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As an entry vehicle descends into the atmosphere of a planet, variations in the atmospheric
density from predicted values will cause the vehicle to deviate from the expected trajectory.
The probability distribution of the vehicle state following atmospheric flight depends on the
probabilistic structure of the density variations and on the control actions taken by the vehicle.
In this paper, we model the atmospheric density as a random process with the altitude as the
independent variable. By assuming that the entry vehicle is descending, we recast atmospheric
disturbances in altitudes below the vehicle as stochastic perturbations arriving in time with an
intensity related to the vehicle sink rate. This transformation allows us to derive a stochastic
differential equation (SDE) describing the joint time-evolution of both the vehicle state and the
atmospheric density at the vehicle position. Next, we linearly approximate the dynamics of the
state deviation from a provided nominal trajectory. An approximate probability distribution
of the vehicle state is then provided by explicitly integrating the covariance with respect to the
linearized dynamics. We apply LinearQuadratic (LQ) optimal control, with optimizedweights,
to solve for the bank angle corrections that minimize the final range variance while satisfying
state and controlmaximumvariance constraints. Finally, we demonstrate the proposedmethod
with a numerical example of a Martian entry mission. Based on an extensive Monte Carlo trial
with density and initial state dispersions, it is observed that the proposed method results in
lower final state variances compared to the Apollo direct entry guidance when adapted for the
Mars Science Laboratory (MSL).

I. Introduction

Planetary entry is the process during which a spacecraft enters and flies through the atmosphere of a planet with the
objective of landing. Entry guidance is responsible for steering the vehicle to the target landing site while controlling

the dissipation of the vehicle’s kinetic energy. The standard approach to entry guidance, which was developed for the
Apollo program, is for the vehicle to fly at a trimmed angle of attack with positive lift, and then for the vehicle to steer
by banking to direct the lift vector [1]; see Figure 1a.

The vertical component of the lift vector, and thus the magnitude of the bank angle, is set by the longitudinal control
logic, whereas the sign of the bank angle (i.e., bank left or bank right) is set by the lateral control logic. It follows that
the longitudinal control logic can command smooth corrections by adjusting the bank angle, but the lateral logic can
only command discrete bank-reversals during which the sign of the bank angle is flipped. Furthermore, the authority
of the lateral control depends on the longitudinal control, since the horizontal component of the lift decreases as the
vertical component of lift increases. This is accounted for by limiting the allowable bank angles that can be commanded
by the longitudinal guidance logic [2].

The Apollo entry guidance scheme consisted of a skip phase followed by a direct entry phase. The longitudinal
guidance logic for the direct entry phase, which was later adopted for the Mars Science Laboratory (MSL) entry guidance,
commands bank angles that null out the error between the desired range-to-go and the estimated range-to-go, which is
determined by the navigated states and by the adjoint equations evaluated along a reference trajectory [1, 3–5]. As a
separate process, the lateral guidance logic commands bank-reversals when the lateral track error passes a predefined
threshold [2]. Proposed modern approaches to entry guidance, including the Orion entry guidance, follow the same
general idea, except that the targeting-error prediction is done numerically in place of the linear approximation via the
adjoint equations [6, 7]. These methods, which are referred to as numerical-predictor correctors (NPCs), do not require
a fixed reference trajectory, and can be modified to include path and control constraints [8]. The Shuttle entry guidance,
in contrast, tracked a drag profile as a function of the planet-relative velocity, and the projected range was computed as a
function of the drag profile [9, 10]. Subsequent research has expanded on drag-profile tracking entry guidance for Earth
and Mars entry [11–13].
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Common among these entry guidance methods is that uncertainty is controlled implicitly: the guidance is closed-loop,
but corrective steering actions are designed to remove the predicted targeting error based on a deterministic model
of the entry system. If, on the other hand, uncertainty is included in the problem formulation, then it is possible to
explicitly control the uncertainty along the trajectory of the entry vehicle. In the case of linear feedback control, for
example, the feedback gains become the inputs that steer the evolution of the state probability distribution [14, 15].

Considering the entry guidance problem from a stochastic point of view has several benefits. First, the objective
function and the constraints take a clear and concise form: minimize the variance of the final range error while ensuring
that the variance of the other trajectory errors satisfy prescribed bounds. Furthermore, the limits on the allowable bank
angle can be similarly treated by constraining the variance of the closed-loop control signal. The explicit bounds on the
control variance allow for more aggressive feedback control actions to be taken while still ensuring feasibility. Finally,
the predicted trajectory dispersions can also be used for onboard decision making. For instance, numerical-predictor
corrector guidance algorithms often include margins on the planned control inputs as to allow for future closed-loop
corrections [16]; with an uncertainty propagation model, these margins could be set dynamically as a function of the
probability distribution of future closed-loop controls [17].

In this paper, we take a step towards applying uncertainty control theory for planetary entry by constructing a
stochastic process model for the density variations in the planet’s atmosphere and then studying the resulting closed-loop
longitudinal entry trajectories. The density is assumed to be radially symmetric about the planet so that only the altitude
is required to specify the density at any point in the atmosphere. As a result, the density, as a function of altitude, is
assumed to be the solution to a stochastic differential equation (SDE). Using this model, a vehicle descending through
the atmosphere does not know the precise value the density will take for altitudes below the current vehicle altitude, but
it has knowledge of the probability distribution over the possible values of the density. As time progresses and the
vehicle descends, the actual density process is experienced by the vehicle at a rate which is proportional to how fast the
vehicle is descending. For example, in the limiting the case when the vehicle is in level flight, the experienced density
process is constant from the perspective of the vehicle. Based on this observation, we derive an SDE that models the
coupled time-evolution of the vehicle states and of the atmospheric density as a function of the position of the vehicle.

We proceed to linearize the coupled vehicle-density dynamics with respect to a provided reference trajectory.
Based on this linearized model, the probability distribution of the vehicle states remains Gaussian, and therefore the
approximate vehicle state distribution can be obtained for the entire trajectory by solving a single set of ordinary
differential equations (ODEs) for the covariance matrix. We observe that in numerical simulations the linear-Gaussian
model nearly exactly matches Monte Carlo results and, furthermore, it can be computed on the order of milliseconds,
compared to tens or hundreds of seconds for a similar Monte Carlo analysis. Finally, we apply Linear Quadratic (LQ)
optimal control to solve for the optimal closed-loop bank commands to minimize the final range-error variance. In
order to handle state and control constraints, we perform a constrained nonlinear optimization over the LQ weights.
The proposed method is demonstrated with a numerical example of a Martian entry of an MSL-like vehicle, and its
performance is compared to the Apollo-derived MSL entry guidance described in Ref. [3].

II. Longitudinal Motion of Atmospheric Entry
Consider a spacecraft in non-climbing atmospheric flight over a spherical body at a radial position r , planet-relative

velocity V , and planet-relative flight path angle γ. The longitudinal motion of the spacecraft is described by the ordinary
differential equations

Ûr = V sin γ, (1a)

ÛV = −
ρV2SCD

2m
−
µ sin γ

r2 , (1b)

Ûγ =
ρVSCL

2m
cosσ −

(
µ

r2 −
V2

r

)
cos γ

V
, (1c)

ÛR = V cos γ, (1d)

where R is the range traveled, µ is the gravitational parameter of the planet, ρ is the atmospheric density, CL and CD are
the lift and drag coefficients, m is the spacecraft mass, and S is the spacecraft reference area. The atmospheric density is
a function of the radius, and the aerodynamic coefficients are a function of both the velocity and the local atmospheric
conditions (e.g., temperature, molar mass). We remark that our assumption that the vehicle is not climbing is a technical
requirement for the following analysis on the atmospheric density perturbations, and hence we will not explicitly enforce
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Fig. 1 (a) Bank angle control with lift L, drag D, gravitational acceleration g, bank angle σ, and control
u = cosσ. (b) Description of atmospheric entry with predicted trajectory dispersions.

this as a constraint.
The in-plane component of the lift is controlled by rolling the vehicle about its velocity vector by a bank angle σ,

where a zero bank angle corresponds to lift-up. We assume that the response time to roll commands is sufficiently small
so that we may consider the control input to be the vertical fraction of the lift magnitude, given by

u = cosσ. (2)

Let the vehicle state in (1) be given as z = (r,V, γ,R). At a time t0, suppose that the vehicle state is Gaussian distributed
as

zt0 = z0 ∼ N(z̄0,Σ0), (3)
where both the vector z̄0 and the positive semi-definite matrix Σ0 are known. We are interested in solving the following
uncertainty quantification problem: For a stochastic model of atmospheric density perturbations, determine the
probability distribution of the vehicle state zt at all future times t > t0. Furthermore, based on this model, we want
to design a feedback controller for bank angle corrections so that the final range error is minimized. This problem is
depicted graphically in Figure 1b. We begin by formalizing the stochastic model of the atmospheric density.

III. Stochastic Atmospheric Density Model

A. Density as a Random Process
Let s > 0 be the sink distance defined as a function of the altitude given by

s(h) = hmax − h, (4)

where hmax is a fixed reference altitude. It will be convenient to use the sink distance instead of the altitude as the
independent variable of the atmospheric density process. This follows from our assumption that the vehicle is descending
into the atmosphere, which implies that the sink distance is monotonic with time along descending vehicle trajectories.
Since the sink distance and the altitude both equivalently represent radial distance, we will often use the two terms
interchangeably. For a fixed minimum altitude hmin, let the maximum sink distance be s f = s(hmin) = hmax − hmin. We
define the density as a stochastic process (ρs)s∈[0,s f ] with values at each sink distance given by

ρs = ρ̄s(1 + δρs), (5)

where the mean density ρ̄ : [0, s f ] → (0,∞) is a deterministic function and the density variation (δρs)s∈[0,s f ] is a
zero-mean stochastic process. This decomposition is unique: setting ρ̄s = E(ρs) and δρs = ρs/E(ρs) − 1, and noting
that by this definition E(δρs) = 0, we obtain the expression (5) for any random process ρ with non-zero mean. In the
present paper, we will assume that the mean density obeys a hydrostatic equilibrium, and hence the mean density is
given as the solution to the hydrostatic equilibrium equation

d
ds
ρ̄s =

ρ̄s
Hs
, ρ̄s f = ρ̄ref, (6)
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where Hs is the scale height, which is a function of the sink distance, and where the mean density at the minimum
altitude, ρ̄ref, is known. We model the density variation process as the solution to the SDE

d(δρs) = −
2

Hs
δρsds +

√
ψsdw̃s, δρ0 ∼ N(0,q0), (7)

where ψs > 0 is a given function, w̃ is a Brownian motion, and q0 ≥ 0 is the known variance of the density variation at
the zero sink (i.e., h = hmax) position. This implies that the density variation is an Ornstein-Uhlenbeck process [18].
We will write q(s) to denote the variance of δρs .

Remark 1. We set the drift coefficient of the density variation process (7) to be equal to −2/Hs so that the resulting
density process will have an analytical expression, and also because the resulting behavior appears to be very similar to
the GRAM model [19]. However, the following analysis will hold if any arbitrary, negative-definite drift term is used.

Remark 2. Increasing ψs in (7) has the effect of increasing the volatility of sample paths of the density variation.
Furthermore, when the scale height is a fixed function of the sink distance, or, more generally, when the drift coefficient
is a fixed function, the function ψs completely determines the distribution of the density variation process. To this end,
we can set a profile for ψs over the interval [0, s f ] to achieve the desired statistics of the density variation trajectories.

Remark 3. For constant Hs ≡ H0 and ψs ≡ ψ0, it can be shown that

lim
s→∞
E(δρ2

s) =
ψ0H0

4
. (8)

Next, we derive an SDE representation for the density process based on (5), (6), and (7). We apply Itô’s formula to
the function F(s, x) = ρ̄s(1 + x), and substitute ρs = F(s, δρs), to obtain

dρs =
∂F
ds
(s, δρs) dt +

∂F
∂x
(s, δρs) d(δρs) (9)

=
ρ̄s
Hs
(1 + δρs) ds + ρ̄s

(
−

2
Hs

δρsds +
√
ψsdw̃s

)
(10)

=
ρ̄s
Hs

(
ρs
ρ̄s

)
ds −

2ρ̄s
Hs

(
ρs
ρ̄s
− 1

)
ds + ρ̄s

√
ψs dw̃s . (11)

After simplifying, we arrive at an SDE representation of the density process as a function of the sink distance given by

dρs = −
1

Hs
(ρs − 2ρ̄s) ds + ρ̄s

√
ψs dw̃s . (12)

Thus, the density is also an Ornstein-Uhlenbeck process with a drift term determined by the mean density. By this
construction, there is a non-zero probability that the density takes negative values. This may be handled in practice
by taking ρ← max(ρ,0). Note that if the stochastic terms are removed from (12), then we recover the mean density
equation. That is, informally, if we set ρs = ρ̄s and ψs = 0, then dρs = (ρ̄s/Hs) ds = dρ̄s .

B. Density Process Evaluated Along Vehicle Trajectories
We have defined the density as a random process in the spatial dimension of the atmosphere. However, from the

perspective of a vehicle descending through the atmosphere, the atmospheric density is a function of time, and thus the
density variation process would manifest as a random process in time. In other words, the vehicle dynamics may be
used to change the coordinates of the density from the spatial dimension of the atmosphere to the time dimension. The
following lemma provides a formal justification for this coordinate change.

Lemma III.1. (Time-Changed Brownian Motion) Let (w̃s) be a Brownian motion and let s : [t0, t f ] → [0, s f ] be a
smooth, non-decreasing function. Then, there exists a Brownian motion (wt ) such that, almost surely, for all t ∈ [t0, t f ],

w̃s(t) =

∫ t

t0

√
Ûs(z) dwz . (13)
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Proof. The Dambis-Dubins-Schwarz theorem [18, 5.13] states that all continuous local martingales may be given as a
time-changed Brownian motion: for a martingale (yt ) with t ∈ [t0, t f ], there exists a Brownian motion ζ such that, a.s,
for all t ∈ [t0, t f ], yt = ζξ(t), where ξ(t) = 〈y, y〉t is the quadratic variation of y. ∗ To show (13), we let the martingale
(yt ) be given by

yt =

∫ t

t0

√
Ûs(a) dwa . (14)

This martingale has quadratic variation 〈y, y〉t = s(t) − s(t0). Since Brownian motion is a stationary process, we can
drop the constant term s(t0), and then we take the time changed Brownian motion w̃s(t) to be ζs(t), which gives the
desired result.

Remark 4. Lemma III.1 provides a formula to scale the time for a Brownian motion by any smooth, non-decreasing
function. For the special case s(t) = c2t, where c is a positive constant, we recover the linear scaling invariance
property of Brownian motion, namely, w̃c2t = cwt .

Theorem III.2. The density ρt = ρs(t) evaluated along a descending vehicle trajectory s(t) = hmax − h(t) is the solution
to the SDE

dρt =
Vt sin γt

Hs
(ρt − 2ρ̄s) dt + ρ̄s

√
−ψsVt sin γt dwt, ρt0 ∼ N(ρ̄s(t0), ρ̄

2
s(t0)

qs(t0)), (15)

where (wt ) is a Brownian motion.

Proof. Let s be the sink distance of the vehicle with dynamics (1). This implies that s = s(t) is a smooth function of
time with derivative

Ûs = −Vt sin γt . (16)

By the fundamental theorem of calculus we have that ds(t) = Ûs(t) dt †. Lemma III.1 provides a coordinate change for
the Brownain motion (w̃s), which we write in differential form as

dw̃s(t) =
√
Ûs(t) dwt . (17)

Substituting the vehicle kinematics (16) into the coordinate change expressions, and then subsituting into the density
process (12), we obtain the SDE in (15). Finally, at the initial time t0 the density is equal to the value of the density
process at the initial vehicle sink distance s(t0). Thus, the density ρt0 is normally distributed with mean ρ̄s(t0) and
variance

E[(ρs(t0) − ρ̄s(t0))
2] = ρ̄2

s(t0)
E(δρ2

s(t0)
) = ρ̄2

s(t0)
qs(t0). (18)

IV. Uncertainty Quantification and Control of the Vehicle State
The vehicle dynamics depend on the vehicle states, the control input, and the density. By Theorem III.2, the density,

as seen by the vehicle, changes in time according to an SDE with coefficients determined by the vehicle states. In
summary, we can describe the combined spacecraft-density state as the solution to the coupled SDE

d

[
zt
ρt

]
=

[
fz(zt, ρt,u)
fρ(zt, ρt )

]
dt +

[
0

gρ(zt )

]
dwt,

[
zt0
ρt0

]
∼ N

([
z̄0

ρ̄s(t0)

]
,

[
Σ0 0
0 ρ̄2

s(t0)
qs(t0)

])
, (19)

where the functions fρ and gρ are the drift and diffusion terms, respectively, from (15), and where fz is from the vehicle
dynamics (1). Introducing the combined spacecraft-density state x = (z, ρ) we may compactly rewrite (19) as

dxt = f (xt,ut ) dt + g(xt ) dwt, xt0 ∼ N(x̄0,P0), (20)

where the functions f , g, the vector x̄0, and the positive semi-definite matrix P0 are defined as in (19).
The probability distribution of the state x for any time t ≥ t0 is uniquely determined as the solution to the

Fokker–Planck partial differential equation (PDE) corresponding to by the SDE (20). The authors of [20] applied the
∗For a definition of quadratic variation see [18, Theorem 4.9].
†We are using differential notation as a shorthand for integral equations. That is, ds(t) = Ûs(t) dt is shorthand for s(t) = s(t0) +

∫ t

t0
Ûs(a) da.
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method of characteristics to solve the probability density evolution for entry flight in the case when the uncertainties
are parametric. In general, however, the Fokker-Planck PDE is difficult to solve and is not suitable for onboard
implementation. Therefore, we will instead proceed by linearly approximating the SDE (20) about a provided reference
trajectory. The solution to the Fokker-Planck PDE for a linear SDE is provided as the solution of an ODE for the state
covariance matrix, and therefore the uncertainty quantification (UQ) problem may be solved by numerical integration.

A. Linear Covariance Approximation
Suppose we are provided with a reference control sequence (ût ) over the time interval [t0, t f ]. We assume that the

mean state process
(
E(xt )

)
is equal to the reference trajectory (x̂t ) corresponding to the reference control, which is the

solution to the deterministic system
Û̂xt = f (x̂t, ût ), x̂t0 = x̄0. (21)

Furthermore, we approximate the dynamics of the state error x̃t = xt − x̂t to first-order. That is, the state error process
(x̃t ) is assumed to be the solution to the linear SDE

dx̃t = (At x̃t + Bt ũt ) dt + Gt dwt, x̃t0 ∼ N(0,P0), (22)

where the coefficients are evaluated along the reference trajectory as

At =
∂ f
∂xt
(x̂t, ût ), Bt =

∂ f
∂ut
(x̂t, ût ), Gt = g(x̂t ), (23)

and where ũt = ut − ût is the control deviation, which we fix to be a linear function of the state error. The control is thus
given by

ut = ût + Kt x̃t, (24)

where Kt is a feedback gain matrix. It follows from the linear approximation that the state error remains Gaussian for
the entire problem horizon. Therefore, for any time t in the interval [t0, t f ], the state is distributed as

xt ∼ N(x̂t,Pt ), (25)

where Pt = E(x̃t x̃T
t ) is the solution to the differential Ricatti equation

ÛPt = (At + BtKt )Pt + Pt (At + BtKt )
T + GtGT

t, Pt0 = P0. (26)

In summary, for a fixed reference control (ût ) and feedback gain (Kt ), the state probability distribution over the time
horizon [t0, t f ] is obtained by integrating the ODEs (21) and (26).

Finally, we consider a discrete-time approximation of the covariance evolution on the partition t0 = tp0 < · · · < tpN = t f
of the time interval [t0, t f ], given by

Ak = exp
(
A(tp

k
)∆tk

)
, Bk = A(tp

k
)B(tp

k
)
∆t2

k

2
+ B(tp

k
)∆tk, Gk = G(tp

k
)
√
∆tk, (27)

where ∆tk = tp
k+1 − tp

k
for k = 0, . . . ,N − 1, and where we write A(t) = At , B(t) = Bt , and G(t) = Gt for clarity. The

approximate state covariance evolution is then given by the difference equation

Pk+1 = (Ak + BkKk)Pk(Ak + BkKk)
T + GkGT

k, Pk=0 = P0, (28)

for k = 0, . . . ,N − 1. Numerically evaluating this discrete approximation is often significantly less computationally
expensive than the continuous system (26).

B. Uncertainty Control
Consider now the problem of minimizing the range error using feedback control. We assume that the control is

discretized to be piecewise constant on the time intervals [tp
k
, tp
k+1] for k = 0, . . . ,N − 1 so that the state covariance

evolves according to the discrete model (28). Let K = (Kk)
N−1
k=0 be the sequence of feedback gains as in (24). The

range-error cost is a function of this sequence of feedback gains, that is,

J1(K) = Var(Rt f ). (29)
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Alternately, we can include the effect of the final altitude error on the projected total range error as is done in the
derivation of the Apollo direct entry phase guidance [1, 3]. In this case, the cost function is given as

J2(K) = Var(Rt f + cot(γ̂t f )rt f ) = Var(Rt f ) + cot2(γ̂t f )Var(rt f ). (30)

For generality, we let C be a 5 × 5 matrix and define the cost function to be

J(K) = tr CPN . (31)

Hence, the cost functions (29) and (30) are equal to (31) for particular values of the matrix C. We assume that the bank
angle must remain within a time-varying interval [σmin(t), σmax(t)] for the entire trajectory, where σmin(t) and σmax(t)
are given functions defined on [t0, t f ]. The bank angle σt at time t is determined by the control input ut by

σt = cos−1 (ut ) = cos−1 (ût + Kt x̃t ) , (32)

where the state error x̃t is a Gaussian random vector, and therefore, when the feedback gain is nonzero, the bank angle is
a random variable with nonzero probability of taking values outside the constraint interval. For this reason, we instead
require that bank angle σt is in the interval [σmin(t), σmax(t)] with high probability. That is, we enforce the probabilistic
(chance) constraint

P
(
σmin(t) ≤ σt ≤ σmax(t)

)
≥ 1 − β, (33)

where β is a given maximum probability of constraint violation. Then, during flight, the bank angle commands are
saturated in the low-probability event that the commanded bank angle is out of the prescribed bounds. However, since
the control input is the cosine of the bank angle rather than the bank angle itself, we cannot directly enforce (33). Instead,
we determine a maximum variance limit Mu

k
for the control so that if

Var(utp
k
) ≤ Mu

k , k = 0, . . . ,N − 1, (34)

then (33) holds for times tp
k
for k = 0, . . . ,N − 1. This constraint is enforced at the discrete time values tp

k
since we will

use the discrete covariance model (28) for the purposes of control design. The limit Mu
k
is a function of the reference

control ûtp
k
, the bank angle bounds σmin(t

p
k
) and σmax(t

p
k
), and on the constant β. Specifically, we approximated the

distribution of σt by taking (32) to first order, and then we numerically maximized Mu
k
subject to the constraint (33).

While our objective is to minimize the range error, we also require that the other states do not deviate too significantly
from the final reference state. Thus, we enforce the constraints

Var(rt f ) ≤ Mx
r , Var(Vt f ) ≤ Mx

V , Var(γt f ) ≤ Mx
γ , (35)

where Mx
r ,M

x
V ,M

x
γ are given upper bounds. We will compactly write the constraints (34) and (35) as Φ(K) ≤ 0, where

Φ : R5N → RN+3 is a function determined by the covariance evolution (28). The minimum range-error problem is then
stated as the optimization problem:

minimize J(K) subject to Φ(K) ≤ 0 over K = (Kk)
N−1
k=0 . (36)

Theorem IV.1. Let Q be a positive semi-definite matrix, let a = (ak)N−1
k=0 be a sequence of positive numbers, and let the

linear quadratic (LQ) cost be given as

JLQ(K; Q,a) = E
(
x̃T
NQx̃N +

N−1∑
k=0

ak ũ2
k

)
= tr QPN +

N−1∑
k=0

akKkPkKT
k . (37)

Then the feedback gain sequence K∗ solving problem (36) minimizes the LQ cost for particular weights Q∗ and a∗

subject to the constraint Φ(K) ≤ 0.

Proof. The Lagrangian for problem (36) is given as

L(K, λ) = J(K) + λT
Φ(K), (38)
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where λ = (λx, λu) ≥ 0 with λx ∈ R3 and λu ∈ RN . Let Mx = diag(Mx
r ,M

x
V ,M

x
λ ,0,0), let ei ∈ R5 be a unit vector in

the ith coordinate, and let Ei = eieT
i . We expand the Lagrangian as

L(K, λ) = tr CPN +

3∑
i=0

λxi (e
T
iPN ei − eT

i M
xei) +

N−1∑
k=0

λuk (KkPNKT
k − Mu

k ). (39)

The second term can be rewritten as
3∑
i=0

λxi (e
T
iPkei − eT

i M
xei) =

3∑
i=0

λxi tr Ei(PN − Mx) = trΛx(PN − Mx), (40)

where Λx = diag(λx,0,0). Substituting (40) into the Lagrangian (39) and simplifying, we obtain

L(K, λ) = tr(C + Λx)PN − trΛxMx +

N−1∑
k=0

λuk KkPNKT
k −

N−1∑
k=0

λuk Mu
k (41)

= JLQ(K; Q,a) + Z(λ), (42)

where Q = C +Λx and a = λu , and the function Z is a collection of terms that to not depend on K . We use the fact that
if (K∗, λ∗) is a solution pair to problem (36), then

L(K∗, λ∗) ≤ L(K, λ∗) (43)

for all sequences of feedback gains K that satisfy the constraints Φ(K) ≤ 0. If we write JLQ(K; Q,a) as JLQ(K, λ),
using the fact that Q = C + Λx and a = λu , then (43) implies that

JLQ(K∗, λ∗) + Z(λ∗) ≤ JLQ(K, λ∗) + Z(λ∗) =⇒ JLQ(K∗, λ∗) ≤ JLQ(K, λ∗) (44)

for all K that satisfy the constraints Φ(K) ≤ 0. It follows that the optimal feedback gains K∗ minimize the LQ cost,
subject to the constraints Φ(K) ≤ 0, for weights Q∗ = C + Λx∗ and a∗ = λu∗ corresponding to λ∗.

As a consequence of this theorem, we may solve problem (36) by optimizing over the N + 3 Lagrange multipliers
corresponding to the constraints (34) and (35) in place of the 5N coordinates of the feedback gain sequence K.
Furthermore, the resulting optimization can leverage the structure of the LQ solution, which is obtained by the backwards
matrix equations [21]

Sk = AT
kSk+1 Ak − KT

k

(
ak + BT

kSk+1Bk

)
Kk, SN = Q, (45a)

Kk = −
(
BT
kSk+1Bk + ak

)
BT
kSk+1 Ak, (45b)

for k = N − 1, . . . ,0. Denoting KQ,a as the solution to the system (45) for LQ weights Q and a, we now restate problem
(36) as the following optimization over the LQ weights:

minimize J(KQ,a) subject to Φ(KQ,a) ≤ 0 over Q,a. (46)

We solve this problem as a nonlinear program with the initial guess provided as a hand-tuned LQ solution. For details
on variance-constrained LQ control, see Ref. [22].

V. Numerical Example

A. Martian Atmosphere Model
In this section, we model the Martian atmosphere for altitudes between zero and 140 km. The temperature T and the

molar mass M are both assumed to be given as a function of the sink distance, both supplied by MarsGRAM [19]. The
gravitational acceleration gaccel is a function of the sink distance per the inverse square law. Let 0 = sp0 < · · · < spNs

= s f
be a partition of the interval [0, s f ], where s f = 140 km and Ns = 1,000, and where we define the scale height Hs as the
piecewise-constant function of the sink distance given by

Hs =
RgasT(smk )

M(sm
k
)gaccel(smk )

, smk =
sp
k
+ sp

k+1
2

, s ∈ [sp
k
, sp

k1
), k = 0, . . . ,Ns − 1, (47)
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Table 1 Entry vehicle parameters

Reference area S, m2 Mass m, kg Aerodynamic efficiency CL/CD Drag coefficient CL

4.52π/4 3152.5 0.25 1.5

where Rgas = 8.314 kg m2 K−1 mol−1 s−2 is the universal gas constant. We assume that the variance of the density
variation process is given as a function of the sink distance, which we denote by qtarget(s). This function is assumed to
be piecewise constant on the partition intervals [sp

k
, sp

k1
]. Per Remark 3, we set the function ψs in the definition of the

density variation process (7) to be

ψs =
4qtarget(s)

Hs
. (48)

Samples of the density and density variation processes, with 2σ bounds, and a comparison of the target variance qtarget
and the variance computed by 5,000 sample Monte Carlo are all shown in Figure 2. We see that the approximation (48)
results in the density variation process having variance nearly equal to the provided target variance.

Since the coefficients of the density and the density variation processes have been assumed to be piecewise constant,
these processes may be integrated exactly. For details, see Appendix B.
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Fig. 2 (Left:) samples of the density variation process, with the 2σ values of the target variance shown as dotted
lines, and (center:) corresponding samples of the density process. (Right: ) target variance of δρs compared to
the variance computed from 5,000 trial Monte Carlo.

B. Martian Entry Example
Consider a Mars Science Laboratory-like vehicle, with parameters given in Table 1, descending into the Martian

atmosphere with stochastic variations as described in Section V.A. The nominal trajectory is generated by fixing the
bank angle as a function of the velocity, as shown in Figure 3, and the corresponding reference trajectory, shown in
Figure 4, was solved by setting the density variations to zero with the initial states equal to the mean states in Table 2.
The simulation time span was set to t f = 200 seconds, and we used the discrete covariance model (28) with N = 100
steps. Lateral guidance, and hence the impact of bank reversals, was not considered. All computations were performed
using Matlab on a laptop computer. ‡

For the dispersion analysis, the initial states were assumed to be normally distributed with distributions given in
Table 2. The distribution of trajectory variations were computed by both the proposed linearization method developed

‡Simulations were run using Matlab 2018a with a dual-core, 2.9 GHz processor.
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Table 2 Initial state distributions

ht0 , km Vt0 , km/s γt0 , deg Rt0 , km
Mean 126 5.9 -14.5 0
3σ 1 0.02 0.2 1

in Section IV.A and using a 5,000 trial Monte Carlo scheme. Each sample trajectory in the Monte Carlo was generated
by sampling both an initial vehicle state and a density variation function over the integral [0, s f ]. Since the coefficients
of the density process are assumed to be piecewise constant, as described in Section V.A, the exact density at each
altitude is computed by log-space linear interpolation of values stored in a lookup table. More details on the method of
sampling the density variation process are given in Appendix B. The partial derivatives used to construct the linear
model are given in Appendix C.

The 3σ bounds on the state dispersions from the reference trajectory, as computed by both the linear method and
by Monte Carlo, are shown in Figure 5. In this example, the proposed method closely approximates the Monte Carlo
results, and the required computation time to integrate the covariance equations was 1 ms compared to 392 s for the
Monte Carlo. §

Next, we applied the feedback control method developed in Section IV.B to minimize the final range error given by
(29) subject to the maximum variance constraints on of the final altitude, velocity, and flight path given by

Mx
r = (2,500 m/3)2, Mx

V = (100 ms−1/3)2, Mx
γ = (1.5 deg × 180/3π)2. (49)

The control variance was constrained so that the bank angle constraints shown in Figure 3 are met with 3σ confidence
(i.e. β = 0.0027). The LQ weights were optimized using MATLAB’s fmincon, and the total execution time was 20
seconds. The resulting closed-loop state distributions are shown in Figure 6. In this example, only the final altitude
variance constraint was active. Furthermore, by varying the final altitude variance limit, we observed that there is a
trade-off between final altitude error and final range error. In particular, if the maximum allowed final altitude variance
is lowered, then the minimum range-error will increase.

Finally, we compared the proposed method to the Apollo direct entry guidance as adopted for MSL and derived in
Ref. [3]. We solved the range control problem (46) for both the simplified range cost (29) and the range control cost
(30), which was used in the derivation of the Apollo guidance; we refer to the solutions of these problems as LQ (a) and
LQ (b), respectively. Both the LQ solutions and the Apollo guidance solution were simulated with a 5,000 trial Monte
Carlo, and the resulting state covariance evolution is shown in Figure 7. Sample trajectories of the bank angle inputs for
each feedback law are shown in Figure 8. Both LQ control laws resulted in a lower final range error compared to the
Apollo guidance control law. Furthermore, the Apollo control law resulted in a violation of the final altitude and flight
path angle maximum variance constraints.

VI. Conclusion
In this paper, we modeled variations in the atmospheric density as a random process given as the solution to an SDE.

The density process model was used to derive an SDE describing entry vehicle trajectories while explicitly modeling
the effect of atmospheric disturbances. From this model we compute the approximate covariance of the vehicle states
along a nominal trajectory by solving a set of ODEs. Since the required computation is limited to the evaluation of a
small number of ODEs for the elements of the state covariance matrix, this method enables onboard calculation of the
probability distribution of future vehicle states for a given control law, which, in turn, can enable more sophisticated and
robust onboard decision making during atmospheric flight. Furthermore, by explicitly considering the atmospheric
disturbances in the system model, we are able to solve for bank angle corrections to control the uncertainty in the vehicle
state during entry. In a numerical example, the proposed method performed better than the Apollo entry guidance as
adapted for MSL. However, the presented example only included atmosphere uncertainty and did not account for the
effects of bank reversals.

The time-change result provided in Lemma III.1, which allowed us to describe density variations along vehicle
trajectories, requires that the entry trajectory is non-climbing. It follows that the results presented in this paper cannot
be immediately applied to skip-to-entry or aerocapture missions [23]. In future work, we plan to extend the proposed

§In this example, the Monte Carlo used Matlabs’s ode45 with linear interpolation, and the code was not optimized.
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Fig. 3 The nominal bank angle trajectory (solid) and bank angle limits (dashed) as a function of time (left) and
as a function of velocity (right).
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Fig. 4 The nominal entry trajectory (black) and open-loop Monte Carlo samples (gray).
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Fig. 5 Open-loop error trajectories with 3σ bounds from 5,000 trial Monte Carlo (dashed) and from the linear
model (solid gray).
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Fig. 6 Closed-loop error trajectories with 3σ bounds from 5,000 trial Monte Carlo (dashed) and from the
linear model (solid gray). The open loop 3σ bounds are also shown (dotted) for comparison. The bank angle
trajectories are shown with the nominal bank angle (solid black) and the bank limits (dotted).
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method to atmospheric flight which is not required to strictly descending. With this added generality, the proposed
method could also be applied to predictor-corrector aerocapture guidance.

Appendix

A. Covariance of the Density Process
Since the density process is Gaussian, it is completely characterized by its mean function ρ̄s = E(ρs) and its

covariance function
Σ(s,a) = E

(
(ρs − ρ̄s)(ρa − ρ̄a)

)
= ρ̄s ρ̄aE(δρsδρa). (50)

The covariance of the density process is thus a function of the mean density ρ̄s and by the covariance of the density
variation process. We will therefore proceed to compute E(δρsδρa), since the mean density can be easily computed as
the solution to an ODE. To this end, let ϕ be the unique solution to

Ûϕs = −2ϕs/Hs, s ∈ [0, s f ], ϕ0 = 1. (51)

Applying Itô’s formula to the function F(t, x) = x/ϕt , we obtain the solution to the density variation process as

δρs = ϕsδρ0 +

∫ s

0

ϕs
ϕc

√
ψc dwc . (52)

For s,a ∈ [0, s f ], we have that

E(δρsδρa) = ϕsϕaE(δρ
2
0) + E

(∫ s

0

ϕs
ϕc

√
ψcdwc

∫ a

0

ϕa
ϕc

√
ψcdwc

)
. (53)

By applying both the semigroup property ϕsϕa = ϕs+a and Itô’s isometry, we obtain the covariance function for the
density variation process as follows

E(δρsδρa) = ϕs+aq0 +

∫ min{s,a}

0

(
ϕmin{s,a}

ϕc

)2
ψcdc. (54)

Finally, the variance q(s) of the density variation is given by setting a = s in (54).

B. Numerical Integration of the Density Process
In this section we provide a method to exactly integrate the density variation process in the case when the coefficients

are piecewise constant on subintervals of the partition 0 = sp0 < · · · < spNs
= s f of the interval [0, s f ]. Thus, the scale

height satisfies Hs = Hs
p
k
for all s ∈ [sp

k
, sp

k+1] and k = 0, . . . ,Ns − 1. We write Hk = Hs
p
k
and ψk = ψs

p
k
for notational

simplicity. Then, for s ∈ [sp
k
, sp

k+1], the mean density is given by

ρ̄s = exp

(
s − sp

k

Hk

)
ρ̄sp

k
= exp

(
s − sp

k

Hk

)
k∏
i=1

exp

(
spi − sp

i−1
Hk

)
. (55)

On the same interval, the density variation process (7) is given by

δρs = e−2(s−sp
k
)/Hk δρsp

k
+

√
ψk

∫ s

s
p
k

e−2(s−a)/Hk dw̃a, (56)

where the integral term is a zero-mean Gaussian random variable, independent from δρsp
k
, with variance

Var
(√
ψk

∫ s

s
p
k

e−2(s−a)/Hk dw̃a

)
= ψkHk(1 − e−4(s−sp

k
)/Hk ). (57)

Sample paths of the density variation are computed by, successively adding, for each step k, the exponential drift term
to a sample from a Gaussian random variable with variance as in (57). The density process is then given by (5).
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C. Partial Derivatives of the Combined Vehicle-Density System
The vehicle dynamics (1) and the drift term in density process (15) are given by the following functions:

fr (x,u) = V sin γ, fV (x,u) = −
ρV2SCD

2m
−
µ sin γ

r2 , fγ(x,u) =
ρVSCL

2m
u −

(
µ

r2 −
V2

r

)
cos γ

V
,

fR(x,u) = V cos γ, fρ(x,u) =
V sin γ

Hs
(ρ − 2ρ̄s) .

The partial derivatives of these functions, evaluated at the nominal values, are given below. Note that when evaluating
the partials along a nominal trajectory, we have that ρ = ρ̄. For simplicity, we assume that CL and CD are constant.
However, it is not difficult to add dependence on the Mach number in the following calculations.

∂ fr
∂r
= 0,

∂ fV
∂r
=

2µ sin γ
r3 ,

∂ fR
∂r
= 0,

∂ fρ
∂r
=

(
∂Hs

∂r
+ 2

)
ρV sin γ

H2
s

,

∂ fr
∂V
= sin γ,

∂ fV
∂V
= −

ρVSCD

m
,

∂ fR
∂V
= cos γ,

∂ fρ
∂V
= −

ρ sin γ
Hs

,

∂ fr
∂γ
= V cos γ,

∂ fV
∂γ
= −

µ cos γ
r2 ,

∂ fR
∂γ
= −V sin γ,

∂ fρ
∂γ
= −

ρV cos γ
Hs

,

∂ fr
∂R
= 0,

∂ fV
∂R
= 0,

∂ fR
∂R
= 0,

∂ fρ
∂R
= 0,

∂ fr
∂ρ
= 0,

∂ fV
∂ρ
= −

V2SCD

2m
,

∂ fR
∂ρ
= 0,

∂ fρ
∂ρ
=

V sin γ
Hs

,

∂ fr
∂u
= 0,

∂ fV
∂u
= 0,

∂ fR
∂u
= 0,

∂ fρ
∂r
= 0,

∂ fγ
∂r
=

(
2µ
r3 −

V2

r2

)
cos γ

V
,

∂ fγ
∂V
=
ρSCL

2m
u +

2 cos γ
r
+

(
µ

r2 −
V2

r

)
cos γ
V2 ,

∂ fγ
∂γ
=

(
µ

r2 −
V2

r

)
sin γ

V
,

∂ fγ
∂R
= 0,

∂ fγ
∂ρ
=

VSCL

2m
u,

∂ fγ
∂u
=
ρVSCL

2m
.
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