nodes in the tree increasing. Right figure shows the increasing in time as the nodes in the tree increasing.
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