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Abstract We present an algorithm for solving the
shortest (collision-free) path planning problem for
an agent (e.g., a small UAV) with limited on-
board computational resources. The agent has
detailed knowledge of the environment and the
obstacles only in the vicinity of its current posi-
tion. Far away obstacles are only partially known
and may even change dynamically. The algorithm
makes use of the wavelet transform to construct
an approximation of the environment at different
levels of resolution. We associate with this mul-
tiresolution representation of the environment a
graph, whose dimension can be made commen-
surate to the on-board computational resources
of the agent. The adjacency list of the graph can
be efficiently constructed directly from the ap-
proximation and detail wavelet coefficients, thus
further speeding up the whole process. Simula-
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tions are presented to test the efficiency of the
algorithm using non-trivial scenarios.
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1 Introduction

Autonomous operation of unmanned aerial ve-
hicles requires both the trajectory design (plan-
ning) and trajectory tracking (control) tasks to be
completely automated. On-board, real-time path-
planning is particulary challenging for small-size
aerial vehicles. The short response time scales of
these vehicles pose increased difficulties for exist-
ing real-time route optimizers. Owing to their size,
power restrictions, and lifting capabilities, small
UAVs may not have the on-board computational
resources (CPU and memory) to implement some
of the sophisticated path-planning algorithms pro-
posed in the literature. In most applications thus
far this problem is being bypassed by providing
navigation way-points, which have been computed
off-line and/or are provided by a (human) supervi-
sor. Furthermore, in a typical mission a UAV may
be presented with a large amount of information
collected using a plethora of diverse sensors
(e.g., cameras, radars, laser scanners, satellite im-
agery), each with different range and resolution.
A computationally efficient path-planning algo-
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rithm should be able to filter/merge the informa-
tion provided by these sensors, focusing the avail-
able computational resources on the part of the
path (spatially and temporally) that is most rel-
evant. Consequently, a computationally efficient
algorithm suitable for on-line implementation for
small UAVs should be able to combine short-
term tactics (reaction to unforeseen threats) with
long-term strategy (planning towards the ultimate
goal). Recent examples that implement such a
hierarchical path-planning strategy in an effort
to combine the global/local (alternatively, strate-
gic/tactical) layers under uncertain, dynamically
changing scenarios are [3, 24, 31].

In this paper we propose a computationally
efficient, hierarchical path-planning algorithm for
autonomous agents (e.g., UAVs) navigating in a
partially known environment W using an adap-
tive, discrete, cell-based approximation of W . The
innovation of our approach hinges on the use of
wavelets to encode the district levels of fidelity
(resolution) of W at different distances from the
agent’s current position. The motivation for this
approach is simple: first, the agent’s immediate
reaction to an obstacle or a threat is needed only
at the vicinity of its current position. Faraway
obstacles or threats do not (or should not) have
a large effect on the vehicle’s immediate motion.
Therefore, it is not prudent, from a computational
point of view, to find a solution with great ac-
curacy over large distances or over a long time
horizon. The most accurate and reliable informa-
tion of the environment is required (or it is even
available) only in the vicinity of the vehicle. In that
sense, the proposed algorithm can be classified
under the category of “agent-centered” search
algorithms [19]. Pictorially, such a multiresolution
decomposition of the environment (say, an eleva-
tion map in this case) can be visualized as shown
in Fig. 1.

The majority of prior multi-resolution and/or
hierarchical algorithms proposed in the litera-
ture [2, 4, 13, 17, 18, 27–29, 36] use some form
of quadtree decomposition of the environment.
One drawback of quadtree-based decompositions
is that a finer resolution is used close to the
boundaries of all obstacles, regardless of their
distance from the agent [1, 13]. This tends to

Fig. 1 Multiresolution representation of the environment
according to the distance from the current location of the
agent

waste computational resources. Ramifications to
deal with this issue are possible, but, still, com-
puting the adjacency relationships between cells
of varying size is not easy. In a departure from
these quadtree-based methods, in this paper we
make use of the wavelet transform to perform the
required multiresolution decompositions of the
environment. This has several advantages. First,
the wavelet transform provides a very fast de-
composition1 of a function at different levels of
resolution. Since the range and resolution levels
can be chosen by the user, the proposed algo-
rithm results in search graphs of known prior
complexity. The algorithm is therefore scalable,
and can be tailored to the available computational
resources of the agent. Second, the use of wavelet
transform has the added benefit of allowing the
construction of the associated cell connectivity re-
lationships directly from the wavelet coefficients,
thus eliminating the need for quadtrees. Finally,
the use of wavelet transform provides flexibility in
terms of the choice of the wavelet basis functions,
which can help in reducing the complexity of the
resulting abstraction (i.e., topological search
graph) of the environment.

1The computational complexity of the wavelet transform
is of order O(n) where n is the input data size [11]. This
is even better than the Fast Fourier Transform which has
complexity of order O(n log2 n).
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One of the earlier references where multires-
olution path planning (for terrestrial mobile ve-
hicles) was considered is Ref. [17]. In this ref-
erence the authors present a hierarchical path-
planning scheme based on a multistage quadtree
decomposition. The path to the target is first
computed using a coarse grid and subsequently
refined using information from higher resolution
levels uniformly along the path. Even though this
technique is efficient and easy to implement, it
fails to take full advantage of the local infor-
mation around the agent. Among the few refer-
ences that have previously used wavelets in the
context of multiresolution path-planning (again,
for terrestrial mobile vehicles) is Ref. [28]. The
approach in [28] combines an efficient model for
the local behavior of the approximation, with im-
proved computational characteristics, compared
to the one proposed in [17]. In [28] however the
wavelet coefficients are used to merely obtain an
estimate of the terrain roughness (equivalently,
terrain “transversibility”) which is then included
in the cost function. Wavelets are not used to
construct the search graph as it is done in the
current paper. Specifically for MAV/UAV appli-
cations, the authors of Ref. [29] used an adap-
tive multiresolution-based learning algorithm to
estimate the obstacle locations. The algorithm
generates an approximation of the environment
based on estimates of the locations of points on
the surface of an obstacle, typically obtained using
structure from motion (SfM) ideas. A receding
horizon controller is then used to control the
UAV. The focus on that article is efficient, real-
time estimation of obstacles as they appear in
the field of view of the vehicle. Path-planning
for small UAVs/MAVs was also investigated in
[35] where a vision-based local multi-resolution
mapping and path planning technique for MAVs
using a forward-looking onboard camera was pro-
posed. The vision data are used to construct a
multiresolution map in polar coordinates, simi-
larly to what was done in [25]. Dijkstra’s algorithm
is subsequently employed to find a collision-free
path in the body frame. The main emphasis of [35]
is the degradation of the measurements with the
distance from the vehicle and not on providing
a scalable, general purpose multi-scale algorithm

that can be tailored to the observed data as done
in the current paper.

The two references most closely related to
our work are probably [31] and the article
by Behnke [2]. In [31] the authors describe a
multiresolution approach for vision-based path-
planning for autonomous UAVs. The overall
problem is divided into a global offline part based
on a coarse model of the environment and a prob-
abilistic local online computation, based both on
the original model and on the information pro-
vided by the vision system. The main objective of
that paper is however to update the original map
with the data obtained on-line via a vision system
and not on obtaining a numerically efficient path-
planning algorithm that works directly with the
wavelet coefficients. In [2] the author uses the
idea of coarse/fine grid at close/faraway distances
from the current location of the agent in order
to avoid the demerits of uniform grids or stan-
dard quadtrees. Nonetheless, no connection with
wavelets is attempted. In addition, the multires-
olution scheme in [2] requires a rather careful
handling of the cell connectivity at the boundaries
between two different resolution levels. This is
handled automatically by our approach.

The rest of the paper is organized as follows.
After presenting the basics of wavelet decompo-
sitions of function spaces, we provide the main
ingredient of our approach, which uses the en-
vironment wavelet coefficients to construct the
graph representing the abstract topology of the
problem. We then briefly investigate the complex-
ity of resulting graph in terms of the problem data.
These results provide guidelines how to adjust
the transform parameters to construct graphs of
prior known complexity. A standard graph search
algorithm is then applied in an iterative fashion
on these generated graphs to come up with a
sequence of cells to the final destination. If the
data about the environment are collected by on-
board sensors, it is more efficient to use sector-
like cell decompositions of the environment, in-
stead of rectangular cell decompositions as with
the standard wavelet transform. This can be easily
achieved by applying the wavelet transform in po-
lar coordinates. This scheme is briefly elaborated
upon in the second part of the paper. The paper
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concludes with numerical simulation results and
with some suggestions for possible extensions and
improvements of the proposed algorithm.

2 A Multiresolution Decomposition of W

2.1 Topology of the Problem

We assume that the UAV is represented by a
point mass, and is allowed to navigate in the
horizontal plane, which we will denote by W ⊂
R

2. It is assumed that the UAV cannot change
altitude to avoid obstacles, but rather it has to
navigate around them. Given the environment W
and the obstacle-free configuration space F ⊆ W
that contains all the feasible (i.e., obstacle-free)
configurations of the vehicle, our objective is to
find a path P from an initial configuration x0 ∈ F
to a final configuration x f ∈ F . We assume that
the obstacle space O � W \F is the union of a
finite number of obstacles. We only assume that
the obstacles are represented by compact subsets
of W . No other assumptions will be imposed on
O . In particular, the obstacles can be non-convex,
non-polygonal subsets of W .

We will use a cell decomposition that will
allow us to efficiently partition W (and hence
F ) into classes of cells of different size. An m-
cell decomposition Cd = {ci ∈ W : i = 1, . . . , m =
|Cd|} of W is a finite collection of subsets (cells) of
W with non-overlapping interiors, whose union is
exactly W . As usual with hierarchical decomposi-
tion schemes, cells in Cd will be classified as either
empty cells (when ci ∩ O = ∅), mixed cells (when
ci ∩ O �= ∅ and ci ∩ F �= ∅), and full cells (when
ci ⊆ O). Two cells ci, c j ∈ Cd are adjacent2 if the
intersection of their boundaries is neither empty
nor a singleton.

Given two cell decompositions Cd and C ′
d of

W of respective cardinalities |Cd| and |C ′
d|, we say

that C ′
d is a f iner, or higher resolution decomposi-

tion of W than Cd if |C ′
d| ≥ |Cd| and for every cell

2This definition induces an 4-cell neighborhood for each
cell, but 8-neighborhoods can be handled easily as well.

ci ∈ Cd there exists an integer pi ≥ 1 such that ci =
⋃pi

j=1 c′
j where c′

j ∈ C ′
d, where at least one pi > 1.

Later on, we will associate to a cell decompo-
sition Cd a graph G = (V , E ) with node set V =
V (G ) and edge set E = E (G ), such that: (i) the
node set V corresponds to the free and mixed
cells of Cd, and (ii) the edge set E describes the
relationship between the cells in Cd that are ad-
jacent to each other. It is easy to see that G is a
topological graph [21]. Clearly, there is an one-
to-one correspondence between the elements of
V (G ) and the free and mixed cells of Cd. We write
v ∼ ci to denote this correspondence. In particu-
lar, we associate each node v ∈ V (G ) to the center
of the cell ci. We use cellG (v) to denote the center
of the corresponding cell in this case. Finally, if
x ∈ ci, we will write v = nodeG (x), where v ∼ ci to
denote the node of G that represents the cell of Cd

that contains x.

2.2 The 2D Wavelet Transform

We use wavelets as the main tool to construct
hierarchical, multiresolution cell decompositions
of W . The idea behind the theory of the wavelet
transform is to represent a function f ∈ L 2(R)

as a summation of elementary basis functions φJ,k

and ψ j,k as follows

f (x) =
∑

k∈Z

aJ,kφJ,k(x) +
∑

j≥J

∑

k∈Z

d j,kψ j,k(x), (1)

where φ j,k(x) = 2 j/2φ(2 jx − k) and ψ j,k =
2 j/2ψ(2 jx − k) and φ(x) and ψ(x) are the
scaling function and mother wavelet functions,
respectively. In the ideal case, both φ(x) and ψ(x)

have compact support or decay very fast outside
a small interval, so they can capture localized
features of f .

The first summation in Eq. 1 gives a low reso-
lution or coarse approximation of the function f .
The second term in Eq. 1 gives the difference (the
remaining details) between the original function
and its low resolution approximation. The index j
denotes the resolution level. For each increasing
index j, a higher (or finer) resolution term is
added, which adds more details. The expansion
Eq. 1 thus reveals the properties of f at different
levels of resolution [5].
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This idea can be readily extended to the two-
dimensional case by introducing the following
families of functions

� j,k,�(x, y) = φ j,k(x)φ j,�(y),

�1
j,k,�(x, y) = φ j,k(x)ψ j,�(y),

�2
j,k,�(x, y) = ψ j,k(x)φ j,�(y),

�3
j,k,�(x, y) = ψ j,k(x)ψ j,�(y), (2)

which are derived from taking tensor product of
the scaling and the mother wavelet function in
Eq. 1. Given the function f ∈ L 2(R2) we can then
write

f (x, y) =
∑

k,�∈Z

aJ,k,��J,k,�(x, y)

+
3∑

i=1

∑

j≥J

∑

k,�∈Z

di
j,k,��

i
j,k,�(x, y), (3)

where, for the case of orthonormal3 wavelets, the
approximation coefficients are given by the pro-
jections of f on the scaling functions, as follows

a j,k,� =
∫ ∞

−∞

∫ ∞

−∞
f (x, y)� j,k,�(x, y) dx dy, (4)

and the detail coefficients are given by projections
of f on the wavelet functions as follows

di
j,k,� =

∫ ∞

−∞

∫ ∞

−∞
f (x, y)� i

j,k,�(x, y) dx dy, (5)

i = 1, 2, 3.

The key property of wavelets used in this paper
is the fact that the expansion (Eq. 3) induces the
following decomposition of L 2(R2)

L 2(R2) = VJ ⊕ W detail
J ⊕ W detail

J+1 ⊕ · · · (6)

where VJ = span{�J,k,�}k,�∈Z and similarly
W detail

j = span{�1
j,k,�

, �2
j,k,�

, �3
j,k,�

}k,�∈Z for j ≥ J.
In this paper we will use the Haar family of

wavelets for reasons that will become apparent
shortly. Each scaling function φ j,k(x) and wavelet
function ψ j,k(x) in the Haar system is supported

3In the more general case of biorthogonal wavelets projec-
tions on the space spanned by the dual wavelets and dual
scaling functions should be used instead.

on the dyadic interval I j,k � [k/2 j, (k + 1)/2 j] of
length 1/2 j and does not vanish in this inter-
val [5]. Subsequently, one may associate the func-
tions � j,k,� and � i

j,k,�
(i = 1, 2, 3) with the rectan-

gular cell c j
k,�

� I j,k × I j,�. This correspondence
between scaling and wavelet functions and their
corresponding interval of influence is the key idea
behind our approach. The details of establish-
ing this correspondence in a numerically efficient
manner is given in a later section.

2.3 Wavelet Decomposition of the Risk Measure

Without loss of generality, in the sequel we as-
sume that the environment is given by the unit
square, that is, W = [0, 1] × [0, 1], and is repre-
sented numerically using a discrete (fine) grid of
2N × 2N dyadic points. The finest level of resolu-
tion Jmax is therefore bounded by N. The decom-
position of a given function f defined over W at
resolution level J ≥ Jmin, given by,

f (x, y) =
2Jmin −1∑

k,�=0

aJmin,k,� �Jmin,k,�(x, y)

+
3∑

i=1

J−1∑

j=Jmin

2 j−1∑

k,�=0

di
j,k,��

i
j,k,�(x, y), (7)

induces a cell decomposition of W of square cells
of dimension no smaller than 1/2J × 1/2J .

Let us now assume that the function of interest
is a certain risk function (or risk measure) rm :
W �→ [0, 1], defined by

rm(x) =
{
(dmax−miny∈O ‖x−y‖∞)/dmax, if x ∈ F ,

1, if x ∈ O,

(8)

where dmax � maxx∈F miny∈O ‖x − y‖∞, and x =
(x, y). The function rm defined in Eq. 8 provides
a measure of the distance of the closest obstacle
from the current location. Alternatively, one may
choose rm either as the probability that (x, y) ∈ O
or as the 2D elevation map (i.e., a digital elevation
model or DEM) of terrain for a UAV flying at
constant altitude. The actual choice of the func-
tion rm is not central to the developments in this
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paper, but the choice in Eq. 8 is quite general and
captures most cases of interest.

Let the neighborhood, of radius r, around the
current location of the agent, say x0 = (x0, y0), be
defined by

N (x0, r) � {x ∈ W : ‖x0 − x‖∞ ≤ r}. (9)

Given the risk measure function over W , we
construct approximations of W at distinct levels
of resolution Jmin ≤ j ≤ Jmax, where Jmin, Jmax ∈
{1, . . . , N}, with corresponding ranges for each
resolution level r j > 0 from the agent’s current
location x0 where r j < r j−1. By this we mean that
resolution level Jmax is used for all points inside
the set N (x0, rJmax), resolution level j is used for
all points inside the set N (x0, r j−1)\N (x0, r j) for
j = Jmax, . . . , Jmin + 2, and resolution level Jmin is
used inside the set W \N (x0, rJmin+1). Let now the
index set I ( j) � {0, 1, . . . , 2 j − 1} and let

K ( j) � {k ∈ I ( j) : I j,k ∩ [x0 − r j, x0 + r j] �= ∅},
(10a)

L ( j) � {� ∈ I ( j) : I j,� ∩ [y0 − r j, y0 + r j] �= ∅}.
(10b)

Then the wavelet decomposition of rm,

rm(x, y) =
∑

k,�∈I (Jmin)

aJmin,k,� �Jmin,k,�(x, y)

+
3∑

i=1

Jmax−1∑

j=Jmin

∑

k∈K ( j)
�∈L ( j)

di
j,k,��

i
j,k,�(x, y), (11)

induces the following cell decomposition on W

Cd = �CJmin
d ∪ · · · ∪ �CJmax

d , (12)

where �C j
d is a union of cells c j

k,�
of dimension

1/2 j × 1/2 j.
The values of Jmax, Jmin and r j can be chosen

according to the desired local quality of the data.
Typically, the choice of Jmax will be dictated by the
requirement that at this level of resolution all cells
should be resolvable into either free or occupied
cells. The choice of Jmin, as well as the values of
r j, are typically dictated by the on-board computa-
tional resources. See discussion in Section 3.2 be-
low on how the choices of the values of Jmin, Jmax

and r j affect the computational complexity of the
algorithm.

Remark 1 In practice, the fast lifting wavelet
transform implementation (FLWT) [33] may be
used to compute Eq. 11. The FLWT has a number
of algorithmic advantages, such as faster compu-
tation speed (twice as fast as the usual discrete
wavelet transform), in-place calculation of the
coefficients (thus reducing the computer mem-
ory requirements), immediate inverse transform,
and generality for extension to problems with ir-
regular boundaries. In conjunction with the pos-
sibility to perform all operations of the FLWT
in integer arithmetic [6], these properties make
the FLWT especially suitable for processing using
small micro-controllers. For the sake of brevity–
and since this topic is not central to the develop-
ments in the rest of the paper–we will not give the
details of the lifting implementation of the Haar
wavelet transform. Instead, we refer the interested
reader to [14, 15] for additional details on the
FLWT implementation of the proposed algorithm
on actual autopilot hardware.

Remark 2 The choice of an appropriate fine res-
olution level for the path planner may also be
assisted by the consideration of the kinematic con-
straints of vehicle. Given a map in an appropriate
scale, one should choose, if possible, the cell size
at the finest level of the cell decomposition so that
it is larger than the minimum turning radius of the
vehicle. This will ensure that a feasible trajectory
will always exist that is consistent with the discrete
geometric path. However, this requirement may
conflict with the minimum cell size required to
unambiguously resolve obstacles in the vicinity of
the vehicle.

3 From the Wavelet Decomposition to the
Connectivity Graph

3.1 Adjacency List from the FLWT

In this section, we describe an algorithm to as-
sign a topological graph G = (V , E ) to the cell
decomposition Cd. The set of nodes V of G rep-
resents the cells c j

k,�
in Cd and the set of edges E
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represents the connectivity relationship between
those cells. Specifically, we show that the connec-
tivity of the graph G (encoded via the adjacency
list for each cell) can be constructed from the
wavelet decomposition coefficients. For an alter-
native approach to construct directly the adja-
cency matrix of G from the wavelet coefficients,
the interested reader may refer to [8].

The key observation of the approach is the
fact that since the scaling function � j,k,� and the
wavelet functions � i

j,k,�
(i = 1, 2, 3) are uniquely

associated with the square cell c j
k,�

= I j,k × I j,�,
the corresponding nonzero approximation and de-
tail coefficients encode the necessary informa-
tion regarding the cell geometry (size and loca-
tion) [16, 34]. To this end, consider a cell c j0

k,�

at level j0, whose dimension is 1/2 j0 × 1/2 j0 with
its center located at (k, �). A cell will be called
independent if it is associated with one non-zero
approximation coefficient a j0,k,�, while the corre-
sponding detail coefficients di

j,k,�
(i = 1, 2, 3) at

levels j0 ≤ j ≤ Jmax are all zero. Otherwise, the
cell is marked as a parent cell and is subdivided
into four leaf cells at level j0 + 1. In Fig. 2 the
top-most parent cell c j0

k,�
is subdivided into three

independent cells at level j0 + 1, whereas at quad-
rant IV the cell is further subdivided into four
independent leaf cells at level j0 + 2.

Our goal is to locate all independent cells and
extract their connectivity relationships. In order
to simplify the discussion, below we consider only
two distinct resolution levels. Let us assume that
the agent is located at x = (x, y) and the high
resolution horizon is r. Starting from a coarse cell

Fig. 2 Multi-resolution cell subdivision across different
levels

c j0
k,�

we can determine if the cell either partially
intersects or totally belongs to the set N (x, r)
(and hence decide whether the cell needs to be
subdivided into higher resolution cells) by check-
ing whether (k, �) ∈ (K ( j0), L ( j0)). If the cell
needs to be subdivided into higher resolution
cells, the Inverse Fast Lifting Wavelet Transform
(IFLWT) is first performed on the current cell
(local reconstruction) in order to recover the four
approximation coefficients at level j0 + 1 and the
corresponding detail coefficients.

We adopt the raster scan method (namely,
a zigzag search: I→II→III→IV) to examine
each cell inside the parent cell overlapping with
N (x, r). This procedure is recursively repeated
until the maximum resolution level is reached.
Figure 3 illustrates this recursive raster scan
search. Once a cell is recognized as independent,
we assign a node in the graph G with the node cost
being the approximation coefficient representing
the average risk measure over the cell. In addition,
the detail coefficients associated with the current
cell are all set to zero.

The next step is to determine the connec-
tivity/adjacency relationships between all iden-
tified independent cells. To this end, after a cell
has been identified as an independent cell, one
searches its neighboring cells. Following the re-
cursive raster search used for cell identification,
the adjacency search is initiated at the current
cell, confining the search to the following four
directions: Left, top-left, top, and top-right from
the current cell (for 8-connectivity). By doing this,
one establishes half of the links from the current
cell, with the remaining links to the current cell
to be determined later as the recursive raster scan
progresses to the next cells.

(x, y)
2r

Fig. 3 Recursive raster scan for identifying independent
cells
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Along each search direction, it is necessary to
search for independent cells adjacent to the cur-
rent cell. Because the cells may be of different
size, the adjacency search requires the determi-
nation of the search region over which the de-
tail coefficients are examined to find independent
cells. Two search regions are used for each leaf
cell, depending on its location: External search,
which looks for connections from a leaf cell be-
yond the parent cell and internal search which
looks for connections between leaf cells inside the
parent cell. The external and internal search re-
gions are represented by solid and dashed arrows,
respectively in Fig. 4. For the internal search re-
gion, the search is confined over the adjacent leaf
cell while the external search region is determined
based on parent-leaf cell inheritance properties.
That is, in order to determine the external search
region of a leaf cell, the parent cell of that leaf
cell is back-traced until the search region of the
parent cell becomes an internal search region as
one of the solid arrows in Fig. 4. As an illustrative
example, Fig. 5 shows this inheritance property.
In Fig. 5 the current cell is chosen to be c j0+2

I
(blue cell). This cell is a leaf cell of the parent
cell c j0+1

IV , which, in turn, is a leaf cell of the top-
most parent cell c j0

k,�
. The cell c j0+1

IV is located in
the fourth quadrant inside the top-most parent
cell c j0

k,�
, hence the search region for c j0+1

IV ends up
with the internal searches at level j0 + 1 shown

I II

III IV

Fig. 4 Basic connectivity properties with respect to the
location of the leaf cell

c j0
k ,

c j0+ 2
I

c j0+ 1
IV

Fig. 5 Searching an adjacent cell along the left search
direction

in the bottom right diagram in Fig. 4. This search
region is then inherited by the cell c j0+2

I and thus
the adjacency search of the blue cell looks for any
independent cells over c j0+1

III , which, in this case, is
independent.

The previous adjacency search algorithm
refines the search region at higher levels if
one of the adjacent cells is found not to be an
independent cell, that is, if it is comprised of
finer resolution cells. Subsequently, the detail
coefficients at the higher levels inside the search
region are examined in order to find the next finer
cell that is adjacent to the current cell. In Fig. 6a
during the top-left search direction of c j0+2

I , the
process initially examines the cell c j0+1

I located
at the top-left corner of the current cell through
the corresponding detail coefficients. Provided
that the detail coefficients associated with the
cell c j0+1

I take a non-zero value, the search region
is subsequently subdivided. The process repeats
at level j0 + 2 when the neighboring cell to the
current cell becomes an independent cell. In
Fig. 6a, since there exist no other independent
cells along the top-left direction except the shaded
one, a bidirectional link is established between the
current and the opposite cells. Similarly, in Fig. 6b
for the top search direction, after determining
the search region and refining it repeatedly, the
two cells at level j0 + 3 and one at level j0 + 2
are found to be independent and adjacent to the
current cell.

The final result of this process is the graph G
that describes the connectivity between all the
cells in Cd. In the next section we explain how the
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Fig. 6 Refined adjacency
search algorithm

(a) Search top-left (b) Search top

c j0
k , 

c j0+ 2
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c j0+ 1
IV

c j0
k , 

c j0+ 2
I

c j0+ 1
IV

planning is executed on this graph. Before doing
that, next, we briefly investigate the complexity
of the proposed algorithm and the dimensionality
of the resulting graph in terms of the wavelet
transform parameters (i.e., resolution levels and
ranges).

3.2 Complexity Analysis

In order to investigate the scalability of the pro-
posed adjacency search algorithm and, further-
more, get an idea of the ability for real-time ex-
ecution on a given processor, it is desirable to
analyze the algorithm both in terms of computa-
tional time and memory requirements. Since the

proposed algorithm uses recursive calls in both the
steps of identification of cells and for establishing
the links between the cells, obtaining an analytic
expression for the computational complexity is a
non-trivial task. In this section, we instead opt
for estimating the computational complexity of
the algorithm numerically. To this end, suppose
that the input data to the algorithm are given
by a vector of dimension N = n2, containing the
wavelet coefficients from the FLWT of the map
of the environment (assumed to be of dimension
n × n). Again, in order to simplify the analysis, we
incorporate only two distinct levels of resolution:
a coarse level Jmin away from the agent and a fine
level or resolution Jmax close to the agent. The size
of the high resolution window is assumed to be r.
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Fig. 7 Computational cost for the adjacency search algorithm in terms of data size
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Fig. 8 Computational cost for the adjacency search algorithm in terms of window size

We compare the complexity of the algorithm
both in terms of the computational time and the
required memory (e.g., number of nodes of the
resulting graph) with respect to the input data set
and the resolution window size r. For a given input
data of size N, Fig. 7a and b show the correspond-
ing computational time and the number of nodes,
respectively, and for different values of r. As it is
evident from Fig. 7, the computational complexity
grows linearly with N, that is, the complexity is of
order O(N).

Figure 8 shows the computational complexity
of the algorithm with respect to the window size
r, which turns out to be a quadratic relationship,
that is, of order O(r2). This is not surprising, since
the number of cells inside a square cell of size r is
proportional to r2.

In practice, one can use these complexity trends
in order, for instance, to choose the size of the
window r to limit the size of the resulting graph so
that it is commensurate to the available memory
and processing hardware.

4 Multiresolution Path Planning

4.1 Cost Assignment

To each directed edge (u, v) ∈ E of the graph G
describing the connectivity of the multiresolution

cell decomposition in Eq. 12, we then assign an
edge cost, as follows

J (u, v)= rm(cellG (v)) + α‖cellG (u) − cellG (v)‖2,

(13)

where α ≥ 0 is a weight constant. The first term
in Eq. 13 is proportional to the probability that
the target node is close to an obstacle, while the
second term penalizes the (Euclidean) distance
between cellG (u) and cellG (v). The larger the α,
the more emphasis we place on a shorter path.

Given the graph G along with the associated
edge and node costs, we then invoke the A* (or
Dijkstra’s) algorithm [7, 22] to find a path mini-
mizing the accumulated cost from the initial to the
destination node in the graph, or determine that
such a path does not exist.

4.2 Replanning

The proposed multiresolution path-planning algo-
rithm proceeds as follows. Assume the agent is at
location x(ti) at time ti. We construct a multires-
olution decomposition Cd(ti) of W around x(ti)
with corresponding graph G (ti). The A* algorithm
yields a path P(ti) = (vi

1, v
i
2, · · · , vi

�i−1, v
i
�i

= vi
f )

in G (ti) of mixed and free nodes of length �i, where
vi

1 = nodeG (ti)(x(ti)) and vi
f = nodeG (ti)(x f ) if such



J Intell Robot Syst

a path exists. It is assumed that vi
2 is free owing

to the high resolution decomposition of W close
to x(ti). The agent subsequently moves from vi

1 to
vi

2 and the process is continued until some time
t f when ‖x(t f ) − x f ‖ < 1/2Jmax , at which time the
algorithm terminates. At the last step the agent
moves from x(t f ) to x f .

Note that the actual path x(t0), x(t1), . . . , x(t f )

followed by the agent is given by the se-
quence of nodes nodeG (t0)(x(t0)), nodeG (t1)(x(t1)),
. . . , nodeG (t f )(x(t f )). Since the connectivity graph
G (t) changes at each time step, it is therefore
possible that the same state may be visited twice
since it may correspond to nodes of two distinct
graphs. That is, it is possible that cellG (ti)(v

i
k) =

cellG (t j)(v
j
m) for i �= j. This will cause the agent

to repeat the previous (optimal) decision ending
up in an endless loop. In order to avoid such
pathological situations, one needs to maintain a
list LVisited(i) = {x(t0), x(t1), . . . , x(ti)} of all visited
states up to the current time step ti and allow
backtracking, similar to what it is done in other
“short-sighted” path-planning algorithms in un-
certain environments, such as D∗. The specific

implementation of this step is beyond the scope
of this paper and can be found in [10], where the
completeness of the algorithm is also established.

5 From Rectangular to Sector Cell
Decompositions

The cell decomposition of W is given in terms
of square cells, hence also the choice of the par-
ticular norm in Eq. 9. The use of this norm was
motivated by the choice of the Haar family of
wavelets in the decomposition (Eq. 7). In practice
however, information about the environment is
collected via the use of sensors (cameras, radars,
antennas, etc) whose area of influence or field
of view does not conform to the box-like topol-
ogy of Eq. 9. In fact, most typical sensor devices
provide sector-like representations of the environ-
ment (see Fig. 9a). This type of information is
not in the most efficient form for path planning
algorithms that employ square or polygonal cell
approximations of the environment. Such decom-
positions are not compatible to the sector-like

r1
r2

r3

(a) Typical sensor topology. (b) Quadtree decomposition in sector topology.
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Fig. 9 a Typical sensors have different ranges, fields of
view and resolution. Ideally, the algorithm that processes
the sensor data should conform to this topology. b A cell
decomposition based on the available sector approxima-
tion of the environment obtained by the on-board sensor

devices of the agent (denoted with the blue dot). In order
to resolve the geometry of the arc-boundary of each sector
the standard quadtree algorithm generates a large number
of cells close to the boundaries of these arcs
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representations obtained by the onboard sensor
devices [1, 35]. For instance, standard quadtree
decompositions that use rectangular cells will tend
to generate many small-size cells to resolve the
sector boundaries, as seen in Fig. 9b.

Although it is possible to use spherical
wavelets [12, 23] to capture the sector topology
of the onboard vehicle sensors, a simpler way to
overcome this difficulty is to employ a conformal
mapping to relate sector cells to rectangular cells
in a new (polar) coordinate system. Recall that the
polar transformation maps a sector R specified by
the radii ρmin and ρmax and the angles θmin and θmax

from the Cartesian (x, y) plane to the (ρ, θ) plane
using the polar transformation

x = x0 + ρ cos θ, y = y0 + ρ sin θ, (14)

with origin the current location of the agent x0 =
(x0, y0). We can thus obtain a rectangular domain
R ′ in the (ρ, θ) plane, defined by the same radii
and angles. See Fig. 10.

We can use this idea to perform path-planning
exclusively in the (ρ, θ) domain. In this case,
the Haar wavelet decomposition of the function
f ′(ρ, θ) = f ◦ φx0(ρ, θ), where φx0 : R × S1 �→ R

2

is the function defined in Eq. 14 for each given x0

at resolution level J ≥ Jmin is given by

f ′(ρ, θ) =
2Jmin −1∑

k,�=0

aJmin,k,� �Jmin,k,�(ρ, θ)

+
3∑

i=1

J−1∑

j=Jmin

2 j−1∑

k,�=0

di
j,k,��

i
j,k,�(ρ, θ), (15)

and induces a square cell decomposition of W
of square cells of dimension 1/2J × 1/2J in the

(ρ, θ) coordinate system, similarly to Eq. 7. The
approach leads to cell decompositions that are
reminiscent of log-polar [25, 35] and hyperbolic-
polar [30] representation, but with an additional,
naturally embedded, sector multiresolution struc-
ture. An illustration of this idea is demonstrated
in the next section.

6 Numerical Simulation Results

6.1 Comparison with Full Information
Path-Planning

In this section, we compare the performance of
the proposed multiresolution algorithm with the
one utilizing the full (fine resolution) information
about the environment. The latter is assumed to
be square of dimension 512 × 512 units. To search
the path on the associated graph, we employed
Dijkstra’s algorithm which always ensures finding
an optimal path, if one exists. A highly cluttered
environment shown in Fig. 11 was chosen as the
test scenario. The multiresolution algorithm was
executed based on a coarse level Jmin = 4 and
a fine level Jmax = 9. The size of the fine reso-
lution window around the agent is r = 20. Both
algorithms were written in C/C++ using a dy-
namic heap structure for the sake of computa-
tional efficiency, and were executed on a desktop
PC equipped with a dual-core CPU at 1.6 GHz
with 2 GB of RAM memory.

Table 1 summarizes the performance of the two
algorithms. In the table, the percentage values
represent the performance of the proposed mul-
tiresolution algorithm over the fine resolution

Fig. 10 A multiresolution
approximation of the
rectangular domain in
(ρ, θ) system defined by
the radii ρmin and ρmax
under the inverse
conformal mapping gives
a multiresolution sector
approximation of an
annulus cut defined by
the same radii
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Fig. 11 Qualitative comparison of path optimality. The
solid line shows the optimal path while the dashed line
gives the sequence of the visited nodes, i.e., the actual
path followed by the agent. In the right f igure, the early
deviation of the path owing to the obstacles around the

start node results in a different path than the optimal one
obtained when full information about the environment is
used. The difference in length between the two paths is not
significant however

path-planning algorithm. It is seen that for the sce-
narios tested, the multiresolution path-planning
algorithm gives a slightly longer path (about 5%)
than the optimal one, while using less than 1% of
the cells of the full information case. Furthermore,
the task execution time (TET) for the multireso-
lution case is approximately 50–60% of the com-
putational load of the fine resolution case.

The multiresolution path planning algorithm
has been tested on a different environment, where
large obstacles are supposed to stand in a possible
route of the agent. Figure 12 compares the per-
formance of the multiresolution algorithm with

respect to the size of the fine resolution window.
The dashed line represents the optimal path ob-
tained from the standard path planning algorithm
on a uniform, fine resolution grid. The solid line
represents the path from the multiresolution algo-
rithm followed by the agent. From the starting lo-
cation (lower-left corner of the figure) to the goal
(lower-right corner), the optimal path is found to
pass through a narrow passage between the rec-
tangle and the circular obstacles. However, in the
first case in Fig. 12a, where a small size of fine res-
olution window is assumed, the multiresolution al-
gorithm finds a different path that circumvents the

Table 1 Performance of full and multiresolution path-planning for the selected scenarios

Scenarios No. of nodesa TETb (s) Path lengthc

Easy 1667 (0.64%) 53.19/4.49 (8.44%) 119/132 (110%)
Intermediate 1648 (0.63%) 94.92/5.60 (5.9%) 170/171 (101%)
Difficult 1636 (0.62%) 237.90/13.88 (5.83%) 418/442 (106%)
Long travel 1610 (0.61%) 236.40/16.82 (7.11%) 518/534 (103%)
a The total number of nodes determines the memory requirements. For the multiresolution case, the number represents the
average number of nodes over i = 0, · · · , f . For the full information case the number of nodes is fixed at 262144
b The task execution time (TET) varies depending on the location of the goal node relative to the start node
c Given a static scenario the full resolution path-planning yields a single optimal path for each case. For the multiresolution
case the path length is the same as the size of the visited set at t = t f . For simplicity, the length of the path is the number of
discrete steps
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Fig. 12 Qualitative comparison of path optimality in an
office environment. The dashed line shows the optimal path
while the solid line represents the actual path followed by

the agent. In the right f igure, the increased fine resolution
window helps to detect the narrow passage between obsta-
cles. Hence, it results in a path similar to the optimal path

circular obstacle. This is explained by the fact that
in the early stage of planning the multiresolution
path planning algorithm is unable to recognize the
narrow passage as probable obstacle region owing
to the coarse level of representation at far away
distance. Subsequently, the multiresolution algo-
rithm suggests an alternative path routed below
the circular obstacle. The multiresolution algo-
rithm tends to stick to the earlier path, while trying
to find a best path at each time step. In contrast,
when the size of fine resolution is increased in
Fig. 12b the multiresolution algorithm can see the
narrow passage and result in a path close to the
optimal one.

6.2 UAV Path-Planning

In this section we present simulation results of the
proposed algorithm for a non-trivial scenario. In
the first scenario, the environment W is an actual
topographic (elevation) map of a certain state in
the US. The objective is for the UAV to follow a
path from start to destination (the latter denoted
by an X in Fig. 13), while flying as low as possible,
and below a certain elevation threshold. Blue

color areas in Fig. 13 correspond to regions of low
risk (elevation in this case) and red color areas
correspond to regions of high risk that should be
avoided. The environment is assumed to be square
of dimension 128 × 128 units. Hence N = 6 is the
finest resolution possible. We choose the fine level
as Jmax = 6 and the coarse level as Jmin = 3. This
choice makes the total number of nodes in the
graph not to exceed the maximum count of 256
that corresponds to the maximum allowable vari-
able size of the micro-controller used for this par-
ticular instance to implement the algorithm [15].
The ranges from the current location at distinct
levels of resolution are selected as (r6, r5, r4) =
(8, 15, 30).

Figure 13 shows the evolution of the path at
different time steps, as the agent moves to the final
destination. In each figure, the solid line repre-
sents the actual path followed by the agent, while
the dashed-dot line represents the best pro-
posed path to the destination at that particular
instant.

We next present the results for the case of path-
planning with sector-like cells, as described in the
previous section. The environment in this case
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Fig. 13 Path evolution
and replanning. Figures
on the left show the
multiresolution
approximation of the
environment with respect
to the current location of
the agent
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is assumed to be square of dimension 512 × 512
units (pixels). Hence N = 9 is the finest resolution
level. For simplicity, only two levels of resolution
are chosen for this case. Inside a circle of radius
of 100 unit cells, we employ a high resolution

approximation; outside this area we employ a low
resolution approximation of W ′.

The results from the proposed multiresolution
path-planning algorithm using a fine resolution
level Jmax = 5, and a low resolution at level Jmin =
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Fig. 14 Path evolution
with time. The figures
show the actual path
(solid line) along with the
most recent tentative path
(dotted line) of the agent
at each time step. The
agent reaches the final
destination at t = t f
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3 are shown in Fig. 14. In the left column the local
multiresolution view of the environment as seen
from the onboard sensors is shown at different
instances of time. The right column shows the
environment and the path followed up to that
instance in the original map of the environment.

7 Conclusions

Autonomous path-planning for small UAVs (and
other small size autonomous vehicles) often intro-
duces severe restrictions during control algorithm
implementation, stemming from the limitations
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imposed by the on-board hardware, as well as
the requirement for real-time execution. In this
work we have proposed a method to overcome
this problem by using a new hierarchical, mul-
tiresolution path-planning scheme. The algorithm
computes at each step a multiresolution represen-
tation of the environment using the wavelet trans-
form. The idea is to employ high resolution close
to the agent and coarse resolution at large dis-
tances from the current location of the agent, thus
allotting the computational resources to the part
of the problem (in the tempo-spatial domain) that
is most relevant or urgent. As an added benefit
of the proposed algorithm, the adjacency list of
the resulting cell decomposition can be computed
directly from the nonzero detail coefficients of the
wavelet transform, thus speeding up the whole
process. The algorithm is scalable and can be tai-
lored to the available computational resources of
the mobile agent.

Several improvements and refinements of the
previous baseline path-planning algorithm are
possible. First, for dynamically changing envi-
ronments, an incremental implementation in the
spirit of D* or LPA* [20, 32] in lieu of the Dijk-
stra’s algorithm should result in a much more
efficient algorithm. In particular, it can also han-
dle the cases where the agent has no or partial
knowledge of the environment a priori. Such an
extension would use the prior graph structure
at each replanning step to minimize redundancy.
In the current implementation, during each re-
planning step, all the previous information is dis-
carded. For an initial attempt towards this di-
rection, see [9, 10]. Second, wavelet processing
invites the use of other families of wavelets be-
yond the Haar system. The benefits from the
use of non-Haar wavelets is still to be deter-
mined however. Third, multiresolution processing
opens the avenue for more general connectivity
relationships between the cells, beyond the stan-
dard 4-neighborhood of 8-neighborhood connec-
tivity. See [26] for an implementation on path-
planning problems using beamlet-like connectiv-
ity between the nodes in the underlying search
graph. Finally, the extension to three-dimensional
navigation problems is also possible, albeit some-
what cumbersome. Conceptually not much will
change, besides the fact that one now has to deal

with cubes instead of square cells. Three-
dimensional wavelet transforms are available in
the relevant literature, and can be applied to get
the representations of the environment, vis-a-vis
the 2D case. Despite the increased complexity
introduced when dealing with the third dimension,
the benefits of the multiresolution representation
are expected to be even larger for the 3D case, as
the number of cells in a decomposition increases
faster for the 3D than the 2D case.
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