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The space sector is currently undergoing a push from industry, several governments, and
academia to enable routine satellite servicing in orbit. Among the many challenges, the complex
dynamic interactions between the satellite base and the robotic arm are of primary concern.
While some missions may rely on the grappling of the host satellite, which would simplify
servicing by virtue of fixing the relative kinematics between the two satellites, future space
missions may also require single point-of-contact between two satellites. Thus, precise endeffector control of the maneuvering satellite and its base is required. While effective control
tools exist in the fields of spacecraft pose control and robotics, simple methods to combine
them lack in the space robotic servicing literature, which often requires complex derivations,
and can be subject to constraints – as is the case with a fixed center of mass, or a zero
angular momentum system. In this paper, we combine the well-known recursive Newton-Euler
approach with appropriate spacecraft control algorithms to perform coordinated control of
a spacecraft manipulator system. We discuss the interface between the two models (the base
and the manipulator), and incorporate several realistic actuation models including thrusters
and momentum exchange devices. In addition, we propose a novel actuation approach through
a cluster of four Variable Speed Control Moment Gyroscopes (VSCMGs). The system is
simulated and the proposed controllers implemented and tested according to the different
actuation modes of the spacecraft. The simulation results are discussed and the performance
during each scenario is analyzed.
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⊗

=

Unit quaternion product operator

F

=

Inertial frame of reference
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B

=

Satellite-body frame of reference

G

=

Gimbal mount frame of reference

W

=

Wheel frame of reference

{C, i}

=

Frame of reference with origin at the center of mass of body i, with axes aligned with frame i

Rx

=

Rotation matrix transforming coordinates from frame x to frame y

PCx

=

Position of point C, expressed in frame x

z
Px/y

=

Position of the origin of frame x with respect to frame y, in frame z coordinates

z
vx/y
, ωzx/y

=

Linear and angular velocity of frame x with respect to frame y, in frame z coordinates

vx/y, ωx/y

=

Linear and angular velocity of frame x with respect to frame y, in frame x coordinates

vÛ z{C,x }/y

=

Acceleration of point C – fixed in frame x – with respect to frame y, in frame z coordinates

hx/O

=

Angular momentum of body x, computed about point O and expressed in frame y coordinates

qx/y

=

Unit quaternion from frame y to frame x

H

=

Set of unit quaternions

γÛ

=

Gimbal rate, [rad/s]

Ω

=

Wheel speed, [rad/s]

θ

=

Manipulator joint variable, [rad]

M(θ)

=

Manipulator inertia matrix

Û
C(θ, θ)

=

Manipulator Coriolis and centrifugal torques

G(θ)

=

Manipulator gravitational torques

J(θ)

=

Manipulator Jacobian matrix

τarm

=

Manipulator joint torques, [N/m]

τwh

=

VSCMGs torques, [N/m]

x
Ii/O

=

Inertia tensor of body i, computed about point O, expressed with respect to the x-frame

ICi

=

Inertia tensor of body i, computed and expressed in frame {C, i} attached to the center of mass

1N

=

Identity matrix of size N × N

0N

=

Null matrix of size N × N

j
j
Fi , Ti

=

Force, torque acting on the center of mass of body i, in frame { j} coordinates, [N] and [N/m]

Fi, Ti

y

y

=

Force, torque acting on the center of mass of body i, in frame {i} coordinates, [N] and [N/m]

j
fi , ti

=

Force, torque exerted by link i − 1 on link i, in frame { j} coordinates, [N] and [N/m]

fi, ti

=

Force, torque exerted by link i − 1 on link i, in frame {i} coordinates, [N] and [N/m]

fthr, tthr

=

Force and moment exerted by the thrusters, in frame { j} coordinates, [N] and [N/m]

σ

=

Vector of scalar thruster forces, [N]

j

j

j

2

I. Introduction
The theoretical interest to use robotic manipulators in space has flourished since the early 70’s [1] and has evolved
into a thoroughly studied field. JPL landed Viking I on Mars in 1976, claiming the race to the first use of a robotic arm
outside of planet Earth. The first satellite-mounted robotic arm would come almost 20 years later, in 1998, when the
ETS-VII [2] became the first experimental robotic arm to demonstrate grappling of another resident space object.
The main difficulty of performing robotic automated operations in orbit arises from the coupling between the
movement of the arm and the satellite base. The literature thus far has mainly focused on generalizing the dynamics [3–5],
which can be derived using different approaches. However, with increases in computational power, strides have been
made in the development of different control strategies, including numerical algorithms from optimal and stochastic
control [6–9]. Modern control algorithms also aim at minimizing the use of expendables, such as fuel and wear of the
reaction wheels.
The push for robotic manipulation in space is led by a mixture of commercial and governmental stakeholders. For
example, the ISS robotic arm, CANADARM, was a successful collaboration between Canadian industry and NASA [10].
Recently, the Robotic Servicing of Geosynchronous Satellites (RSGS) program by DARPA, aims at bridging the gap
between technology development and deployment. The mission will capture, reposition, repair, and upgrade GEO
satellites. NASA’s RESTORE-L mission goal is to demonstrate autonomous rendezvous, docking, and servicing of
orbiting spacecraft, with the ultimate objective of kickstarting the commercial space servicing industry. Both RSGS and
RESTORE-L will utilize robotic arms to perform their respective missions.
The existing approaches when dealing with the arm-satellite coupling dynamics can be divided in two categories:
internal control and coordinated control. The first approach [11–13] considers the motion of the free-floating platform
— one in which the satellite base is not actively controlled — in the trajectory planning phase, and corrects the joint
motions in order to compensate a priori for the motion of the base. This technique allows saving resources but requires
a significantly more complicated control strategy, which is highly dependent on the robotic arm configuration [14].
In the second method, reaction control systems maintain a desired attitude and/or position of the base, depending on
the types of actuators available, by counteracting the reaction torques and forces generated by the joints’ movements.
This configuration is referred to as a free-flying spacecraft [15]. This approach allows decoupling the planning of the
joint trajectories from the motion of the base, and is useful when a particular base attitude is required (for example due
to constraints imposed by communication, solar pointing, or payload, among others). On the other hand, a free-flying
configuration requires expenditure of valuable resources, such as fuel or electrical power.
Several previous works in coordinated arm-satellite control are worth mentioning. Papadopoulos and Dubowsky [16]
proposed a control method that extends the well known fixed-base Computed Torque Controller to the realm of
satellite-mounted robotic manipulators. The authors did this by extending the state, and computing the appropriate
generalized forces as a function of the base forces and torques, as well as the joint torques, to invert their relationship.
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This inversion yields the forces and torques to be applied at the base, as well as the joint torques. Work by Carignan [17]
outlines an intuitive and flexible development of the equations of motion, along with a control strategy to keep the
satellite base stabilized, while the manipulator performs a given task. His work, however, pays no particular attention to
the task performed by the end-effector. Jayakody et al [8] proposed a coordinated control method that is robust with
respect to the mass properties of the system, and with respect to external disturbances. However, the algorithm does not
provide an appropriate path planning strategy, and thus, inertial maneuvers cannot be achieved without manual a priori
computations.
The purpose of this paper is twofold. First, we aim to develop a faithful simulator of a complex multibody system
such as the free-floating and free-flying satellite with one or more manipulators mounted on it. In particular, the model
is generalizable to any type of serial multibody system attached to the platform, and allows modeling any combination
of the most common types of satellite-borne actuators, such as thrusters, reaction wheels and (variable speed) control
moment gyroscopes. The validity of the model is assessed via checking the conservation of both linear and angular
momentum, and by assessing the movement of the system’s center of mass for a variety of different maneuvers, both in
free floating and free flying modes.
The second goal of this work is to incorporate a control framework that can simultaneously deliver satisfactory
performance for satellite-base stabilization and accurate end-effector pose tracking of a time-dependent trajectory. This
is achieved by modeling the coupled dynamics with a modified version of the iterative Newton-Euler routine that
accounts for the interaction between the satellite base and the manipulator, a feedback-linearization (through a Computed
Torque Controller) control strategy for the arm, and a quaternion error feedback law for stabilization of the satellite base.
The approach allows for control of the satellite base using the VSCMGs in one of their three modes for attitude
control (VSCMGs, CMG or RW), in combination with thrusters to perform station-keeping. This is the first work in
which a complete solution for the multi-body dynamics problem with a VSCMGs actuated arm-satellite platform is
provided. In addition, this is the first instance in which all possible combinations of actuators (thrusters, RW, MW,
CMG, VSCMG) are considered in a unified framework to enable end-effector trajectory tracking for a space robotic
manipulator.
The paper is structured as follows: in Section II, we introduce the satellite dynamics without any manipulator
attached. Next, in Section III, we present the analysis of the manipulator alone, based on the recursive Newton-Euler
algorithm. In Section IV, we merge the arm and satellite dynamics, obtaining a complete, recursive algorithm for the
simulations of the coupled satellite-arm(s) system. In Section V, we incorporate a complete attitude control system by
adding a cluster of Variable Speed Control Moment Gyroscopes (VSCMGs) and a set of fixed thrusters on the satellite.
Section VI is dedicated to the development of the control laws for stabilization of the satellite base and pose tracking of
the end-effector. Finally, in Section VII we present some simulations and characterize the performance of the proposed
controller.
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Notation Preliminaries
We define ωzx/y as the angular velocity of the frame x with respect to frame y, expressed in z-frame coordinates, and
z
vx/y
as the linear velocity of frame x with respect to frame y, and expressed in z-fame coordinates. In order to simplify
y

the notation, the z superscript will be dropped when frame z is coincident with frame x. The matrix Rx will denote the
rotation matrix that transforms coordinates from frame x to frame y.
The operator [ · ]d is a square diagonal matrix defined such as, for a vector x ∈ Rm×1 ,
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Calligraphic symbols will denote reference frames. Specifically, F will denote the inertial reference frame, B will
denote the satellite body frame, {C, B} will denote the satellite body’s center of mass frame and {i} will denote the
frame attached to link i of the robotic manipulator, whose center is defined by the Denavit-Hartenberg convention [18],
which henceforth will be dropped for ease of notation. Frame {i = 0} will indicate the manipulator base frame, fixed
with respect to the satellite body.

II. Satellite Model
In this section, we present the general equations of a free-flying rigid body subject to internal and external actuation.
This model will be further specialized to take into account the effect of a robotic arm attached to the main body. We
approach this multibody problem by first decoupling the arm and the satellite dynamics. The mutual effects will be
treated as external interactions between the two, and will be detailed in Section IV.
A. Dynamics
The linear and rotational dynamics of a rigid body can be described as follows
FBF = mB vÛ F{C,B }/F ,

(2)

TB = ICB ωÛ B/F + ωB/F × ICB ωB/F ,

(3)

where FBF and TB are the force and moment acting at the center of mass of the satellite body, respectively, expressed
in the frame indicated by the superscript. Specifically, the term vÛ F{C,B }/F represents the acceleration of the satellite
body’s center of mass with respect to the inertial frame, expressed in inertial frame coordinates, whereas ωB/F and
ωÛ B/F denote the angular velocity and acceleration of the satellite with respect to the inertial frame, expressed in body
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coordinates. The satellite has mass mB and inertia ICB , when expressed about the origin of the satellite’s center of mass
frame {C, B}, with axes parallel to the B frame.
If actuators are present, Eqs. (2) and (3) can be further specialized to
Õ

Õ

F
ft,i
= mB vÛ F{C,B }/F ,

(4)

B
B
B
B
Pt,i
× ft,i
= ICB ωÛ B/F + ωB/F × ICB ωB/F + hÛ med
+ ωB/F × hmed
,

(5)

B represents the force generated by the i-th thruster, expressed in the body frame and mounted at the position
where ft,i
B from the vehicle’s center of mass. The terms h
Û med and hmed account for the excess angular momentum of any
Pt,i

momentum-exchange device mounted on the satellite. The general approach illustrated in Section V.B allows one to
specialize the problem to any cluster of N (variable speed) control moment gyroscopes (VSCMG), momentum wheels
(MW) or reaction wheels (RW).
B. Kinematics
The unit quaternion qx/y is used to describe the attitude of frame x with respect to frame y. We will often drop
the subscripts when the relevant frames are obvious from the context, and use the simpler notation q = (q0, q̄) where
q ∈ H, with H being the set of unit quaternions defined by H = {q : q = q0 + q1i + q2 j + q3 k, q0, q1, q2, q3 ∈ R, i 2 =
j 2 = k 2 = −1, i j k = −1}, q0 ∈ R is the scalar part of the quaternion, and q̄ = [q1, q2, q3 ]| ∈ R3 is the vector part of the
quaternion. The unit quaternion can be constructed from the unit Euler axis n̂ and the Euler angle Φ as


q = cos Φ , n̂ sin Φ .
2
2

(6)

The unit quaternion qx/y can be interpreted as a rotation of an angle Φ about the axis described by the unit vector n̂.
The kinematic differential equation describing the time evolution of the quaternion is given as [19]
qÛx/y =

1
1
y
qx/y ⊗ (0, ωx/y ) = (0, ωx/y )⊗ qx/y,
2
2

(7)

where the operator ⊗ denotes quaternion multiplication.

III. Manipulator Model
In this section we analyze the dynamics of the robotic arm as a standalone multibody system, with the aid of the
recursive Newton-Euler method [20].
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Free body diagram of link i, with force balance

A. Dynamics: Newton-Euler Method
The Newton-Euler approach is based on the balance of all the forces and torques acting on a generic link of the
manipulator. The solution of this problem is well suited for a recursive approach, thus making it our preferred choice for
modeling the dynamics of the satellite-arm configuration. The method avoids complicated derivatives with respect
to generalized coordinates, as it is common with Lagrangian-based approaches [19]. The recursive Newton-Euler
algorithm can be implemented following the method introduced by Luh and Walker [20, 21]. The algorithm is composed
of two parts: the outward iteration and the inward iteration. The first part consists of the calculation of the manipulator
kinematics: computations are propagated from link 1 (the one closest to the base) to link N (the one closest to the
end-effector) of the given chain; hence the name outward.
1. Outward Iteration
We first describe the notation used to develop the manipulator equations. Each link i has a frame {i} , { x̂i, ŷi, ẑi }
attached to it, according to the Denavit-Hartenberg convention [18] (refer to Fig. 1). The angle θ i+1 is the angle from
link i to link i+1 computed at joint i+1 around the axis identified by the unit vector ẑi+1 , the latter being expressed in
frame {i + 1} , { x̂i+1, ŷi+1, ẑi+1 }. By further defining {C, i} as the frame attached to link i, with the origin at the center
of mass of link i and with the same axes orientation of frame {i}, the vector P {C,i }/j indicates the distance between the
center of mass of link i and the origin of frame { j}, computed with respect to frame { j} and expressed in frame {C, i}.
Moreover, v {C,i }/j is the relative velocity of the center of mass of link i with respect to the origin of frame { j} and
expressed in frame {C, i}.
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The kinematic propagation is obtained using the following equations
ωi+1/F =Rii+1 ωi/F + θÛi+1 ẑi+1,

(8)

ωÛ i+1/F =Rii+1 ωÛ i/F + Rii+1 ωi/F × θÛi+1 ẑi+1 + θÜi+1 ẑi+1,

(9)

vÛ {C,i+1}/F =Ûvi+1/F + ωÛ i+1/F × P {C,i+1}/i+1 + ωi+1/F × (ωi+1/F × P {C,i+1}/i+1 ).

(10)

Applying Eqs. (2) and (3) we can calculate the inertial forces and torques applied on link i+1 using
Fi+1 =mi+1 vÛ {C,i+1}/F ,

(11)

Ti+1 =ICi+1 ωÛ i+1/F + ωi+1/F × ICi+1 ωi+1/F ,

(12)

where ICi is the inertia tensor of link i expressed in the frame {C, i} attached to the link center of mass. This first set of
equations is computed starting from i = 0 and arriving at i = N − 1.
2. Inward Iteration
In addition to the inertial force and torque computed in the outward iteration, each link experiences also the reactions
exerted on it by the adjoining links. The free-body diagram of Fig. 1 yields the following equilibrium equations
i
Fi = fi − Ri+1
fi+1,

(13)

i
i
Ti = ti − Ri+1
ti+1 − P {C,i }/i × fi − (Pi+1/i − P {C,i }/i ) × fi+1
,

(14)

i is the force exerted by link i on link
where fi is the force exerted by link i − 1 on link i, expressed in frame {i}, fi+1

i + 1, expressed in frame {i}, ti is the torque exerted by link i − 1 on link i, expressed in frame {i}, and Pi/j indicates
the distance between the origin of the frame attached to link i computed from the origin of the frame attached to link j
and expressed in {i}-frame coordinates. Equation (14) can be rearranged with the aid of Eq. (13) as
i
i
Ti = ti − Ri+1
ti+1 − P {C,i }/i × Fi − Pi+1/i × Ri+1
fi+1 .

8

(15)

Re-arranging Eqs. (13) and (15), we obtain the expressions needed to iteratively determine the reaction torque being
applied at each joint. The equations are summarized as
i
fi =Fi + Ri+1
fi+1,

(16)

i
i
ti =Ti + Ri+1
ti+1 + P {C,i }/i × Fi + Pii+1/i × Ri+1
fi+1,

(17)

τi =ti| ẑi,

(18)

where τi is the scalar component of the joint torque ti , projected along the ẑi axis, exerted by link i − 1 on link i. For
i = N, the terms f N +1 and t N +1 appearing in Eqs. (13), (14) are defined as the external forces and torques acting on the
end-effector, such as those generated by impacts or tool interactions, for example. We will denote these external forces
and torques as Fext , [ f N +1, t N +1 ]| . Since the calculations are taken from the end-effector to the first link, the index
count for the iterative solution will start at N and decrease to 1. Thus, this part of the algorithm is called the inward
iteration.
Compactly, the Newton-Euler outward and inward routine can be summarized with the dynamic equation [22]
Û + J(θ)| Fext + G(θ) = τarm,
M(θ)θÜ + C(θ, θ)

(19)

Û ∈ RN×1 contains the Coriolis and centrifugal
where M(θ) ∈ RN×N is the inertia matrix of the manipulator, C(θ, θ)
torques, J(θ) ∈ RN×N is the Jacobian mapping matrix, Fext ∈ RN×1 is the vector of external forces and torques,
G(θ) ∈ RN×1 contains, if present, the gravitational torques, θ = [θ 1, . . . , θ N ]| ∈ RN×1 is the joint variables vector and
τarm = [τ1, . . . , τN ]| ∈ RN×1 is the joint torque vector.
B. Free-flying Base and Boundary Conditions
For both inward and outward iterations, some starting conditions are needed.

We first define the frame

{0} , { x̂0, ŷ0, ẑ0 } as the frame attached to the first link of the manipulator, located at the joint that connects it
with the satellite base. While this frame is fixed in the case of a fixed base manipulator, for a manipulator mounted on a
free-flying body, frame {0} is no longer inertial, and the quantities ω0/F , v0/F depend on the vehicle state as follows
ω0/F = RB0 ωB/F + θÛ0 ẑ0,

(20)

ωÛ 0/F = RB0 ωÛ B/F + RB0 ωB/F × θÛ0 ẑ0 + θÜ0 ẑ0,

(21)

B
B
vÛ0/F = RB0 [ vÛB/F + ωÛ B/F × P0/B
+ ωB/F × (ωB/F × P0/B
)],
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Fig. 2 Free body diagram of the satellite body, with indicated the manipulator reaction force f0 and torque t0
on the base platform
.

where ωB/F , vB/F are the angular and linear velocities of the body frame B with respect to the inertial frame F , expressed
in B body coordinates. Since the base frame of the manipulator {0} is assumed to be rigidly attached to the satellite
frame, B, and since there is no relative motion between the two components it follows that θÛ0 = θÜ0 = 0, Eqs. (20) and
(21) simplify to
ω0/F = RB0 ωB/F ,

(23)

ωÛ 0/F = RB0 ωÛ B/F .

(24)

Therefore, at every iteration, after the initial conditions ωB/F , ωÛ B/F , vÛB/F and external forces and torques Fext have
been given, the outward and inward routines are run in sequence. These ultimately provide the reaction forces f0 and t0
acting on the manipulator base frame {0} due to the arm’s dynamics, and are obtained by propagating Eqs. (16) and
(17) until i = 0. At the satellite body frame B, the free-body diagram (Fig. 2) yields
fB =FB + R0B f0,

(25)

B
tB =TB + R0B t0 + P {C,B }/B × FB + P0/B
× R0B f0,

(26)

where the vector P {C,B }/B is the offset between the frame with origin at the center of mass of body B and the body frame
itself, expressed in the B frame.
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IV. Model Integration
In summary, the equations of motion of a free-flying manipulator can be expressed as follows [23]


Mmb 


Mb 




 M


 |
M
 mb




     


     |
τarm 
 θÜ  C   J 


     
,
  +   +   Fext = 
 F
     |
F 
 xÜ Cb   J 
 B 
     b


     

(27)

where M, C, J, and τarm are described as in Eq. (19), Mb = diag([m13×3, JB ]) is the inertia matrix of the satellite base,
ÍK
with m = m f + k=1
mc,k , where m f is the mass of the satellite frame without VSCMGs and mc,k is the mass of the
k-th VSCMG. The inertia matrix JB includes the satellite frame and the wheels, and its components are discussed in
Section V.B. Mmb ∈ R N ×6 is the coupling inertia matrix between the satellite base and the arm, Cb ∈ R6×1 is the nonlinear
Coriolis vector for the satellite base, Jb ∈ R6×6 is the Jacobian matrix for the satellite base, FBF = [ fBF , tBF ]| ∈ R6×1 is
F
F
the resultant of all the forces and torques applied by thrusters and wheels on the satellite, and xÜ = [ÛvB/F
, ωÛ B/F
]| ∈ R6×1

is the vector of generalized accelerations of the satellite base. Recalling that − f0 and −t0 are the force and torque applied
on the satellite by the manipulator, and seen by the spacecraft as external contributions, it is possible to generalize
the model to multiple manipulators. That is, the components fBF , tBF of the force vector FBF can be specialized, from
Eqs. (25) and (26), as
fBF =FBF +

Õ
p

R0,F p f0, p,

tBF =TBF + PF{C,B }/B × FBF +

(28)
Õ
p

R0,F p t0, p + P0,F p/B × R0,F p f0, p,

(29)

with f0, p, t0, p being the force and torque exerted by the p-th manipulator on the satellite frame expressed in the
p-th manipulator base frame {0, p}. Reassuming these expressions into the forward dynamics [19, 23], one gets the
comprehensive formulation for a manipulator mounted on a free-flying satellite∗








 θÜ 
τarm 












F
F
F
|
Û + J(P
e
e
e
Û θ, θ)
, qB/F , x,
, qB/F , θ) Fext =  f F  .
M(P
, q , θ)  vÛ F  + C(P
B/F
B/F B/F
B/F
 B/F 
 B 




 F 
 F 
ωÛ

t 
 B 
 B/F 





(30)

Due to the computational burden of obtaining the mass and Coriolis matrices analytically, one may resort to the numerical
Û
e F , qB/F , θ) and C(P
e F , qB/F , x,
Û θ, θ).
procedure described by Walker in [24] that yields the numerical values of M(P
B/F
B/F
∗ The choice of expressing the parameters in the F frame is arbitrary and they can be easily expressed in any other convenient frame through
matrix frame multiplication.
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With knowledge of each of the matrices, we can solve for the generalized acceleration vector as follows
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(31)

This generalized acceleration vector can then be integrated to obtain the new linear and angular velocities of the satellite
base, vB/F and ωB/F , as well as the joint generalized velocities. The velocities are then used to propagate the satellite
F
position PB/F
and the attitude quaternion qB/F from Eq. (7), as well as the new joint generalized coordinates.

V. Actuator Modeling
In this section, the main types of spacecraft actuators will be introduced and specialized to the problem of controlling
a free-flying spacecraft. In particular, we will discuss the use of thrusters and momentum exchange devices.
A. Thrusters
The external forces and torques applied by a set of S thrusters are
B
fthr
=

S
Õ

B
fthr,i
,

(32)

B
B
Pthr,i/{C,B
} × fthr,i,

(33)

i=1
B
tthr
=

S
Õ
i=1

B
with Pthr,i/{C,B
being the relative position of thruster i with respect to origin of the satellite’s center of mass frame,
}

{C, B}, expressed in the B frame. The effect of the thrusters on the dynamics can be modeled as [7, 25, 26]
   
 B  
 f  H f 
 thr   
  =   σ = Hσ,
 B   
 t   Ht 
 thr   
   

(34)

where H f , Ht ∈ R3×S are, respectively, the force and torque mapping matrices between the thrusters and the net force
and torque on the mounting body, which depend on the placement of the thrusters with respect to the center of mass of
B k, exerted along
the body. The vector σ = (σ1 . . . σi . . . σS )| ∈ RS contains the scalar thruster forces, that is σi = k fthr,i

the direction the thrusters are mounted, and which are lower- and upper-bounded as
σmin ≤ σi ≤ σmax

12

i = 1, 2, . . . , S.

(35)
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The lower and upper bounds σmin, σmax are dictated by the thruster characteristics.
One way of determining the thruster firing allocation is by solving a linear program [27]. The problem then becomes
one of finding σ such that
σopt = argmin
σ

S
Õ

σi,

(36)

i=1

B
subject to H f σ = fthr

(37)

B
Ht σ = tthr

(38)

σmin ≤ σi ≤ σmax,

i = 1, 2, . . . , S.

(39)

The optimum solution, if it exists, is then converted into the respective PWM duty cycle [6], as described in more detail
in the simulation section.
B. Momentum Exchange Devices
Consider now a cluster of K single-gimbal VSCMGs. The vectors defining the gimbal frame G for one VSCMG are
pictured in Fig. 3 as follows:
• ês is the spin axis, along the spin axis of the wheel,
• êt is the torque axis that completes the gimbal frame G = { ês, êt , êg },
• êg is the gimbal axis, along the rotation axis of the gimbal.
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The dynamic equations of motion for a satellite with a cluster of K VSCMGs have been developed in [28] and are
presented here for convenience as


Û
Û d (Ics −Ict )A|s +As [γ]
Û d (Ics −Ict )A|t ω +JωÛ +Ag Icg γÜ +At Iws [Ω]d γÛ +As Iws Ω+ω
At [γ]
× Jω +Ag Icg γÛ +As Iws Ω = Mext,
(40)
where ω represents the angular velocity of the satellite with respect to the inertial frame, expressed in body coordinates,
as defined in Eq. (2), in which subscripts have been dropped for simplicity. The matrix J is the moment of inertia of the
entire spacecraft, given by
J = IB + As Ics A|s + At Ict A|t + Ag Icg A|g ,

(41)

in which IB is the combined inertia matrix of the spacecraft frame inertia ICB (see Eq. (3)), and of the distributed inertias
of the wheels point masses. The matrices Ic? are diagonal with elements the combination of the inertia values of the
gimbal plus wheel structure, such that Ic? = Ig? + Iw?, with Ig? = diag[Ig?1, . . . Ig?K ] and Iw? = diag[Iw?1, . . . Iw?K ],
where ? is s, t or g. The matrix A? = [e?1, . . . e?K ] ∈ R3×K contains the spin, torque and gimbal unit vectors expressed
with respect to the B frame and the column vectors γ = (γ1 . . . γK )| ∈ RK×1 and Ω = (Ω1 . . . ΩK )| ∈ RK×1 contain
the gimbal angles and the spin rates of the VSCMGs, respectively. Two specialized cases of equation (40) can be
highlighted. In the case where the VSCMGs are operated as conventional control moment gyroscopes (CMG), in which
Û = 0, Eq. (40) becomes
case Ω


Û d Icst A|s + As [γ]
Û d Icst A|t ω + JωÛ + Ag Icg γÜ + At Iws [Ω]d γÛ + ω × Jω + Ag Icg γÛ + As Iws Ω = Mext .
At [γ]

(42)

When the VSCMGs are operated as reaction wheels (RW), in which case γÜ = γÛ = 0, we have that

Û + ω × (Jω + As Iws Ω) = Mext .
JωÛ + As Iws Ω

(43)

These three cases define the different VSCMG operational modes: VSCMGs, CMG or RW.

VI. Control Implementation
In our approach, we have decoupled the control of the manipulator and the control of the satellite base and we
develop algorithms to control each one independently. The manipulator will be controlled using the Computed Torque
Control (CTC) approach [29], while the satellite base will be controlled using a combination of thrusters and VSCMGs
in one of their three operational modes: VSCMGs, CMG, or RWs. These control strategies are discussed next.
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Manipulator Control: CTC
The dynamics of a manipulator arm with N joints, mounted on a satellite base, was introduced in Eq. (27)
Û + J(θ)| Fext = τarm .
M(θ)θÜ + C(θ, θ)

(44)

Our objective is to track a reference trajectory ξd (t) ∈ SE(3), where ξd is the desired end-effector pose. The trajectory
ξd (t) can be expressed in the joint space by using the inverse kinematics and inverse differential kinematics equations
in [21], which yields the desired generalized coordinates and generalized speeds, respectively, as
θ d = K −1 (ξd ),
θÛd = J(θ)−1 ξÛd .

(45)

Defining the tracking error of the desired trajectory, e(t) ∈ R N , as
e(t) , θ d (t) − θ(t),

(46)

Û + M θÜd + C,
τarm = M(K p e + Kd e)

(47)

definining the control law

and using the fact that θÜ = M −1 (τarm − C), the closed loop error dynamics can be shown to evolve as
eÜ + Kd eÛ + K p e = 0.

(48)

The error dynamics thus represent an asymptotically stable linear system under the classical hypothesis of symmetric
and positive definite gain matrices K p , Kd ∈ RN×N .
Attitude Control with Momentum Exchange Devices
Û to the right-hand side, one
Û Ω
Manipulating Eq. (40) by moving the terms containing the control parameters γ,
obtains

Û
Û d Icst A|s + As [γ]
Û d Icst A|t ] ω − (Ag Icg γÜ + At Iws [Ω]d γÛ + As Iws Ω)
JωÛ + ω × Jω = Mext − At [γ]
− ω × Ag Icg γÛ + As Iws Ω



Û − hÛ med − ω × hmed = Mext + τwh,
= Mext − Jω
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(49)

IX
VII

VIII

et

eg

es
VI
z
x

z

V

IV
y

II
I

y

x

X
XI
XII

III

(a)

Fig. 4

(b)

Thrusters reaction control and VSCMGs configuration (satellite only)

where we have defined
Û − hÛ med − ω × hmed .
τwh , −Jω

(50)

The right-hand side contains the control torque to be applied to the satellite by the actuation of the wheels, which is a
Û In this work, we neglect the gimbal acceleration γÜ since the dynamic contribution
function of the control inputs γÛ and Ω.
of Ag Icg is small compared to the later defined C and D matrices [30, 31].
Û can be re-written as
Recalling that [a]d b = [b]d a, the product Jω
Û = (At Icst [A|s ω]d + As Icst [A| ω]d ) γÛ , Wγ.
Û
Jω
t

(51)

The exerted wheel torque then becomes
Û − [ω× ]Ag Icg γÛ − [ω× ]As Iws Ω
τwh = −WγÛ − At Iws [Ω]d γÛ − As Iws Ω


=− C

 
  γÛ 
 
D   −τgy,
Û
Ω
 
 

(52)

where the notation [ω× ] denotes the skew-symmetric operator. Moreover, we define
C , W + At Iws [Ω]d + [ω× ]Ag Icg,
D , As Iws,

(53)

τgy , [ω× ]As Iws Ω,
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with τgy being the gyroscopic torque. Finally, by making the dependencies explicit, τwh can be written as

τwh

 
 
 γÛ 
 
= −G(ω, γ, Ω)   − τgy (ω, γ, Ω).
 
Û
Ω
 
 

(54)

The system can thus be expressed as

JωÛ + ω × Jω = Mext + τwh

 
 
 γÛ 
 
= Mext − G   − τgy .
 
Û
Ω
 
 

(55)

If we desire to apply a control τc using the VSCMGs, it suffices to equate τc to τwh to obtain
 
 
 γÛ 
 
− G   − τgy = τc .
 
Û
Ω
 
 

(56)

 
 
 γÛ 
 
  = −G† (τc + τgy ),
 
Û
Ω
 
 

(57)

G† = WG| (GWG| )−1,

(58)

Û yields
Solving for the control inputs γÛ and Ω

where G† is the weighted pseudoinverse [19]

with W defined as the weight diagonal matrix


α1K

W,

 0K





0K 
,

β1K 


(59)

where 1K identifies the K × K identity matrix and 0K is the K × K null matrix. The positive gains α and β define the
operational mode of the VSCMG cluster: large values of α/β prioritize the CMG mode, while the opposite focuses the
control on RW operation. In particular, it is possible to enforce a pure RW or CMG operation by setting α = 0 or β = 0
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respectively, with which we define

WRW



0K

=

0K





0K 
,

1K 


WCMG



1K

=

0K





0K 
.

0K 


(60)

Coordinated Attitude or Pose Control
Given the current actuator configuration (thrusters and VSCMGs), several possible control strategies exist for
coordinated control of the satellite base. First, we explore the allocation of the commanded torque only via the VSCMGs.
Next, we discuss the case where the attitude control is performed using the momentum exchange devices, as discussed
in the previous section, while the position control (station-keeping) is performed using the satellite-mounted thrusters.
The final strategy consists of controlling both the attitude and the position with thrusters only.
Momentum Exchange Devices
In the case when we desire to stabilize only the attitude of the base and the angular velocity with respect to some
stationary desired reference, we can use the well-known quaternion error feedback law to control the base of the
spacecraft
τc = −K1 q̄B/D − K2 ωB/D − T0B ,

(61)

B
where ωB/D = ωB/F − ωD/F
is the error between the actual and the desired angular velocities, denoted by ωB/F
B
B × RB f denotes the
and ωD/F
respectively, expressed in the body frame. The feedforward term T0B = −R0B t0 − P0/B
0 0

disturbance torque imparted on the spacecraft base due to the movement of the manipulator, as discussed in Eqs. (25)
and (26). The gain matrices K1, K2 ∈ R3×3 are positive definite and the quaternion error qB/D = (q0,B/D , q̄B/D ) ∈ H is
computed as [32–34]
∗
qB/D = qD/F
⊗ qB/F ,

(62)

with qD/F , qB/F ∈ H being the desired and actual attitude quaternion of the satellite base respectively, and with
q∗ = (q0, −q̄) ∈ H representing the quaternion conjugate. Setting τwh = τc , one obtains
 
 
 
 
 γÛ 
 γÛ 
 
 
− G   − τgy = −K1 q̄B/D − K2 ωB/D =⇒   = G† (K1 q̄B/D + K2 ωB/D − τgy ).
 
 
Û
Û
Ω
Ω
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(63)

Mixed Momentum Exchange Devices and Thrusters Control
For the second control allocation case, the following error feedback laws are chosen
B
fthr
= −K11 PB/D − K12 vB/D − F0B ,

(64)

τc = −K21 q̄B/D − K22 ωB/D − T0B ,

(65)

where Eq. (65) is derived from the previous paragraph, and Eq. (64) contains the position and velocity errors of the
B
B , with P B , v B
satellite’s base, namely PB/D = PB/F − PD/F
and vB/D = vB/F − vD/F
being the desired position and
D/F D/F

velocity, respectively. In addition, the feedforward terms F0B = −R0B f0 and T0B account for the disturbances induced by
the dynamics of the manipulator. In the case of station-keeping, the desired velocity is set to zero, while the desired
position is set to some initial constant reference. The gain matrices Ki j ∈ R3×3 (i, j = 1, 2) are positive definite. The
B and H σ = 0 (since the torque contribution is provided solely
optimization algorithm of Eq. (36), subject to H f σ = fthr
t

by the momentum exchange devices), yields the solution to the firing allocation problem.
Full Thruster Control
In the case of full thruster control with no momentum exchange devices, the error feedback laws are as in Eq. (64)
and (65)
B
fthr
= −K11 PB/D − K12 vB/D − F0B ,

(66)

B
tthr
= −K21 q̄B/D − K22 ωB/D − T0B ,

(67)

where the gain matrices Ki j ∈ R3×3 (i, j = 1, 2) are positive definite. In this case, the thrusters perform both attitude and
B and H σ = t B .
position control, and the optimization algorithm of Eq. (36) will be subject to H f σ = fthr
t
thr

VII. Numerical Simulations
In this section, we present the results from numerical simulations of a sample trajectory to test the validity of the
proposed approach. The goal is for the manipulator end-effector to track a pre-defined pose along a given path, while
maintaining the satellite base at a desired attitude (while is free to translate in the case of VSCMGs), and perform
station-keeping with the aid of the on-board thrusters and/or the VSCMGs cluster. We use a standard four-wheel
VSCMGs pyramid configuration, as depicted in Fig. 4 (b). Twelve jets are used in the numerical experiments below. Their
geometric mounting on the satellite can be seen in Fig. 4 (a). We implemented a fully actuated thruster configuration
such that it is always possible to generate a reaction force and torque along any direction [7].
The inertia parameters for the satellite, the wheels, the robotic manipulator and the thrusters are provided in
Tables 1, 2 and 3. Several three-dimensional trajectories where given as target trajectories for the end-effector to track.
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For the purpose of this work, we only present the results from a lemniscate trajectory, which is parametrized in Cartesian
space as follows




x = r[1 + cos(ζt + θ in )] + x0,






x(t) = y = r sin(ζt + θ in ) + y0,







 z = z0 .

Here, r represents the radius of the arc, ζ is the curve’s angular velocity, θ in is the initial offset angle and
F
P0/F
= [ x0, y0, z0 ]| is the origin of the curve in inertial coordinates. The parameters are chosen as r = 0.25 m, θ in = 0.1
F
rad, P0/F
= [1.25, 0.5, 2.25]| m, ζ = 0.5 rad/s. The starting joint variable vector is θ 0 = [0, π/6, −π/3, 0, 0, 0]| rad and
F
the initial position of the satellite body in inertial space is PB/F
= [0.5, 0.5, 0.5]| m.

The satellite is controlled using any combination of actuators: none, wheels only, thrusters only or a combination of
wheels and thrusters. Moreover, it is also possible to use the VSCMGs cluster in pure CMG or pure RW mode. Two
different geometric trajectories are to be tracked using three different control approaches to demonstrate the differences
in operation: uncontrolled, VSCMG-only control, and thrusters-only control. The pose of the end-effector can be
commanded to track a desired attitude, either in Cartesian space or with respect to a frame attached to any of the links.
In each of the examples analyzed, the desired pose of the end-effector is set to track a moving reference frame in inertial
space, represented by the frame attached to link 4. The wheels are mounted at an angle of 54◦ with respect to the
body ẑ–axis, with an initial gimbal angle γ = 04×1 and a starting wheel idle speed of 2, 500 rpm. As shown in Figs. 5
and 6, the tracking performance of the system without any control on the base lacks tracking accuracy. Fig. 7 shows
the performance for the attitude-only tracking case, when the VSCMGs are switched on. It is clear that the residual
movement of the center of mass is still substantial, on the order of ±40 cm. This movement is drastically reduced when
the thrusters are used (Fig. 9), allowing for accurate station-keeping. With the chosen PWM firing strategy, the errors
in the satellite center of mass movement with respect to the starting position are below ±1 cm. This performance is
dependent on the bandwith of the pulse-width controller and on the dead-zone and hysteresis characteristic of the on-off
Schmitt trigger [35, 36]. Note that the time delay needed to switch the jets on and off and the hysteresis in the Schmitt
trigger results in a limit cycle around the desired satellite pose [35].
The controlled motion of the satellite and the excellent tracking capabilities of the manipulator’s end-effector are
depicted in Figs. 8 and 10 for the VSCMGs and thrusters actuation, respectively. It should be noted that the use
of VSCMGs allows only orientation control of the base, which can otherwise translate along all three axes. The
use of thrusters allows the satellite base to remain completely stationary in inertial space. These 3D animations,
obtained through a visual implementation of the multibody simulation tool, are shown for discrete timestamps of the
maneuver, and allow to appreciate the vicinity between the commanded trajectory (solid blue line) and the actual
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performance (solid grey line). Animations of the satellite/manipulator system performing these maneuvers can be found
at https://www.youtube.com/playlist?list=PLJbI5NA6udpGpEch4Ej6McjUsqDUNkBNq.

VIII. Conclusions
The problem of controlling a robotic arm mounted on a spacecraft has been studied in this paper. Different elements
of the modeling and the control of such a system to perform precise pose-tracking of the end-effector are combined in
an unified modeling framework. Traditional translational and rotational dynamics for the satellite base are combined
with the recursive Newton-Euler algorithm for the dynamics of the manipulator. The interaction is addressed as an
exchange of forces and torques at the manipulator base joint. The approach allows for control of the satellite base using
the VSCMGs in one of their three modes for attitude control (VSCMGs, CMG or RW), in combination with thrusters to
perform station-keeping. This is the first work in which end-effector pose tracking for a manipulator mounted on a
satellite has been performed through the combined use of VSCMGs and thrusters. Also, this is the first work in the
literature in which a complete solution for the multi-body dynamics problem for a VSCMGs actuated arm-satellite
platform is provided and demonstrated.
The approach used consists of decoupling the satellite and the arm dynamics to stabilize the base, while the robotic
arm performs a predetermined task. Typically, trajectory tracking of the end-effector and base stabilization have been
treated in a decoupled manner. This paper aims to close the gap between the two approaches by providing a formulation
that captures the coupling between the satellite base and the robotic arm to perform not only base stabilization (position
and attitude), but also end-effector trajectory tracking of a desired path. Additionally, and as opposed to works in
recursive dynamics previously proposed by Yoshida [37] and Carignan [17], we have proposed the incorporation of a
tracking control scheme into the framework, as well as the modeling of realistic actuators. In particular, we use thrusters
for the application of forces on the satellite base and Variable Speed Control Moment Gyros (VSCMGs) for attitude
control, leading to a seamless integration with the recursive Newton-Euler approach that allows for accurate end-effector
pose control.
Several possible venues for research are left open for further investigation. The study of feedback control during
the contact phase is essential for maintaining stability of the overall system. Studying the optimal switching from the
proposed control framework to, say, an impedance controller for secure contact remains an active topic of research.
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(a) Manipulator joint angles and torques

(b) Base attitude and position

(c) Position and velocity tracking errors

Fig. 5

Lemniscate trajectory tracking performance, non-controlled base.
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(a) t=0 s

(b) t=4 s

(c) t=8 s

(d) t=12 s

(e) t=16 s

(f) t=20 s

(g) Desired and actual trajectory

Fig. 6 Uncontrolled Lemniscate maneuver. Screenshot of the simulator outputs. The complete animation can
be found at https://youtu.be/tg_nHvPuY1g.
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(a) Manipulator joint angles and torques

(b) Base attitude and position

(c) Position and velocity tracking errors

(d) VSCMGs angular velocity and gimbal angle

Fig. 7

Lemniscate trajectory tracking performance, VSCMGs controlled base.
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(a) t=0 s

(b) t=4 s

(d) t=12 s

(e) t=16 s

(c) t=8 s

(f) t=20 s

(g) Desired and actual trajectory

Fig. 8 VSCMGs controlled Lemniscate maneuver. Screenshot of the simulator outputs. The complete animation can be found at https://youtu.be/sm574qhiscA. 25

(a) Manipulator joint angles and torques

(b) Base attitude and position

(c) Position and velocity tracking errors

(d) Thrusters Pulse Width Modulation (PWM) firing sequence

Fig. 9

Lemniscate trajectory tracking performance, thruster controlled base.
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(a) t=0 s

(b) t=4 s

(c) t=8 s

(d) t=12 s

(e) t=16 s

(f) t=20 s

(g) Desired and actual trajectory

Fig. 10 Thruster controlled Lemniscate maneuver. Screenshot of the simulator outputs. The complete animation can be found at https://youtu.be/093n3gESqHc. 27

Appendix A: Simulation Parameters
Table 1
Mass
Inertia
Dimensions
Table 2

Satellite parameters.

120 kg
Ixx = 12.2 kg m2 , Iyy = 13 kg m2 , Izz = 16.3 kg m2
sx = sy = sz = 0.8 m

Momentum exchange devices and Thrusters parameters.
Number of VSCMGs
Wheel and Gimbal mass

4
3 kg, 1 kg
"

Wheel position

±0.5 sx
0

0
0

#

0.042 kg m2
0.093 kg m2
0.024 kg m2
0.054 kg m2
25 deg/s
4000 rpm
700 rpm/s
5N
15 ms
50 ms
5 ms

Iws
Igs
Iwt , Iwg
Igt , Igg
Max gimbal rate
Max wheel speed
Max wheel acceleration
Maximum thrust
PWM minimal pulse
PWM sampling period
PWM resolution
Table 3

0
±0.5 sy

Manipulator parameters.

Link’s mass and inertia
Link 1
Link 2
Link 3
Link 4
Link 5
Link 6

Mass
16.89 kg
6.59 kg
2.71 kg
0.59 kg
0.29 kg
0.17 kg

Inertia [Ixx , Iyy , Izz ]
[5.29 4.99 0.32] kg m2
[0.03 1.89 1.87] kg m2
[0.06 0.78 0.78] kg m2
[11.5e−3 4.07e−3 7.54e−3 ] kg m2
[1.41e−3 1.31e−3 1.67e−4 ] kg m2
[1.21e−3 1.18e−3 3.51e−5 ] kg m2

Center of mass
[0 0 −0.9] m
[0.394 0 0] m
[0.413 0 0] m
[0 0.096 0.049] m
[0.0045 0.153 0.045] m
[0 0 0.081] m

Denavit-Hartenberg parameters
Link 1
Link 2
Link 3
Link 4
Link 5
Link 6

ai
0
0
0.842 m
0.849 m
0
0

di
0
0
0
−0.163 m
0
0
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αi
0
π/2
0
−π/2
−π/2
−π/2

θ 0,i
0
0
0
0
−π/2
0
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