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This paper proposes near-optimal controller synthesis for finite-time optimal control prob-
lems using ideas borrowed from the machine learning community. Based on a finite number of
pre-computed optimal trajectories, a model of the optimal controller is built using both super-
vised (regression) and unsupervised (classification) learning. Neural networks are trained to
approximate the mapping from state to control, resulting in a state-feedback controller. The
resulting neural network controller (NNC) is used for online control prediction and generating
near-optimal trajectories to steer the system from any initial state to the goal state. Two exten-
sions are introduced compared with previous related works in the literature. First, the use of
clustering divides the offline optimal trajectories into different groups and then builds suitable
regression models for each group. Second, the use of time labels as an additional input to
the regression model highlights the improvement enabled by the use of time stamped data for
finite-time optimal controller synthesis. Multiple simulations, including a 3D quadrotor with
12-dimensional state-space, are provided to evaluate the performance of the proposed neural
network controller. The proposed method generates near-optimal trajectories for nontrivial
nonlinear systems and is suitable for real-time implementation.

I. Introduction

Computing optimal control actions for nonlinear systems is a computationally demanding task [1, 2]. It typically takes a
long time to generate a solution, thus hindering real-time implementation. Often, convergence is not even guaranteed
without expert human intervention. The typical problem in optimal control is the generation of a control sequence that
steers a dynamical system from an initial state to a goal state while, at the same time, satisfy state and control constraints
and also minimize a given objective function. This problem formulation results in a two-point boundary value problem
(TPBVP) [3]. Solving TPBVPs for real-time embedded applications, especially in the presence of state and control
constraints, is extremely challenging.

Alternative methods for trajectory generation, especially in the robotics community, use motion planners to solve
high-dimensional problems with many obstacles. Traditionally, motion planning deals with the generation of feasible
paths or trajectories, but recent efforts have focused on the generation of optimal paths. Sampling-based motion planners
(SBMP) such as RRT* are able to find optimal paths in very high-dimensional search spaces. However they still need to
solve locally the so-called “steering” problem that essentially amounts to a solution of a TBPVP [446]]. Whenever the
initial state or the goal state changes, a new TPBVP needs to be solved. Therefore, it is desirable to have a controller
that: a) can steer the system from any state that belongs to a given set to the goal state; b) is a state-feedback controller,
thus helping with exogenous disturbances; and c) has low computation load, thus facilitating real-time implementation,
but it is still close to the optimal controller in terms of minimizing the cost.

This paper proposes a near-optimal controller synthesis for the finite-time optimal control problem using techniques
borrowed from machine learning [7]. Specifically, we use a neural network to build a model of the optimal controller.
The neural network is trained using a dataset that contains the state and control input pairs from a pre-computed set of
optimal trajectories. The neural network predicts the optimal control action when a new set of boundary conditions is
encountered using some form of regression and classification. Regression algorithms use statistical interpolation to
generate a function that captures the relation between the states of the system and the controls that steer the system to
the goal. Given a new state, the regression model predicts the corresponding control input. The pre-computed optimal
trajectories are the extremal trajectories of the problem [8, 9]]. The resulting feedback control strategy steers the system
from any initial state that belongs to the convex hull of the initial states of the extremal trajectories to the goal state.
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Compared to similar approaches that use regression techniques for optimal trajectory generation, the proposed
approach introduces an additional clustering step, which is essential in many optimal control problems with discontinuous
controls and/or value function. These problems are not amenable to standard regression methods that are based on
statistical interpolation — something that seems to have escaped the attention of the machine learning community [8H12].
An additional point that also seems to have been overlooked in these prior works is the importance of incorporating time
information for the generation of solutions to finite-time optimal control problems. These problems have non-stationary
feedback policies and thus are not accurately described by purely state-feedback (stationary) policies.

The paper is organized as follows. First, some prior related work is discussed in Section [[I} In Section [ITI] two
motivating examples are introduced in order to elucidate some of the problems with current regression-based optimal
control synthesis methods. In Section the proposed approach is presented. The training data is generated by
repeatedly solving the optimal control problems offline. The details of the neural network controller are given in Section
Simulation results are given in Section [V]and, finally, some conclusions are drawn in Section[V]]

I1. Related Work

Optimal control is a powerful framework to generate feasible and optimal trajectories for systems with complex
dynamics subject to constraints. The field of numerical optimal control has experienced enormous advances in
recent years and reliable numerical algorithms have been proposed to generate optimal trajectories for a variety of
engineering problems [13]]. Despite these advances, current numerical optimal control solutions mainly focus on
generating open-loop optimal controllers since optimal feedback control design requires the solution of formidable
partial differential equations. Furthermore, current trajectory optimizers do not allow real-time computation of optimal
trajectories. Differential dynamic programming (DDP) and sequential model predictive control (MPC) [[14] have been
used to solve optimal control problems in practice, where successive linearization of the plant is used to generate a
sequence of linear optimization problems. However, these methods are sensitive to the initial guess, they require to
solve the problem iteratively, and are computational demanding for general nonlinear systems.

To bypass the online solution of a nonlinear optimal control problem researchers have turned to alternative methods
that generate near-optimal solutions that are computationally more efficient. Reference [13] tries to learn the optimal
trajectories for a quadrotor for online control. A neural network is trained using a library of pre-computed optimal
trajectories. The neural network builds a mapping from initial conditions to trajectories. This method predicts the whole
trajectory using only the initial state and an additional one-step optimization is needed to generate the final trajectory.
Reference [16]] also uses a neural network to predict the whole trajectory and the discontinuity of the optimal trajectories
is considered using a mixture of experts method. In our approach, instead of predicting the whole trajectory, we learn
a state-feedback controller. To deal with the discontinuity of the optimal trajectories, we divide the trajectories into
different groups and train a neural network for each group. Indirect optimal control and supervised learning are used
to learn the solution of the TPBVP in [[17]]. In that approach, neural networks are trained to predict the initial values
of the co-states for the new problems. Based on the necessary conditions of optimality, the optimal trajectory can be
computed by predicting the initial values of the costates. The learned component is integrated into a kinodynamic
sampling-based motion planner. However, the quality of the resulting trajectories is not analyzed. A similar approach is
introduced in [18]] for both planetary entry and powered descent guidance problem of a 2-D point mass vehicle. Our
method is more related to [8-H12,[19H-21] where supervised learning is used to build a model of the state feedback
controller. Reference [8] introduced a near-optimal feedback strategy for pursuit-evasion games, and [9] proposed a
near-optimal feedback controller for aggressive vehicle maneuvers. Both of these works use several pre-computed
extremal trajectories to build a regression model of the optimal controller. Gaussian Process Regression (GPR) is used
to build regression models in these references. Deep Neural Networks are used to learn the optimal state-feedback
controller in [[10} 19, 20]. In order to solve the free final time TPBVP, hundreds of thousands of optimal trajectories are
pre-computed for this purpose. Similar approaches were introduced in [[11] and [[12] for the time-optimal planetary
landing problem, and in [21] for the trajectory generation problem of a 2-D hypersonic vehicle.

Using pre-computed optimal trajectories for controller synthesis is closely related to what is known in the robotics
community as learning-from-demonstration (LfD) and imitation learning. Learning-from-demonstration has been used
for robot control [22] and learning driving styles [23]]. Imitation learning has been successfully implemented for robot
path planning [24] and learning optimal control [19]. In our case, the training data consisting of optimal state-action
pairs provide the demonstrations for the optimal controller.

The main contributions in this paper are: First, we add a clustering procedure to divide the offline optimal trajectories



into different groups and build regression models for each group. We show that if the optimal trajectories associated
with an initial set contains trajectories from different groups, it is not sufficient to build a single regression model for
this initial state set. Thus, a preliminary clustering step is needed for nontrivial nonlinear systems. Second, we use time
information as an additional state of the training data to increase the accuracy of the neural network controller. Time
information implies non-stationary feedback policies, which is the typical case for finite-time optimal control problems.
The proposed method is evaluated using several examples. Simulation results show that the proposed methodology
generates near-optimal control inputs in all cases. The computation time of the neural network controller is two orders
of magnitude time faster than the use of numerical solvers that solve the associated TPBVP from scratch.

II1. Preliminaries

In this section, two examples are introduced to motivate the approach developed in this paper. The first example deals
with the finite-time Linear Quadratic Regulator (LQR) problem and aims to show that finite-time optimal control
problems lead to non-stationary (time-varying) feedback policies. Hence, regression methods that assume time-invariant
feedback control policies are necessarily suboptimal. The second example deals with the nonlinear Reeds-Shepp car
and aims to show that regression of optimal trajectories without some prior classification may lead to unsatisfactory
results. This is owing to the fact that for this problem, the optimal trajectories can vary significantly even for small
changes of the boundary conditions.

A. Motivating Example I: Finite-Time LQR

In order to motivate the proposed developments, let us consider the following finite-time classical LQ problem. The
analysis can be found in many textbooks, but it is repeated here to emphasize the non-optimality of stationary control
law for finite time problems and the connection between open-loop and closed-loop optimal controller formulation.
Consider the time-invariant (LTT) system

X = Ax + Bu, @))

where x € R" and u € R™. We wish to find the control law u(-) that will transfer the system from the initial state x,, to
the final state X ¢, while minimizing the LQ cost

Ju()) =14 /O X (Qx(1) +u' (ORu(0)] db. @)

subject to the linear, time-invariant state dynamics (I)). It is well known [25]] that the open-loop optimal control for this
problem is given by

u(f) = -R'B’ [PeA’ (X0 — W(=1) 2(0)) + €A W1 () (eAix, — x4) . 3)
where A = A — BR™!B'P, where
2(0) = AW (1) (eMix, — xf),  W() = /0 T ABRIBIA'S ds, 4)
and where P € R™*" satisfies the algebraic Riccati equation

AP+PA+Q-PBR !B P=0. (5)

To obtain a feedback formulation of the previous open-loop control law, define Z(7) = W(z — ;) and let X, = X to
obtain

u(t, x) = —R-lBT( [P-Z7'(0)]x - [Z7 (0 Z(1; + )e A 271 (0)e A0 — e AT Z,(0) e A0x f). ©6)
In the special case xy = 0, the feedback control @ becomes

u(t,x) = -R'B(P- W (r - 1p))x. (7)



Itis evident from (6) or (7) that for finite-time optimal control problems, the optimal feedback control is non-stationary,
and therefore is an explicit function of both the current state and the current time. As a result, if one is provided with
state/control pairs of optimal trajectories computed off-line (say, from a number of demonstrations), these data are not
sufficient to reconstruct the optimal control (and the corresponding optimal trajectory). Instead, the corresponding time
stamps when these data were collected are also imperative as an additional piece of information. It follows that any
regression method that does not take into consideration this non-stationarity of the data and, instead, tries to reconstruct
the optimal trajectories from demonstrations that only consider state/control pairs will give inaccurate results. In
Section[Y] we demonstrate, via numerical examples, that this is indeed the case.

B. Motivating Example II: Reeds-Shepp Car

Consider the shortest path problem of the Reeds-Shepp car, a nonholonomic vehicle that can move both forward and
backward [26]. The kinematic model of the Reeds-Shepp vehicle is given by

X =vcosp, y =vsing, B:u, (8)

where x, y are the position of the vehicle and S is the heading angle. The velocity is assumed to be constant and equal
tov =a or v = —a, where a is a constant scalar. The angular velocity u is bounded, thus constraining the maximum
curvature for traceable paths. The car only can turn with less than or equal to the maximum curvature.

The objective is to find the shortest path for the vehicle to reach a goal position. This problem has been treated
extensively in [26] [27] where it has been shown that the optimal trajectories for this problem consist of maximum
curvature and/or straight line segments. An optimal trajectory is shown in Fig.[I] while Fig. [2]shows additional optimal
trajectories. Note in Fig. 2] the distinct shape of the optimal trajectories despite the fact that the initial conditions of the
trajectories are the same and the final conditions are close. As will be shown in Section[V] directly using all data for
regression will result in poor performance. Optimal trajectories with different initial and final conditions that are close
can be very different from each other. This motivates the idea that the optimal trajectories should be clustered into
different groups prior to regression to improve performance. In this work we first use clustering to divide the offline
trajectories into different groups. Within each group we train a neural network to build a model of the corresponding
optimal controller.
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Fig. 2 Optimal trajectories of a Reeds-Shepp car. All trajectories
Fig. 1 Time optimal trajectories of a Reeds-Shepp car. Initial have the same initial state (x, Y, 6) = (0,0,0) ..ar.ld final heading
state (x, y, 8) = (0,0, 0), goal state (x, y, 6) = (0.1, —4, 0). The apgle 0 = 3n/4, bu't have filﬁergnt final pos1t10n§. Not'e'the
discontinuity of the optimal trajectories. Although the final positions
are close to each other, the optimal trajectories are quite different
and can to be clustered into two groups.

optimal trajectory is composed by 5 segments shown by different
colors.

IV. Outline of Proposed Approach

The proposed method includes two phases: an offline phase and an online phase. Training data generation and Neural
Network (NN) training are done offline, which takes of most of the computation. Then, the trained NN is used for online
control prediction. Below we provide the details for both these phases.



A. Training Data Generation

Consider the optimal control problem

u* =argmin J(x,u,1),
u

s.t. x(t) = f(x(2),u(r),1), ©)
x(tg) = Xo, X(ff) = Xy,
x(1) e X, u(?) eU, e [tt],

where X is the obstacle-free state set, U is the admissible control , and the cost function is given by

It
J(x,u, 1) = C(x(t), tr) + / L(x(7),u(r), 7)dr, (10)
Ip
where C is the terminal cost function, and L is the running cost along the trajectory.

In this paper, we use GPOPS-II [[13] to solve the optimal control problem given in (9) and (I0). We generate optimal
trajectories that have the same goal state but different initial states. We consider both free final time problems and fixed
final time problems where all offline trajectories have the same final time. Each trajectory can be represented by a
sequence of control inputs and a sequence of states indexed by time {¢, x’, ui}f‘zl. The control input and state pairs
from the optimal trajectories are the training data of the neural networks.

B. Neural Network Controller

Figure [3| shows the pipeline of the proposed near-optimal feedback controller. There are four main steps.

1) Training data generation. As introduced in Section the pre-computed training data are the state and control
pairs from the optimal trajectories. The optimal trajectories have the same goal state but different initial states. The final
time of the trajectories can be either left free or it can be fixed.

2) Clustering of the optimal trajectories computed in step 1. This clustering step divides the training dataset into
several distinct groups.

3) Regression Model. For each group of the training data, we train a neural network so that different groups
correspond to different initial state sets, and each neural network is responsible for an initial state set.

4) Online prediction. Given a new initial state, the trained NN is used to generate the optimal trajectory to reach the
goal. First, we find out in which set the new initial state belongs to. Then we use the corresponding NN to predict the
controls. The NNC is a state-feedback controller. Given the current state of the system, the NNC predicts a control
action. After applying the control action for a time step, the system arrives at a new state. Then, the Neural Network
controller (NNC) predicts a new control action for the new state. By repeating the process, we obtain the corresponding
trajectory.

Trajectory Traini
: — raining
generation Training Groups of . NN
Data datasets Controller
(a) Training process.
_Inl_na_l S_tat_eb NN Control Rebot States
Controller

(b) Online control prediction.

Fig. 3 Pipeline of the proposed optimal feedback generation method.

1. Clustering of Trajectories
Before training the neural network, we cluster the optimal trajectories into several similarity groups. The motivation
for clustering stems from the fact that for nontrivial nonlinear systems the optimal trajectories starting from close initial



conditions can be very different from each other (see Fig.[2). Without considering this fact, and without distinguishing
between the different groups, the regression-based control may perform poorly.

There are well-developed algorithms for clustering [28H30]. The k-means clustering algorithm [31] is chosen for
clustering in this work, and the remaining steps deal with how to choose the data for clustering and choose the number of
clusters to divide the data. In our case, the data are the trajectories. Every trajectory is represented by a sequence of data
points along the trajectory. Each point of the trajectory is a vector consisting of the state and control at the corresponding
time instant. For each trajectory, we concatenate all the points into a long vector. Then the clustering algorithm is
applied on those vectors. The k-mean clustering algorithm divides these vectors based on the Euclidean distance metric,
and the trajectories are clustered into different groups. The number of clusters/groups for a given dataset is given a prior.

The clustering step divides a large initial state set into several small initial state sets based on the similarity between
the trajectories. Without distinguishing trajectories from different groups and naively using all the data to build a
regression model, the regression-based control may perform poorly. Another benefit that comes with clustering is the
reduced computation, both online and offline. If a dataset with N data points is divided equally into s groups, the
regression algorithm only need to operate on N /s X N /s matrices s times, instead of operating on N X N matrices. This
matrix operation difference will make a big difference on large datasets.

2. Time Labels as an Additional Inputs

For the finite-time optimal control problem, the control input may be a function of both the state and time. It is
evident from (6) or (7) that for finite-time optimal control problems, the optimal feedback control is non-stationary, and
therefore is an explicit function of both the current state and the current time. In this paper we wish to capture the
non-stationarity of finite-time optimal control problems when constructing feedback control laws via off-line optimal
trajectories.

The trajectory of the state is given by {x }i,» where n is the number of data points of the trajectory, x' is the state at
the i time step and x” is the endpoint/goal of the trajectory. Denote ¢’ the time-to-reach value at x’, which is the time
required to go from x’ to x”*. For every data point along a trajectory, we compute the corresponding time-to-reach value.
The original state x’ is augmented with its time lable #/. We train the neural network using the augmented states.

For the free final time TPBVP we also train a time-to-reach neural network to predict the time duration to simulate
the system. Given the goal state x" and the current state X’ of the system, the time-to-reach NN predicted the time
needed to go from x’ to x”. Thus the training data of the time-to-reach NN has the form {(x?,x", ')} and the neural
network is a mapping from (x’,x") to t'.

V. Numerical Simulations

In this section, we implement the proposed method on five systems: a double integrator which represents a simple
linear system, a Reeds-Shepp car, a two-link robot arm which is highly nonlinear, a reusable launch vehicle, and a 3D
quadrotor which has a 12-dimensional state space. After the training data is generated and rearranged as discussed in
Section the data is used for training the neural network controller. In all examples, the neural networks are trained
using Matlab’s Machine Learning Toolbox. We use the Bayesian Regularization backpropagation algorithm [32] for
training in all examples.

A. Double Integrator

We consider the minimum-energy control of a double integrator with state x(¢) = [x1(z) x2(z)] 7. The final state is fixed
atxy = [x1(tr) x2(¢r)]T = [00]" and ¢ is the final time. This problem has an analytic solution given by

6x2(0 6 4x,2(0
i = (120 4 E2) - (D), 200)), (an
u(r,x) = 20 o) (12)

(ti—0)2 ti—t’

where (TT) is the open-loop controller, and (T2)) is the closed-loop state feedback controller.
The offline trajectories are shown as blue lines in Fig.[d] Each trajectory has 100 data points. The neural network
has one hidden layer with 10 hidden units. The control results are also shown in Fig. [f]in orange color. Time label
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(a) Adding time labels to the training data (b) Without using time labels

Fig. 4 Control result for a double integrator. The blue lines are offline trajectories used for neural network training. Orange lines are the trajectories
generated by the NNC for new initial states.

information is used in Fig. d[(a) while the results without using time label information is given in Fig. @{b). It is evident
that the results shown in Fig. (@) are more close to the optimal solutions compared with Fig.[d[b) especially when close
to the terminal time.

B. Reeds-Shepp Car

The kinematic model of the Reeds-Shepp car is given in Section [[II.B] An optimal trajectory is shown in Fig. [T} This
trajectory is composed of 5 segments. Define the mode of a segment by mod = [mod;, mod,] ", where mod; € {1, -1}
and mod; € {1,0,—1}. The label mod; = 1 implies that the vehicle moves forward, mod; = —1 implies that it moves
backward, mod, = —1 implies that it turns left with maximum curvature, and mod, = 0 implies that the vehicle is
travelling straight. The optimal trajectory in Fig.[T] for example, is fully specified by the modes of its five segments

-1 1 1 1 -1
M= ,
-1 -1 0 1 1
where each column of M corresponds to the mode of a segment, and the lengths of the five segments are given by

l =[o.3231 15708 1.6577 1.5708 0.3231].

From these M and [, we know for instance, that the mode of the first segment is mod = [-1,—1]" and its length is
0.3231 m, and similarly for the other segments.
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Fig. 5 Control result for a Reeds-Shepp car. Training trajectories belong to two modes shown in dash blue and orange lines respectively. (a) Our
method trains two neural network for each mode. The solid blue lines and orange lines are the predicted trajectories from the two NNC respectively.
(b) Train one neural network using all offline trajectories. Solid blue lines and orange lines are the predicted trajectories using the predicted segment
lengths and the two modes. The predicted lengths are far from the optimal solution for both modes.

In this case, the mode of the optimal trajectories is a natural index to use to separate the trajectories. The mode
of a trajectory is given by M. The trajectories used for training are shown in Fig.[2] The goal is to generate optimal
trajectories that steer the vehicle to different goal states from the same initial state (x, y, 8) = (0, 0, 0). The trajectories
in Fig.2]belong to two modes (groups). Our method builds a neural network for each mode (group). The neural network
provides a mapping from the final state of the trajectory to the lengths of each segment of that trajectory. Given a new
final state, the NNC predicts the corresponding lengths /. Simulation results are shown in Fig. a). For comparison, the
results without clustering are shown in Fig. [5[b). It is clear from Fig.[5(b) that the results are far from optimal without
the clustering step.

C. Two-link Robot Arm

A two-link robot arm is a highly nonlinear dynamic system. The equations of motion can be found in [33, Ch. 4].
The two-link robot arm has four states: two angles and two angular velocities for the two arms. The offline optimal
trajectories are shown in Fig.[f] All trajectories have the same final condition but different initial conditions. In this case,
we vary the initial angles while the initial angular velocities are set to zero. By gradually varying the initial condition,
we obtain very different trajectories even if their initial conditions are close.

The proposed method first clusters the trajectories into different groups as described in Section[I[V.B] For the two-link
robot arm example, each data point is a six-dimensional vector. For each trajectory, we concatenate all the points into a
long vector. Each trajectory has 100 data points, thus the trajectories are represented by vectors of dimension 6 X 100.
Clustering is performed on those vectors. Figure[7shows an example of the clustering result.

A neural network is trained for each group. Figure [8]shows the result of the proposed method. The neural network
has one hidden layer with 16 hidden units. For each group of offline trajectories, one neural network is trained. Each
neural network is responsible for an initial state set, which is a subset of the original problem. The result for one group
is shown in Fig.[8] The results for other groups are similar.

For comparison, the results without clustering are given in Fig.[0] The neural network has one hidden layer with 30
hidden units. In Fig.[9] some of the worst trajectories are observed for initial states that are between groups. This result
is expectable since the neural network may average the control commands from two diverse groups. Comparing to
Fig.[] the proposed method (Fig.[8)) achieves better results.

D. Reusable Launch Vehicle

The Reusable Launch Vehicle Entry problem is taken from [[13]], [34]. The vehicle has six state variables (r, 8, ¢, v, y, )
corresponding to altitude, longitude, latitude, velocity, flight path angle, and azimuth, respectively, and two control



Fig. 6 Optimal trajectories for a two-link robot arm with different initial states, fixed final state, and fixed final time. The robot has four degrees of
freedom (two joint angles and two angular velocities). The two torques at the two joints are the control commands.
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Fig. 7 An example of the clustering result for the two-link robot arm example. 55 trajectories are clustered into 7 groups. Different colors represent
different groups.
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Fig. 8 Results for the two-link robot arm example using time labels and clustering. Trajectories are clustered into different groups. One neural
network is trained for each group, and each neural network is responsible for an initial state set. Blue lines are the pre-computed trajectories used for

training. Orange lines are the trajectories generated by the controller for new initial states.

Fig. 9 Results for the two-link robot arm example using time labels but without clustering. Blue lines are the pre-computed trajectories used for
training. Orange lines are the trajectories generated by the controller for new initial states. Training data from different groups is used to train one

neural network, which results in less optimal trajectories.
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inputs (@, o) corresponding to the angle of attack and bank angle respectively. The dynamics is given by

F=vsiny,
_vcosysiny
B 7 COS ¢

. VCcosycosy

¢:f’

._ D .
Vv =—-— —gsiny,
m

Lcoso v
y = ——(g——)cosy,
my v r
J = Lsino N v cosy siny tan ¢
~ mvcosy r ’

where D and L are aerodynamic forces, m is the mass of the vehicle, g is the gravitational acceleration. L is a function
of a.

Table 1 Initial states of the offline trajectories of the Reusable Table 2 Final states of the offline trajectories of the Reusable
Launch Vehicle. Launch Vehicle.
r km 6deg | ¢ deg r km Odeg | ¢ deg
78.248, 80.248 0,5 0,5 24.384 free free
v km/s ydeg | ydeg vkm/s | ydeg | ydeg
7.80288,7.90288 | -1,-2 | 85,90 0.762 -5 free

The goal is to maximize the crossrange during the atmospheric entry of the vehicle, ¢(#r). The values of the initial
states of the offline trajectories are shown in Table[T] Each state can be either of the two values. Thus, by combining the
different initial values of the six states, there are 2° different initial conditions. Similar to [13], the final states are shown
in Table 2] The final time is fixed to 2,000 sec. A total of 64 optimal trajectories were generated. The neural network
has a single hidden layer with 30 hidden units. The results for the new initial states, which have not appeared in the
training data, are shown in Fig.[I0] In Fig.[TI0] 96 new initial states are tested, and all trajectories obtained from the
controller end up around the final goal state specified in Table[2]

E. 3D Quadrotor

The last example is a 3D quadrotor with a 12 dimensional state sapce. Consider a quadrotor with mass m, and body
frame inertia J. Its dynamics is given by

p=v,
mgv =mgge3 — R(¢,0,¢) fes,
1) 1 singtand cos¢gtanf | |w;
% 0 cos ¢ —sin ¢ wy|,
Vi 0 sing/cosf cos¢/cosf| |ws3

(13)

Jo=-wXJw+T,

where p = [x,y,z] " is the position vector, v = [vy, vy, v,]T is the linear velocity, w = [wi, w2, w3] T is the angular in
the body fixed frame, R is the rotation matrix between the quadrotor body frame and the inertial frame, e3 = [0,0, 1] 7.
The attitude of the quadrotor is given by the Euler angles ¢, 8, and ¢ denoting, respectively, the roll, pitch, and yaw
angle. The state spaceisx = [pT,$,0,¥,vT,wT]T € R!?, the control space isu = [f,77]T € R*.

The parameters of the quadrotor are m = 2 kg and J = diag{0.0625,0.0625,0.125} kg m?/rad’. For this example,
5,794 trajectories with different initial conditions were generated. The initial conditions of the 12 states are uniformly
sampled from a set, which is specified in Table[3] The final conditions of the states are set to be zero. Some of the
offline trajectories are given in Fig.[T1]
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Fig. 10  Control results of Reusable Launch Vehicle using the neural network controller starting from different initial conditions. The two figures at
the bottom are the control trajectories of angle of attack and bank angle respectively.
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Fig. 12 Trajectories generated by the neural network controller. This

Fig. 11 Offline trajectories correspond to the 3D position of the 3D
figure shows the 3D position of the quadrotor.
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Fig. 13 Trajectories generated by the neural network controller. This figure shows the Euler angles, linear velocities, and angular velocities.
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Table 3 Boundary conditions for the 3D quadrotor. Each dimen-
sion of the initial state is uniformly sampled form the range specified

in this table. Table 4 MSE of the 12 states at the endpoints of 500 trajectories.

xm ym zZm X m ym zZm
[2,3] [2,3] [2,3] 9.4498 x 10~ | 2.2681 x 10~* | 4.3930x 107>
¢ rad 0 rad Y rad ¢ rad 0 rad Y rad
[-0.1, 0.1] [-0.1,0.1] [-0.1,0.1] 1.7736 x 10~ | 1.7236 x 107> | 1.6242x 107>
Vx m/s vy m/s vz m/s Vx m/s vy m/s vz m/s
[-0.5,0.5] [-0.5,0.5] [-0.5,0.5] 1.9240 x 107* | 1.3249 x 1074 0.0322
Q) rad/s Q) rad/s Q3 rad/s Q) rad/s Q) rad/s Q3 rad/s
[-0.05,0.05] | [-0.05,0.05] | [-0.05,0.05] 8.6194x 107 | 1.4074x107* | 3.2316 x 107
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Fig. 14 Boxplots of the endpoints errors of the 3D quadrotor example. 500 trajectories are generated using the NNC. The absolute errors of the 12
states at the endpoints of the trajectories are shown. Using the neural network controller, all 12 states of the quadrotor reach their desired values with

small errors.

The NNC has 1 hidden layer with 70 units. The time-to-reach neural network has 2 hidden layers, the units in the
hidden layers are 20 and 10, respectively. After training the neural network, we randomly sampled new initial conditions
to test the NNC. Some example trajectories obtained using the NNC are shown in Figures [12]and [T3]

We tested the controller using 500 new randomly sampled initial conditions. Since we are interested in steering the
system to a specific goal state, one index of the accuracy of the NNC is the closeness between the endpoints of the newly
generated trajectories and their goal states. We computed the error between the endpoint of each trajectory and its goal.
The errors of the endpoints of those trajectories are shown in Fig.[T4 The MSE of all 12 states are given in Table 4]

One major advantage of the NNC is its real-time implementation potential. We compared the time required to
solve a TPBVP using the NNC and GPOPS-II. For 500 repeated trials the time required to solve the TPBVP is shown
in Fig. The simulations are performed on a laptop computer with an Intel Core 15-8250U 1.6GHz CPU. When
using the NNC, the average time for solving a TPBVP (and obtain the trajectory) is 0.0176 sec, while the average time
for GPOPS-II is 4.1811 sec. The proposed approach is more than 200 times faster than GPOPS-II. With most of the
computation performed offline, the learning-based approach is computationally efficient, and is suitable for real-time

implementation for nonlinear systems.
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Fig. 15 Comparison between the NNC and GPOPS-II of the required time to solve a TPBVP for the 3D quadrotor. 500 TPBVPs are solved using the
NNC and GPOPS-II, respectively. The two boxplots of the required time of the two methods are shown in (a) and (b), respectively. The average time
to solve the TPBVP using the NNC is 0.0176 sec, while the average time to solve the TPBVP using GPOPS-1I is 4.1811 sec. The online computation
of the NNC is more than 200 times faster than GPOPS-IL

VI. Conclusions

A feedback controller for the finite-time optimal control problem is built using machine learning techniques. We use a
Neural Network (NN) to learn the optimal feedback control law. Based on the observation that the optimal feedback
control law for the finite-time control problem is non-stationary and also may be discontinuous, we use the time label
as an additional state of the dataset and introduce a clustering step. Clustering divides the offline trajectories into
groups, and a NN is trained for each group. Using time information in the dataset considers the case where the optimal
control law is an explicit function of the time. We have demonstrated that the NN can be trained to learn the nonlinear
relationship between the augmented state and the optimal control underlying the nonlinear finite-time optimal control
problem. Our method generates near-optimal trajectories that steer a nonlinear system from any initial state inside a set
to a goal state. The training data generation and NN training are done offline thus the online computation is minimized.
The algorithm is tested on several systems. The proposed method is suitable for real-time optimal control and trajectory
generation for large classes of nonlinear systems.
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