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Abstract—In this work, we extend the convex body chasing
problem to an adversarial setting, where an agent (the Player)
is tasked to chase a sequence of convex bodies generated
adversarially by an opponent. The Player aims to minimize
the cost associated with its total movements, while the Oppo-
nent tries to maximize. The set of feasible convex bodies is
finite and known to both agents, which allows us to provide
performance guarantees with max-min optimality rather than
via the competitive ratio. Under some mild assumptions, we
show the continuity of the optimal value function and provide
an algorithm to numerically generate the optimal policies with
performance guarantees. Finally, the theoretical results are
verified through numerical examples.

I. INTRODUCTION

The Convex Body Chasing (CBC) problem was proposed
in [1] to study the interaction between convexity and metrical
task systems. Later, it was realized that many problems
can be viewed as variants of the CBC problem, including
scheduling [2], efficient covering [3], safe machine-learned
advice [4], self-organizing lists [5], and the k-server prob-
lem [6]. In the CBC problem, an online agent receives a
request sequence of 7' convex sets Q1, ..., Qp in a normed
space X of dimension d. The agent starts at xg, and at
time step t observes the set Q; and then moves to a new
point x; € O, paying a cost ||x; — x;—1]||. The objective of
the agent is to minimize the total cost at the final time 7.
Previous works [7]-[9] aimed to design online algorithms
that ensure that the total cost exceeds the best hindsight cost
by at most a factor a,, known as the “competitive ratio.” The
most recent work [9] has achieved a competitive ratio of
order O(y/dlogT), despite the fact that the proposed online
algorithm chooses x; without knowledge of the future sets
Qit1,...,9r.

In the classic CBC problem, the agent needs to select a
point that balances the performance for all possible future
convex sets. Consequently, the competitive ratio is consid-
ered as the performance metric for most of the existing
CBC solution algorithms. In many real-world scenarios,
however, the convex bodies are selected (potentially adver-
sarially) from a known collection of convex sets. Specifically,
the recently introduced dynamic Defender-Attacker Blotto
game [10] possesses such structure. With this additional
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Fig. 1. Timeline of the aCBC game. At each time step ¢, the Opponent

first selects a state i; to assign a corresponding convex set Q,(ft) for the
Player. The Player then selects a point x; within the assigned convex set.
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information, one expects to obtain better performance guar-
antees than competitive ratios.

In this work, we propose a two-player adversarial convex
bodies chasing (aCBC) game, where the Player is tasked to
chase the sequence of convex bodies generated by the Op-
ponent. Different from the original formulation, we assume
that the bodies are selected from a finite collection of convex
regions, which is given to both the Player and the Opponent
at the beginning of the game. The adversarial selection of
the convex bodies is further constrained over a graph, which
implies that the currently selected convex body has an impact
on the convex bodies available at the next time step'. The
Player’s movement is also constrained within its (compact)
reachable set and is dependent on its current position?. We
formulate this adversarial problem as a zero-sum sequential
game [11], where the Player aims to minimize its total cost
(associated with its total movement), while the Opponent
tries to maximize it.

The contribution of this work is threefold: (i) the novel
formulation of the adversarial CBC game; (ii) derivation
of the Lipschitz continuity of the max-min value function
under certain assumptions; and (iii) a proposed numerical
algorithm that provides e-suboptimal performance guarantees
with respect to the optimal max-min solution.

II. PROBLEM FORMULATION

The adversarial convex body chasing (aCBC) game is
played sequentially between two agents: the Player and
the Opponent. The game evolves over a compact subset
X of a normed Euclidean space R?. At each time step, a
convex region Q; C X is selected by the Opponent, and then
the Player must choose a point x; € Q;. The Player tries
to minimize its total cost Z;T:_Ol ¢ (x¢,X¢41) over a finite
horizon T' for some non-negative continuous cost function c,
while the Opponent aims to maximize this total cost. The
sequence of decisions for the two agents of the game is
presented in Fig. 1.

We use x; to denote the state of the Player at time ¢
and treat X as the state space of the Player. Different
from the classical CBC problem, we restrict the Player’s
selection of its next state to a neighborhood of its current

'One can remove the graph constraint by using a fully connected graph.

2Since there are only finitely many compact convex bodies, one can
remove this constraint by setting the reachable set to be a convex hull that
contains all convex bodies.



state. Specifically, we require that x;1; € R(x:) for all
t =0,...,7 — 1, where R(x;) denotes the reachable set
of the Player from its current state x,. We use R : X' s 2%
to denote the reachability correspondence (a set-valued map),
where 2% denotes the power set of X'. Correspondences will
be denoted with the symbol ~-. In this case, we will write
R: X~ X.

Assumption 1. For all x € X, R(x) is solid, compact and
convex.

At time ¢, we assign a state ¢; € )V to the Opponent, which
evolves over a graph G = (V,&). Given the Opponent’s
current state ¢;, the Opponent can move to any one of
the neighboring nodes i;11, such that (i;,i;11) € £ We
denote the set of all neighbors of node i; as Nj,. Before
the game starts, we assign the ij Vo‘nent a finite collection
t=0,i=1" :
t, the Opponent selects a convex region Q§“? from Q by
selecting its state 7;. Once a convex region Qg“) is selected
at time ¢ by the Opponent, the Player needs to move to a
point x; € R(x;—1) N QE“). For ease of notation, we use
©!")(x,_1) to denote the intersection R(x;_1) N Q\'". We
make the following two assumptions on the collection Q and
the information structure of the game.

of convex regions Q = {Qgi)} At each time step

Assumption 2. For all t € V and t = 0,...,T, the set
le) C X is solid, compact and convex.

Assumption 3. The collection Q and the graph G are
common knowledge to both agents.

An illustrative example of the proposed aCBC game is
presented in Fig. 2.

With these assumptions, the major difference of the aCBC
from the original CBC formulation is that (i) the feasible
convex bodies are compact, and (ii) the set of feasible convex
bodies in aCBC game is finite and is common knowledge
to both agents, (iii) the convex body selection is restricted
by the Opponent’s dynamics on a graph. The compactness
assumption and the finiteness of the feasible set of convex
bodies significantly reduce the Opponent’s freedom of select-
ing convex regions. This allows the construction of a min-
max solution that is discussed in the next sections.

To ensure the existence of a min-max solution, we further
make the following assumptions on the continuity of the cost
function ¢ and the reachability correspondence R.

Assumption 4. The cost ¢ : X X X — R is continuous.

To characterize the continuity of correspondences, we first
assign a metric to the power set 2.

Definition 1 (Hausdorff distance [12]). Given two subsets
E and F of the normed space X, the Hausdorff distance
between E and F is defined as

distg (F, F') = max {sup inf ||x —y||, sup inf [|x — .
(B, F) = ma {sup i [lx — ]| sup inf [~ v}

Assumption 5. The reachability correspondence R : X ~~
X is continuous under the Hausdorff distance.

To avoid degeneracy, we make the following assumption,
so that the aCBC game is an optimization problem rather
than a feasibility problem.

Assumption 6. For all time steps t = 0,...,T — 1, the

collection of sets Q satisfies:
int(R(xi) N Q1Y) # 2, %€ Q) i1 € Nipe (1)

We consider Markov policies for both agents. The Player’s
(deterministic) policy at time ¢ > 1 is given by my(x¢—1,%¢) €
R(x¢—1)N Qg“), which explicitly considers the convex body
Qﬁ“) selected by the Opponent at time ¢ and the Player’s
reachability constraint. The Opponent’s policy at time ¢ > 1
is given by o4(x¢—1,%t—1) € N;,_,, which reflects the graph
constraint. At time ¢ = 0, the Opponent is allowed to freely
select a node iy € V according to its policy 0¢(Q,G).
Then, the Player selects a point xy3 € Q((f“) according
to mo(ip), after observing the Opponent’s selection ip. We
denote the strategies used by the Player and the Opponent
as m = {m}]_, and 0 = {0} }]_, respectively.

Problem 1. Given a graph G, a collection of compact
convex bodies Q = {Qﬁ“}i‘é’ L:l’ a cost function c, and
a reachablility correspondence R, find the optimal total
cost of the aCBC game C* along with the corresponding
optimal strategies for the Player and the Opponent under

the information structure in Assumption 3.

To solve this Problem, we follow a value-based approach,
where, at each decision point, the agent computes its optimal
“cost-to-go.” The rest of the paper will address the technical
details regarding the solution of this optimization problem.

III. VALUE FUNCTIONS

We introduce two optimal value functions: Vi(x;_1,1i;)
for the Player and Uj(x;_1,i;—1) for the Opponent. The
two optimal value functions will be computed through a
backward induction scheme [13].

A. Backward Induction

At the terminal time step 7', the Player has knowledge of
its previous state x7_1 and the Opponent state ¢7, and the
Player is about to make its final move. Since there are no
moves after time 7', the Player only needs to consider the
immediate cost. Consequently, we have

min c(xp_1,x7).  (2)

Vr (Xr—1,i1) = mir
xr € 0,7 (xp_1)

For time steps ¢t € {T — 1,...,1}, the Player needs to
optimize its selection of a new state x; to minimize both
the immediate cost and the future cost. The Player needs
to further consider the fact that the Opponent will observe
its move and then best-respond with ¢;;; to maximize the
future cumulative costs. Consequently, the optimal value for
the Player is computed as
min

Vi (X¢-1,it) = X
xtGGE”)(xf,A)

{e txiax) 3)

+ max ‘/tl Xtitl}-
it+1€Nit + ( ) +)
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Fig. 2. Example of a aCBC game with a 4-node graph and two-dimensional Player state X'. At time step 0, the Opponent starts at Node 2 and the Player

selects a point xo within Q(()2

. The Opponent then moves to Node 4 and the Player selects the point x1 € R(xg) N Q§4), inducing a cost of ¢(xg,x1).

The Opponent then moves to Node 3 and the Player moves to x2 € R(x1) N Q(23) incurring a cost of ¢(x1,x2), and the game continues.

Finally, for the initial Player state selection at ¢t = 0, there
is no reachability constraint. As a result, the value function
only depends on the initial Opponent state i, and we have

Vo(io) = 4)

min  max V; (xo,i1).
XOEQSO) 1 E€Nig

The Opponent’s value function is constructed similarly to
that of the Player and is given by

min ¢ (xp_1,x7), (5)
T—1 xTe®§fT)(xT,1)

{C(thlvxt) (6)

Up(xp—1,i7-1) — Inax
T i

max min

Up(x¢—1,04-1) = |
uENi,ﬁl xt€@§“)(xt71)

+ Upg1 (x4, it)}v

Up(G,Q) =max min U;(xg,ip)- @)

g€V XOEQéiO)

Remark 1. For the aCBC game, the Opponent’s value Uy
is equal to the optimal game value C*.

B. Continuity of the Value Functions

The first question one may ask regarding the value func-
tions is whether the use of min operator in the value prop-
agation rules is justified. To answer this question, we first
show that the intersection correspondence @i is continuous,
and then we prove the continuity of the value functions.

Assumption 5 only regards the continuity of the reach-
ability correspondence R rather than of the intersection
correspondence ©%. To bridge this gap, we present the
following lemma to guarantee the continuity of ©:.

Lemma 1. Let T' : X ~» Y be continuous, and let T'(x)
be compact and convex for all x € X. Consider a closed
convex set F' C Y such that int(T'(x) N F) # & for all
x € C, where C' C X is closed. Then, the correspondence
E:C ~ Y defined by Z(x) = I'(x) N F' is continuous.

—
fl

Proof. The proof is given in the Appendix. O

The following lemma provides some insight into the
continuity of marginal functions of the following form:

$(x) = min f(x.¥). ®

Lemma 2 (Proposition 2.9 in [12]). Consider a continuous
Sfunction f: X x X — R and a continuous correspondence
I': X ~ X. If U is compact-valued, then the marginal
function ¢ : X — R in (8) is continuous.

Note that the value functions in (3) and (6) take the form
of a marginal function. Consequently, we can prove the
following theorem on the continuity of the value functions
using Lemma 2.

Theorem 3. Forallt € {1,...,T}, i1 €V and iy €N, _,,
the optimal value functions Vi(x¢—1,1:) and Ug(X¢—1,%9¢—1)

are continuous with respect to their first argument on
(te-1)
t—1 -

Proof. The proof is based on an inductive argument. We only
present the key idea for the induction step here. See the full
version [14] for details.

Assume that the two value functions Viiy (x¢,%¢41)
and Upyq (%¢,4¢) are continuous with respect to their
first argument on Qilt) for all 4;,7;—1 €V such that
it € N;,_,. From the assumption, the function g(x;) =
max;, ., e i, Vi+1 (Xt,%¢+1) is continuous. Together with
the continuity of the cost ¢, the function f(x;_1,%x;) =
c(x¢—1,%¢)+g(x¢) is also continuous. Since the intersection
;" (x4—1) is compact, the value function in (3) can be
written as Vi (X¢—1,4:) = minxte@f”(xt,l)f<xt*1’xt)’
and the minimization is well-defined. From Lemma 1, we
have that the intersection correspondence @§” is continuous.
The continuity of the Player value function then follows
directly from Lemma 2. A similar analysis applies to the
Opponent value function. [

C. Optimal Policies

With the optimal value functions computed, the optimal
policy of the Player and the Opponent can be obtained via
argmin {c(xt_l, x¢) + Upp1(xe, it)},
xteeglt)(xt—l)

7'(';K (Xt—17 Zt) S

o7 (Xe—1,it—1) € argmax V; (X¢—1, it).
itEMt—l



IV. ALGORITHMIC SOLUTION

To numerically compute the optimal values, we propose
an algorithm that meshes the domain X and approximate
U; and V; at the vertices of the mesh. In order to derive
approximation error bounds induced by the discretization,
we first strengthen the continuity results on U; and V.

A. Lipschitz Continuity of the Value Functions

The following two assumptions are imposed to ensure the
Lipschitz continuity of the value functions.

Assumption 7. The cost function c is L.-Lipschitz continu-
ous. That is, for all (x,y),(x',y') € X x X, the following
holds

le(x,y) — e, y")] < Le(llx = x| + ly = ¥'ID)-
Assumption 8. The correspondence @,(f) is Leo-Lipschitz
continuous. That is, for all x,x' € X and i €V, the fol-
lowing holds

distyy (@E“(x), @,@(x')) < Le|lx — x/||.

Theorem 4. Under Assumptions 7 and 8, it follows that, for
allt € {1,...,T}, i4—1 € V, and iy € N;,_,, the optimal
value functions Vi (x¢—1,1t) and Uy (X¢—1,1i1—1) are both
L, +-Lipschitz, where the Lipschitz constant is given by

T—t4+1

Lyy=Le Y (1+Le) ©9)

k=1

Proof. One can first extend the continuity result in Lemma 2
to Lipschitz continuity with the strengthened assumptions.
The proof of Theorem 4 can then be constructed using a
similar inductive argument presented in the proof of Theo-
rem 3. For the detailed proof, please see [14]. [

B. Discretization Scheme and Discretized Value Functions

Theorem 4 implies that the Lipschitz constant L, ; de-
creases monotonically as the time step ¢ approaches the hori-
zon T'. Naturally, finer discretization resolution is preferred at
the beginning of the game to ensure low approximation error.
Consequently, we allow different resolutions at different time
steps. We use dx ; to denote the discretization size of the
domain X at time step t, an(} we denote the set of vertices
on the mesh at time ¢t by X; = {xF},. To ensure that
the domain is properly discretized with a discretization size
0x .+, We require

min ||%X, —x¢|| <dxy, x€X, t=0,...,T;

Xt € X

(10)

min %o — X0l < dx0, X0 € QY ig € V; (11)

ﬁoEXoﬂQéio
min v
%, €X,NR(%x,_1)NQL)
X € R()A(tfl) N ngt) t= 1 e T,

Xi_1 € X 1ﬂQ(“ ) ig € Niy_, -

1% — x| < bt (12)

In the above criteria, we first require that the mesh
has the required resolution over the whole domain X as

in (10). We further require that the resolution within the
intersections of the reachable sets and the convex bodies
is fine enough as in (11) and (12). An example of the
discretization is presented in Fig. 3. The black vertices are
constructed to discretize the domain X according to (10).
For the mesh consisting only black vertices, there is no
vertex in Q((jl). Consequently, two blue vertices are added
to )?0 to satisfy (11). Furthermore, although the intersection
R(&o) N ng) contains one black vertex, the mesh does not
have a fine enough resolution within the intersection. As a
result, two red vertices are added to satisfy (12).

Tl e o

Fig. 3. An example of the discretization scheme.

With the discretization of &', the Player restricts its action
selection x; at time step ¢ to the vertices X;, which leads to
a natural decrease in its performance. We consider the worst-
case scenario, where the Opponent knows the disretization
mesh used by the Player. The resultant value functions then
take the vertices of the mesh X as the discretized state space
for the Player. We denote the discretized value functions as
V and U for the Player and the Opponent, respectively. For
example, the Player’s value function at time ¢ is given by

Vi ()A(tflait) = min (13)

_ mil {C(xtq,xt)
%,€X,n00) (&, 1)

+  max Vt+1(xtalt+1)}
it41€

where X;_1 € A?t,l. For the detailed definitions of the

discretized value functions, please see [14].

We denote the optimal strategies induced from the dis-
cretized value functions as 7* and 6* for the Player and the
Opponent, respectively. For example, the Player’s discretized
optimal policy at time step 1 <¢ < T — 1 is defined as

argmin {C()A(tfhfit) + 0t+1(§(t7it)}'

% € X noel(x)

7y (Xe—1,4t) €

and similarly for the policy of the Opponent.

C. Error Bounds of Discretization

In this section we provide bounds for the discretization
error € = |Uy(G, Q) — Up(G, Q)|. Once the relation between
the discretization size and the error is established, we will
present an algorithm that solves aCBC games numerically.

Based on the Lipschitz continuity properties of the value
functions, one expects to obtain a better approximation of
the optimal value function with a finer mesh. Since the error
due to discretization propagates over time, it is relatively
unclear how fine a discretization is needed at each time step
to provide the desired performance bound. We answer the
above question in the following theorem.



Theorem 5. Given a discretization scheme {0x +}i—, that
satisfies (10) — (12), the difference between the discretized
value function and the optimal value function is bounded,
forallt € {1,...,T} as follows:

Up(k¢—1,it-1) < Up(Xe—1,0e-1) < Up(Rke—1,00-1) + &,
(14a)

Vi(Xe_1,00) < Vi(Xeo1,00) < Vi(Xeo1,00) + &,  (14b)

where, €, = Zf;tl(Lc + Ly r41)0x,+ + Ledx 1.

Proof. We only present a sketch of the induction step for the
proof (see [14] for details). Assume that (14) holds at ¢ + 1.

Fix a vertex %X;_; € X;_;. From the definition of V,
Vi(Xe—1,4) = min

R , {e(%i—1, %) + Ut+1(f€t7it)}
%, €X,n00) (%,_1)

< _ min {e(Fi—1, %) + U1 (Xe,i0) } + €41
%, €200 (%,_1)
< min {e(xi—1,x¢) + U1 (X¢,00) } + €41

Xteeﬁit)(&t—l)
+ Ldxt+ Lyy16x s
= Vi(X¢—1,0t) + &,

where the first inequality is the result of the inductive
hypothesis. The second inequality leverages (12), which
ensures that for all x; in the intersection, there is a vertex in
the intersection that is dx ¢-close . This fact, along with the
Lipschitz continuity of the optimal value function U; and the
cost ¢, yields the desired result.

The proof for the other direction and for the Opponent’s
value can be constructed in a similar manner. O

As a direct consequence of Theorem 5, the following
corollary provides error bounds for the game value after
discretization.

Corollary 6. The optimal game value Uy(G, Q) due to dis-
cretization differs from the optimal max-min value Uy(G, Q)
by at most
T-1
e(dx) = Z(Lc + Lyrt1)0x,r + Ly 16x,0 + Ledx, 7
T=1
If the suboptimality bound ¢ is given, an easy way
to construct a proper discretization scheme is to use the
following mesh sizes

Sap = ) O =
YO T+ DL, YT T T+ 1)L as)
c t=1,...,T—1.

Sy = ,
YT T+ 1)L+ Lugr1)

V. NUMERICAL SIMULATIONS

For the sake of simplicity and for illustrative purposes, we
consider an aCBC game on a two-dimensional space where
all sets are boxes. For some real numbers a; < by and as <
bo, we define the two-dimensional box set as the Cartesian
product [a1, b1] X [ag, bo]. The reachability correspondence is
defined as R(x) = {y € & s.t. [[x —y| < p}, for some
p > 0. Taking Euclidean norm as the cost function, one can
verify that the cost function c is 1-Lipschitz. Furthermore, for
all time steps ¢ and for all nodes ¢;, the correspondence @E”)
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Fig. 4. Illustrative aCBC instance with nested convex regions. The left
figure the convex sets. The bottom right shows the optimal discretized
trajectory. The top right presents the 2-node graph used in this scenario.

is 1-Lipschitz continuous under Hausdorff distance’. Given
these two Lipschitz constants, one can use (15) to derive
the desired discretization sizes dy for a given suboptimality
requirement €.

We first verify that the discretized algorithm indeed con-
verges to an optimal solution. The “nested” convex region
example in Fig. 4 has a simple optimal solution, where the
Player starts at any point within the intersection of all convex
regions (marked in grey) and does not move. Under this
optimal strategy, regardless of the actions of the Opponent,
the Player can achieve zero cost. .

However, as the discretization mesh &; changes over
time, there may not be a point that is a vertex for all
intermediate meshes. Consequently, the Player may move
slightly from time to time under the computed optimal
discretized policy, incurring a discretization error (see the
zoom-in plot in Fig. 4). Since the optimal value Uy is zero,
the discretized value Uy is the discretization error. To verify
that the discretization scheme in (15) indeed achieves the
required performance, we run the algorithm with different
suboptimality requirements ¢ and plotted the corresponding
discretization errors in Fig. 5. One can see that the discretiza-
tion error diminishes as e decreases to zero. Furthermore,
the discretization error is bounded by ¢, which validates the
bounds we derived in Corollary 6.

Next, we present a more complicated scenario with a graph
of three nodes and a two-step horizon. Fig. 6 shows the

| e
0.5/ o Discretization error e
e
0.4} . -
-,
. 0.3 -7
Uy .7 Uy=clne
0.2} e
e
0.17 -,
-,
P d o) ° ° e]
0 . o)
0 0.1 0.2 0.3 0.4 0.5
€
Fig. 5. Suboptimality requirement vs. discretization error plot.

3For two box sets F and Q, such that ENQ # @, one can show that
minyeq |[|x — ylly = mingcgne [|x — y||y for all x € E. The rest of
the analysis is then straightforward. See [14] for details.



convex regions Q and the graph G. In this visualization, a
convex region is color-filled if it is selected by the Opponent.
The darker color marks the intersection of the reachable set
and the corresponding convex set. For example, the darker
region in Qgg) (filled green) depicts R(x1) N Qés), where x;
is the point selected in le) (filled blue).

The trajectory (in black color) in Fig. 6 is the max-
min trajectory induced by the discretized optimal policies
computed under using ¢ = 0.2. The trajectory of the
Opponent is 1 — 1 — 3. One can see that at the initial
time step, the Player selects a vertical mid-point between
le) and Q§3’ to balance the two possible convex regions at
the next time step. As a result, the Opponent is indifferent
between nodes 1 and 3 at ¢t = 1.

Finally, Fig. 7 depicts the scenarios when one of the agents
deviates from its discretized optimal strategy. One can see
an increase in the cost when the Player unilaterally deviates
and a decrease in the cost when the Opponent unilaterally
deviates. Notice that when the Player deviates and does not
select the mid-point in le), the Opponent selects le) to
exploit the Player’s error and maximize the cost.

VI. CONCLUSION

We have extended the convex body chasing problem to
an adversarial setting, where a Player chases a sequence of
convex bodies assigned adversarially by an Opponent. We
showed that under the assumption that the set of convex
bodies is finite and known to both agents, max-min optimal
policies can be obtained. A discretization scheme was pro-
posed to numerically solve for the max-min value function of
the game, and performance guarantees were provided for the
corresponding discretized policies. We will also leverage the
aCBC framework to introduce cost to the dynamic Defender-
Attacker Blotto Games [10].

APPENDIX

Proof of Lemma 1. From Corollary 2.12 in [12] , we have
that the intersection correspondence = is upper semicon-

—_

tinuous (usc). It remains to show that = is also lower
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Fig. 6. The max-min trajectory from the discretized optimal policies.

Uy =~ 0.6052 U, ~ 0.4558

Fig. 7. Trajectories with unilateral deviation. The left figure presents the
case when the Player deviates and the right is when the Opponent deviates.

semicontinuous (Isc). To this end, let x € C, and consider
an open set E such that £ N E(x) # @. Since int(2(x)) is
nonempty and convex, we have that ENint (Z(x)) # & [15].
Let GG be an open set such that

G C Enint(E(x)) = ENint(FNT(x)). (16)

Clearly, G N T'(x) # @. Consequently, from the lower
semicontinuity of I, there exists an open neighborhood H
around x such that for all X’ € H, G NI['(x') # &. Since
G C F as in (16), we also have GNT'(x')NF = GNZ(X') #
@ for all x’ € H. Finally, since G C F, it follows that,
for all points x’ € H, ENZ(x’) # &, which implies that
= is lower semicontinuous. Since = is compact-valued, usc
and Isc implies continuity under the Hausdorff distance (see
Proposition 2.8 of [12]). O
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