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We propose a class of polynomially parameter-dependent quadratic (PPDQ) Lyapunov functions for assessing
the stability of single-parameter dependent linear, time-invariant, (s-PDLTT) systems in a non-conservative
manner. It is shown that stability of s-PDLTI systems is equivalent to the existence of a PPDQ Lyapunov
function. A bound on the degree of the polynomial dependence of the Lyapunov function in the system param-
eter is given explicitly. The resulting stability conditions are expressed in terms of a set of matrix inequalities
whose feasibility over a compact and connected set can be cast as a convex, finite-dimensional optimization
problem. Extensions of the approach to state-feedback controller synthesis are also provided.

Keywords: Parameter-dependent LTI systems; parameter-dependent Lyapunov functions; linear matrix
inequalities.

1 Introduction

Consider the single-parameter dependent linear, time-invariant (s-PDLTI) system
t=Ayx, A,=A(p), pecQCR, zeR" (1)

The stability of (1) for each parameter p € €} can be characterized via a parameter-dependent,
quadratic Lyapunov function of the form V(z) = 2" P(p)x := 2" P,x. Since the explicit depen-
dence of the matrix P, on the parameter p is not a priori evident, one typically starts by postu-
lating a convenient functional dependence of P, on p, before proceeding to the derivation of the
resulting stability conditions. The simplest choice is a constant (that is, parameter-independent)
Lyapunov matrix. Using P, = P for all p € €2, one then obtains the following, infinite-dimensional
family of matrix inequalities

P >0, ApP+PA;<0, VpeQ (2)

that ensure stability of the system (1).

The type of stability resulting from (2) is the so-called quadratic stability and it ensures more
than just Hurwitz stability of the matrix A, for each instance of p € Q: it actually guards against
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arbitrarily fast time-variations of p. If it is known beforehand that p is constant, quadratic
stability can thus be overly conservative. It is well known that in order to reduce conservatism,
and derive conditions that are close to necessary, one needs to resort to the use of parameter-
dependent (quadratic) Lyapunov functions.

In light of the previous discussion, given a parameter-dependent matrix P,, robust stability of
(1) for all p € Q2 can be established if the following two matrix inequalities are satisfied

P, >0, A,P,+ P,A, <0, p € Q. (3)

In order to obtain exact (that is, necessary and sufficient) conditions for robust stability, the
“correct” form of P, must be used in (3). Till very recently, even for the simplest case of affine
dependence of the system matrix on the parameter p, the parameter dependence of the Lyapunov
matrix leading to exact stability conditions for (1) has eluded researchers in the field. Notable
exceptions (and valid only for the special case when A, = Ay + pA; with rank A; = 1) are
(Narendra and Taylor 1973) and (Dasgupta et al. 1994).

Recently, Bliman (Bliman 2004) showed that linear matrix inequalities (LMI’s) of the form (3)
have solutions that depend polynomially on the parameter p, provided they are feasible for
each parameter value. The proof of this result hinges on Michael’s Selection Theorem (Michael
1956) in order to construct a continuous solution from the pointwise feasible solutions of (3).
Polynomial dependence follows from the uniform approximation of continuous functions with
polynomials over compact sets via Weirstrass’s approximation theorem. Bliman later (Bliman
2004) used this result to show that pointwise Hurwitz stability of the affine-in-p system?

T = Ay, Ay = Ag + pAy, VpeQl (4)

is equivalent to the existence of a polynomially parameter-dependent quadratic (PPDQ) Lya-
punov function of the form V(z) = 2" P,x, where

N
Py=PRy+pPi+p*Py+...+p"Py=> p'P, (5)
=0

that satisfies inequalities (3). Moreover, as it was shown in (Bliman 2004), checking the infinite-
dimensional family of LMI’s in (3) over a compact set can be cast as a finite-dimensional convex
feasibility problem in terms of LMI’s. This equivalence of the existence of a PPD(Q Lyapunov
matrix and the pointwise Hurwitz stability of (4) can be made precise: it means that the Lya-
punov matrix depends on the parameter p via (5) in such a way that, for those values of the
parameter for which the matrix A, is Hurwitz the stability conditions (3) are satisfied, while for
the values of the parameter p for which the matrix A, is not Hurwitz, the stability conditions
(3) fail. This result is in sharp contrast with all prior results, which use parameter-dependent
Lyapunov functions to show stability of PDLTT systems (Helmersson 1999, Bernstein and Had-
dad 1990, Haddad and Bernstein 1995, Apkarian 1998, Ramos and Peres 2002, Henrion et al.
2003, Leite and Peres 2003, Ben-Tal and Nemirovski 2002, Neto 1999), as these only deal with
the sufficiency (that is, the “easy”) part of the robust stability problem.

The main difficulty with the results in (Bliman 2004) is that the degree N of the polynomial
dependence of the matrix P, on p in (5) is not known a priori. What is it shown in (Bliman 2004)
instead, is that there exists a sufficiently large integer N such that (5) will solve (3) if the matrix
A, is Hurwitz for each instance of p € €. In this paper we remove this restriction. We show that

IThe results in (Bliman 2004) are, in fact, more general than (4), as they are valid for a matrix A, having multi-affine
dependence on a parameter vector.



May 28, 2010

11:0 International Journal of Control ijc10R

3

the bound of the polynomial dependence of the Lyapunov matrix can be explicitly computed.
We later extend this result to deal with the case of a matrix A, which depends polynomially on
p, as follows

d=Aym, A=) plA;, Vpeq (6)
=0

Finally, we illustrate the benefits of the proposed approach for synthesizing parameter-dependent
controllers for s-PDLTT systems where both the state and the input matrices depend polynomi-
ally on the parameter. Extension of these results to the multi-parameter case is hindered by the
computational complexity of the problem. An initial attempt towards this direction is reported
in (Zhang et al. 2005).

This paper offers several extensions and improvements over the results in (Bliman 2004) or other
similar results in the literature (Apkarian 1998, Leite and Peres 2003, Ramos and Peres 2002,
Saydy et al. 1988, Henrion et al. 2004). First, we provide an alternative-much more direct—
derivation of the results in (Bliman 2004), at least for the single-parameter case. Our method is
quite straightforward and it does not require advanced concepts beyond those of an introductory
course in linear algebra. Second, and as an added benefit of this approach, we provide an explicit
upper bound on the degree of the polynomial dependence of the quadratic Lyapunov function to
ensure the stability of (4). This bound depends on the rank of the matrix A;. The computational
complexity of the conditions is reduced as the rank of A; decreases. Finally, we show that checking
the conditions for stability over a compact set can be cast as a pair of LMI’s without conservatism.
These results are extended in order to derive necessary and sufficient Lyapunov-based conditions
for the stability of polynomial-in-p systems as in (6).

We note here that although the stability of s-PDLTI systems can also be checked using the
guardian map techniques of (Saydy et al. 1990, Fu and Barmish 1988) (for similar results see
also (Zhang et al. 2002)) nonetheless, the Lyapunov-based stability conditions of this paper
are also amenable to synthesis (see Section 6). Such an extension to the synthesis problem is
not directly evident from the use of guardian maps. Therefore, another major contribution of
the paper is an approach for synthesizing parameter-dependent state-feedback controllers for
polynomial s-PDLTT systems.

Crucial to our developments is a technical result of independent interest (Proposition 3.2) which
is used to test positive-definiteness of a polynomial matrix over a finite interval. Although convex
characterizations for positive definiteness of polynomial matrices over infinite or semi-infinite
intervals are available (Genin et al. 2003, Henrion et al. 2003), the related problem over finite
intervals is quite more involved. Only recently such conditions (and for the scalar case only)
have been proposed (Nesterov 2000). It is noted that for the multi-variable case, the problem of
characterizing the positivity of polynomials is related to the Positivstellensatz and is, in general,
an NP-hard problem (Parillo 2003).

In order to keep the derivations as terse as possible and avoid cluttering the paper with unnec-
essary notation we focus on the affine-in-p system (4). The results for the polynomial-in-p case
(6) follow easily from those of (4). The paper is therefore organized as follows. In the first part
of the paper we provide the main theorem (Theorem 2.1) that states that Hurwitz stability of
the matrix A, = Ag + pA; for each value of the parameter p € (1 is equivalent to the existence
of a polynomially parameter-dependent quadratic Lyapunov function of a known degree. In the
second part of the paper we introduce a new lemma for checking the positive definiteness of a
polynomial matrix over a finite interval and we then use this lemma to derive convex feasibility
conditions for the pointwise Hurwitz stability of the matrix A, = Ay + pA; over a compact
interval. A comparison between the proposed approach and the one given in (Bliman 2004) in
terms of the computational complexity of the two is given next. In the third part of the paper
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we extend these results in order to provide necessary and sufficient conditions for the polynomial
s-PDLTT system (6). The paper is concluded with an application of the proposed approach to
controller synthesis for polynomial s-PDLTT systems.

For clarity, only the major results are given in the main body of the paper. For the interested
reader, most secondary proofs and technical lemmas are given in the Appendix.

2 Main Result

In this section we consider LTI systems which depend affinely on a single real parameter, of the
form

&= Ayx, A, = Ay + pAi, pe (7)
where Ag, A1 € R™" and 2 C R. Our main objective is to find computable, non-conservative
conditions for checking the asymptotic stability of system (7). The parameter p is assumed to

be constant? and it is chosen from the set . At this point we make no a priori assumptions on
the set Q (that is, connected, bounded, compact, etc.).

Definition 2.1 ((Mustafa 1995)) Given a symmetric matrix P = PT € R™ " define the
vector

vec(P) = (Plly-"7Pn17P227-"7Pn27-"7Pnn)T e Rz 1),

Note that the usual vec(-) operator (Brewer 1978) that stacks the columns of a matrix P on
top of each other consists of all the elements of vec(P) including some repetitions. For every
symmetric matrix P = PT € R"*", there exists a unique matrix D,, of dimension n* x in(n+1)
called the duplication matriz (Magnus 1988, Mustafa 1995), which is independent of the matrix
P and depends only on the dimension n of the matrix P, which satisfies

vec(P) = Dyvec(P). (8)
The Moore-Penrose inverse of D,, satisfies the following properties (Magnus 1988, Mustafa 1995)

vec(P) = Dyfvec(P), Dyt Dn=Ii,p41), rank(Dyn) = rank(D;) = gn(n+1).

Notice, in particular, that D,, is always full column rank. Consequently, D;” = (D} D,)~'D].

Thus, the mapping vec(-) establishes a one-to-one correspondence between the symmetric ma-

. . . 1
trices in R™*" and vectors in R2"("11)

Definition 2.2 ((Mustafa 1995)) Given 4 € R™*" let A € R2™"+D)*37(+1) 1o defined by
A:=DI(A® A)D,, (9)

where A A=1, A+ A® I, is the Kronecker sum of matrix A with itself.

2The results also hold when p varies very slowly so that a “quasi-static” point of view is valid; see, for example, (Brockett
1970).
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It is clear from Definition 2.2 that ﬁp = Ao/+7A1 = A\o + pﬁl.

The first main result of the paper can now be stated as follows:

Theorem 2.1: Given the matrices Ay, Ay € R™*"™ with rank Ay = r, let A, := Ag+ pAy and
let

Lonr —r247),if r <n,
mg = 21( ) ] (10)
sn(n+1) -1, if r=n.
Then the following two statements are equivalent:
(i) A, = Ao+ pAy is Hurwitz for all p € 2.
(i1) There exists a set of ms+ 1 real symmetric matrices {P; }o<i<m,, such that
AP, + P,A, <0, YpeQ (11)
P,=o0, (Z pi]%-) >0, VpeQ (12)
i=0
where o, := —sign(det Ep) with det A\p # 0 for all p € Q.
Proof See the Appendix. O

Theorem 2.1 states that checking the stability of (7) is equivalent to the existence of a Lyapunov
matrix P, satisfying the two matrix inequalities (11) and (12) (equivalently, (3)). That is, if there
exists a positive definite matrix P, for all p € Q such that (11) holds, the matrix A, is Hurwitz
for each p € Q. By the same token (and most importantly) if for some p’ € Q the matrix A, is
not Hurwitz, then there exists no positive-definite matrix that satisfies inequality (11).

Remark 2.2: Note that if the domain ) is connected then o, is constant via Corollary A.4
and the Lyapunov matrix in (12) reduces to

P, =) p'P, VpeQ. (13)

Example 2.3 Consider the parameter-dependent matrix A, = Ag + pAy, where

0.7493 —2.4358 —1.6503 1.2149 1.6640 —2.2091
Ap = [—2.0590 —3.3003 —1.4833 | , A; = {0.7542 —0.1501 0.2109 (14)
—1.5019 1.2149 —4.8737 2.1990 0.6493 —-0.2214

The exact stability domain for A, is (—18.3861, —1.2729) U (2.1538,3.7973), which is computed
with the method presented in (Zhang et al. 2002). In this example the stability domain is com-
posed of two disjoint intervals. Using Theorem 2.1, we seek a polynomial Lyapunov matrix of
degree mg = %n(n—l— 1) —1 = 5 since r = rank(A;) = n = 3. The parameter-dependent Lyapunov
function satisfying (A10) is given by

Pp =0, (P() + pP + p2P2 + p3P3 + p4P4 + p5P5>
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where,
[—7.4544 1.3754 2.8700 | [ 41133 2.8221 —7.6811]
P, 1.3754 3.6225 —0.7518 P, 2.8221 —1.0147 1.4137
| 2.8700 —0.7518 1.7334 | | —7.6811 1.4137 4.7021 |
[—5.4508 4.2469 5.3219 | [ 1.4747 —2.7044 —2.1666 |
P, = | 4.2469 —2.3203 —1.3195 P —2.7044 1.7968 1.9922
| 5.3219 —1.3195 —6.1676 | —2.1666 1.9922 3.6788 |
[—0.7450 0.3384 —0.0541] —0.03532 —0.01186 —0.02280
Py = | 0.3384 —0.6999 —0.7148|, P; = [—0.01186 0.10092 0.05606
| —0.0541 —0.7148 —1.2017 —0.02280 0.05606 —0.00667
These values of Py, P, ..., Ps were computed from P; = vec ! (NZ-W(I“)), 1=0,1,...,ms were

Adj(go + pgl) =31 p'N;, as in the proof of Theorem 2.1. It can be checked numerically that
ApPy+P,A) < 0forall p € R. However, P, is positive definite only for p € (—~18.3861, —1.2729)U
(2.1538,3.7973), as required by Theorem 2.1.

Remark 2.4: Compared to other existing methods (Barmish 1994, Mustafa and Davidson
1995, Mustafa 1995, Fu and Barmish 1988, Saydy et al. 1988, 1990), which can be only used to
check the stability over a connected domain which includes the origin, Theorem 2.1 can be used
to determine the whole stability domain of a PDLTT system, even if this domain is composed of
several disjoint intervals of R, as in the case of Example 2.3. Moreover, the method of (Barmish
1994, Fu and Barmish 1988, Saydy et al. 1988, 1990) using guardian maps, although it provides
necessary and sufficient conditions for stability, it does not seem easily extendable to controller
synthesis. The Lyapunov-base result of Theorem 2.1 on the other hand can be used to design
parameter-varying controllers for s-PDLTI plants; see Section 6.

3 A Convex Characterization of the Stability Conditions

The analysis of the previous section shows that when the domain € is connected, the parameter-
dependent matrix A, = Ag+pA; is Hurwitz for any p € (2, if and only if there exists a Lyapunov
matrix which depends polynomially on the parameter p, that is,

such that the corresponding two matrix inequalities

P, >0, AP, + P,Al <0, (16)

are satisfied for each p € Q. In order to be able to use the stability criterion of Theorem 2.1 in
practice, we need a relatively simple method to determine the feasibility of the (infinite) matrix
inequalities (16). In the sequel we provide computable, non-conservative conditions to test the
matrix inequalities (16) over any compact and connected interval Q. Without loss of generality
we take Q = [—1, 1].
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To this end, let the vector pl? € R? be defined by
1
e
pd = P |, (17)
!
and notice that the parameter-dependent matrix in (15) can be rewritten as
P, = (ML) P (pHer,), (18)

where k := [Z=]+1 and Py = P& € R"**" is a constant, symmetric matrix (here [Z=] denotes
the smallest integer which is larger than or equal to %+). Note that the matrix Py is not unique.
One possible choice is given by

2Py, P T
P 2P, P

Py 2P, - ) if my is even, (19)

. . Pm—l
Pm—l 2Pm_

Ps =

N =

and
2P, P T
P 2P, P

Py 2hy , if my is odd. (20)

DO =

Pm—2 2f)m—l Pm
P, 0

On the other hand, for any given symmetric matrix Py, one can construct a unique polynomial
matrix P, of the form (15) using the expression (18). A similar result can be shown for the
polynomial matrix in (16). This is shown in the following lemma.

The following notation is adapted from (Bliman 2004)

jk = [Ik kal] , jk = [kal Ik] . (21)

Lemma 3.1 (Bliman 2004) Given a matric A, = Ao + pA1 € R™" and a symmetric,
parameter-dependent matriz P, € R™" as

P, = ("o 1,) P er,),
let R, := A,P, + PPA;. Then R, can be written as

Ry = (e 1) R e 1) (22)
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where,
R:= H'"PF + F'PH (23)
H:=J,®I, (24)
F=Jy @A+ J, ® AT (25)

where Jy, and Jy, as in (21).

Notice that the matrix R depends linearly upon each of the matrices P, Ay and A;.

3.1 FEzact LMI Conditions for Checking the Stability of PDLTI Systems
Using (18) the first inequality in (16) can be rewritten as
(WM @ 1,) P (oM 1) >0, VpeQ. (26)

where Py, as in (19) or (20). Moreover, using Lemma 3.1 the second inequality in (16) can be
rewritten as

(0% @ 1) Ry (pF 1 @ 1,) <0, Ypeq, (27)
where,
Ry := H'PoF + F PoH (28)
H = jk ® I, (29)
Fi=J, Al + J, ® A (30)

Proposition 3.2: Let © € R "k Then the matriz inequality
(M en,) e(EHer,) <o (31)

holds for all p € [—1,1] if and only if there exist matrices D € R*MF=Dxnk=1) 4nd G ¢
R E=Dxn(k=1) gych that

~ T ~
_ nNT T Jk‘—1®[n -D G Jk‘—1®[n
D=D >0, G+G =0, O6< |:jk—1®[n:| [GTD YL (32)

Proof The matrix inequality (31) is equivalent to the condition
x' (p[k] ® In)T ) (p[k] ®I,)z <0, Vpel[-1,1], Vo eR" (33)
Let ¢ = (p[k} ® In) z and notice that

(Joe1 ® In = pJi—1 @ L) (pM ® 1) = ((Jie1 — pdi—1) @ In) (pM @ 1)
= ((Jo—1 — pe—1)p @ 1, = 0
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Therefore,  satisfies the constraint ((jk—l —pjk_1)®ln)g = 0 for all real p such that |p| < 1. Let
J=Ji1®I,and C = J,_1 ® I,. From Lemma A.7 in the Appendix it follows that any ¢ that
satisfies the constraint ((Jy_1 — pJr—1) ® )¢ = (J — pC)¢ = 0 is of the form ¢ = (p* @ I,,) for
some z € R™ and p € [—1,+1]. Condition (31) is therefore equivalent to the condition ("¢ < 0
with ¢ = (pl* @ I,,)z, V2 € R™. Applying now Lemma A.8, one has that (TO¢ < 0 if and only if
there exist matrices D € R*(F=1xn(k=1) and G € R*F=Dxn(k=1) guch that (32) holds. a

Example 3.3 Let P, = (1 + ¢€)I,, — p*I,. It is clear that if € > 0, P, is positive definite for all
€ [—1, 1]. If, on the other hand, € < 0, P, is not positive definite for all p € [-1, 1]. Rewriting
P, in the form (18), one obtains

P= (P erL,) P (P o1,
_ [pII"n]T [(1 +0€)In _()In] [pl}ﬂ ”

and applying Proposition 3.2, with k& = 2, the condition P, > 0 for all p € [—1, 1] is equivalent
to the existence of matrices D = DT > 0 and G + G = 0 such that

s < [g] [;f? g} {3} (35)

where J = [Opxn In] and C = [I,, 0,xp]. Using (34) the matrix inequality (35) is equivalent to
the existence of matrices D = D™ > 0 and G 4+ G = 0 such that

D—-(1+¢l, -G

[ (—GT ) I, —D} < 0. (36)
A necessary condition for the existence of D in (36) is I, < D < (1 +¢€)I,,. When € > 0, such a
D always exists and choosing G = 0 the LMI (35) is feasible. When € < 0, no D can satisfy (36)
and the LMI is infeasible. For both cases, the result of Proposition 3.2 agrees with the direct
stability analysis.

The following is a direct consequence of Proposition 3.2. It provides convex conditions in terms
of LMT’s for checking the robust stability of the parameter dependent matrix A, = A+ pA; for
p€E[—1,+1].

Theorem 3.4: Let the parameter-dependent matriz A, = Ag + pA1, where Ay, A; € R™"
with rank Ay = r and let k = [%5=] 4 1 where,

(2nr —r2 +7),if r<n,
ms =1 7, .
sn(n+1) =1, if r=n.

N~

(37)

Then, A, is Hurwitz for all |p| < 1 if and only if there exist a structured symmetric matrices
Py € Rk q5in (19) or (20), a symmetric matriz D € R and q skew-symmetric matriz
G € Rk - such that
A T A
Jr ® I -DG| |k ®]I
P D= DT T _ 'k n 'k n
n > 0, >0, G+G =0, RE<[J1¢®ITJ [GTD] |:Jk®In ) (38)

where Ry, = Rx(Ps) as in (28)-(30).
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Proof According to Theorem 2.1, A, is Hurwitz for all |p| < 1 if and only if there exists a matrix
P, which depends polynomially on the parameter p of degree mg, where m, as in (37), such
that the matrix inequalities (16) are satisfied. From Lemma 3.1 these inequalities can be written
in the form (26) and (27), and Proposition 3.2 shows that the inequalities (26) and (27) are
equivalent to the feasibility of the LMI conditions

~ T ~  ~ A
S ~ T B Jp—1 ® I, —NDC} Jp—1 @ I
D=D">0, G+G" =0, Pz<[jk_1®[7j [GTD oL (39)
A T ~
- - Lol [-DG] [J, o1,
D=D">0, G+ =0, Rz<[jk®lj [GTD Tl (40)

for some matrices [), G € Rk=Dxn(k=1) 5n4 D, G € Rkxnk,

Notice now that when A, is nominally stable, that is, when the matrix Ag is Hurwitz, inequality
(39) is not necessary. This is due to the fact that Ag Hurwitz along with inequality (40) guarantees
that Py > 0. By the same token, the condition Py > 0 along with (40) implies nominal stability
Ap. These two conditions also imply that P, > 0 for all |[p| <1 since A,P, + P,A} < 0 implies
nonsingularity of P, for all [p| < 1; see (Iwasaki and Shibata 2001). Assuming therefore nominal
stability, one can replace inequality (39) with the condition Py > 0, and thus (38) follows. [

Example 3.5 Let A, = —(1+¢€)I + pla. Here Ag = —(1 +€)I5 and Ay = I». It is clear that if
e >0, A, is Hurwitz for all p € [—1, 1] whereas if € < 0, A, is not Hurwitz for all p € [—1, 1].
Applying Theorem 3.4 with n = 2 and mg = %n(n +1) — 1 =2 one has
P,=PRy+pPi+p°Py= (0P @ L) Py (o @ I)
R,=A,P,+ P,AT = (0¥ @ )" Ry (pP @ L)

where,
| B 0.5P
Pe = {0.5131 Py ] (41)
and
AgPy + POA-IO— * *
Ry = 0.5(AOP1 + PlA-IO—) + A1 Py O.5(A1P1 + P1A11—) + PQA-IO— + AgPy x| . (42)
0.5A1P; APy 0

Using the MATLAB™ LMI Toolbox (Gahinet et al. 1995) one can solve (38) with a small
positive value of € (say, € = 0.001) to obtain the solution

P 19.4777 0 P 3.4287 0 P _ 119434 0
07 0 3194777 "'T | 0 34287 2 0 11.9434|°
24.5601 0O 1.6077 0 0 0 —-0.1177 0
D 0 245601 O 1.6077 G 0 0 0 —0.1177
| 1.6077 0 17.1391 0 ’ ~ 01177 0 0 0
0 1.6077 0 17.1391 0 01177 0 0
On the other hand, for any small negative small value of € (say, ¢ = —0.001) no solution to the

inequalities (38) exists. Theorem 3.4 thus gives the same results as the direct stability analysis.
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Example 3.6 Let A, = Ap + pA; where

1.1132 1.6802 —1.8252 —0.5279 0 —=7737200
Ay — 1.2328 —0.8224 —0.3503 —0.8995 A = 7.7372 0 00
2.8858 1.9407 —3.1417 —1.1186| "’ 0 0 00
1.5929 0.1522 —0.4807 —2.0469 0 0 00

Using the method of (Zhang et al. 2002), one can show that the matrix A, is Hurwitz if and
only if p € (—0.9688, 0.5024). In this example, n = 4, r = rank(4;) = 2 and my = 3(2nr —
r?2 + 1) = 7. The parameter-dependent Lyapunov matrix P, = ZZ:O p'P; where the matrices

P, (i=0,1,...,7) are given by

[0.2259 0.1151 0.2201 0.1185 | [—1.3999 0.5126 —0.7016 —0.7606
P 0.1151 0.0782 0.1253 0.0589 P 0.5126 0.9097 1.0028 0.3668
0= 10.2201 0.1253 0.2430 0.1199 | °’ 1= 1-0.7016 1.0028 0.0753 —0.3657|
0.1185 0.0589 0.1199 0.0779 | —0.7606 0.3668 —0.3657 —0.5246
[25.463 6.909 19.245 11.388] [—50.590 16.443 —47.871 —5.090
P 6.909 14.698 12.340 1.360 P 16.443 25.857 39.732 34.048
27 119.245 12.340 23.776 8.885 | 37 | —47.871 39.732 —21.773 —0.493 | °
11.388 1.360 8.885 9.393 | | —5.090 34.048 —0.493 —5.181
[—505.90 164.43 —478.71 —50.90 —302.77 131.28 —263.21 —28.91
P 164.43 258.57 397.32 340.48 P 131.28 92.38 403.28 216.23
47| —478.71 397.32 —217.73 —4.93 | “° 7 |—263.21 403.28 —15.28 5.72
| —50.90 340.48 —4.93 —51.81 —28.91 216.23 5.72 —39.35
[1049.6 0 0 0
0 10496 0 0
Ps = Pr; = 04x4, (43)

0 0 —-56.6 22,5 |~
0 0 225 —79.8

satisfies the matrix inequality A,P, + P,A, < 0 for all p € R, but it is positive-definite only
when p € (—0.9688,0.5024). On the other hand, the matrix inequalities (38) are infeasible. This
is expected, since [—1, 1] is not a subset of (—0.9688, 0.5024).

Let now A, = Ay + pA] where A] = 0.54;. The exact stability domain for this matrix is
(—1.9376, 1.0048). Applying the algorithm of Theorem 3.4, and using the MATLAB™ LMI
Toolbox (Gahinet et al. 1995), it can be verified that the inequalities (38) are indeed feasible.
This result agrees with the direct analysis, since [—1, 1] C (—1.9376, 1.0048) and thus Ay + pA]
is Hurwitz for all p € [—1, 1].

Remark 3.7: The results of Example 3.6 indicate that the bound on the degree of the poly-
nomial dependence for the Lyapunov function given in Theorem 2.1 is not tight. This is also
evident from the results of (Narendra and Taylor 1973) for the case when r = 1. According to
(Narendra and Taylor 1973, p. 79) a Lyapunov matrix with a linear dependence characterizes
stability when rank A; = 1. Theorem 2.1 on the other hand requires a Lyapunov matrix of degree
n.

Even when r = rank A; > 1, the polynomial dependence of the Lyapunov matrix that proves
stability may be smaller than the bound given in (37). To see this, let T, be a parameter-
dependent transformation such that the matrix A, := T 1ApT p 1s in companion form?3, that

3The transformation to the companion form imposes the restriction that the matrix A, is nonderogatory for all p € €.
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is,
[0 1 0 0 |
0 0 1 0
A= : S (44)
0 0 0 1
| —an(p) —an-1(p) —an—2(p) -+ —a1(p)
It can be shown that a;(p) is a polynomial in p of degree r for all i = 1,...,n. The results

of (Parks 1962) and (Mori and Kokame 1995) (see also (Narendra and Taylor 1973, p. 81) as
well as (Henrion 2000) and (Henrion et al. 2004)) can be used to show that a Lyapunov matrix,
say ]5p, of degree no larger than 2r characterizes Hurwitz stability of (44) for each p. Notice,
however, that this Lyapunov matrix does not characterize stability of the original matrix A,.
Such a matrix is given by P, := TppprT which, in general, may not be polynomial in p. Even if
the Lyapunov matrix P, is polynomial, its degree will most likely be higher than the degree of
]Sp. If, on the other hand, A, is in companion form to begin with, then this approach provides
a quadratic-in-p Lyapunov matrix (since r = rank A; = 1 in this case) although a linear-in-p
Lyapunov matrix will suffice as mentioned previously. Thus, a general solution for the upper
bound on the polynomial degree of the Lyapunov matrix that characterizes stability of the
matrix A, = Ag + pA; seems to remain open.

4 Computational Complexity of the Proposed LMI Conditions

In this section we investigate the computational complexity of the LMI conditions of Theo-
rem 3.4. In particular, we compare the LMI conditions (38) with those of (Bliman 2004) and
show that, in general, the LMI conditions proposed herein are more efficient than the ones given
in (Bliman 2004). We also propose a modification to the LMI conditions in (Bliman 2004) to
make them competitive with those of Theorem 3.4.

Let us consider again the s-PDLTT system (7), rewritten below for convenience
&= Ayx = (Ap + pAi)x, lp| < 1. (45)

In the context of parameter-dependent Lyapunov function analysis, Bliman (Bliman 2004) pro-
posed a nice method to convert the robust stability problem (45) with real parametric uncertainty
to a robust stability problem with a complex uncertainty. The approach of (Bliman 2004) hinges
on the observation that

24z

{peR:pl<1}={—

z€C, |z|=1}. (46)

Substitution of p = (z + 2)/2 into (45) yields an n*® order auxiliary system of the form

z+Zz

T = Az, A:A0+< >A1, zeC, |z|=1, (47)

where z is a complexr parameter. Clearly, system (45) is robustly stable against the real un-
certainty |p| < 1 if and only if the system (47) is robustly stable with respect to the complex
uncertainty |z| = 1.

For the single real parameter case the main result in (Bliman 2004) can be briefly summarized
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as follows. In the following, we assume for simplicity that IV is an odd integer and we let
N+1

Also, for a square matrix M, we define He(M) := M + M*, where M* is the complex conjugate
of M.

Bliman (Bliman 2004) developed a robust stability condition for (47), and hence also for (45), in
terms of the following polynomially parameter-dependent quadratic (PPDQ) Lyapunov function

V(z) :=2"Pz, P:=(0E"Yern)prE""er,) (49)
where P € R24"%24" ig g constant symmetric matrix. Note that

24z

He(AP) = He [(Ao + < ) AN @ 1,) PP ® 1) | = (2P @ 1,)* Rz @ 1,,)

where,

A A 1 . 1 . N
R = He (g © 1) Py © A8) + 5 (g & L) Py @ AT) + 50y © L) Py & AD)

(50)
The condition He(AP) < 0 for all |z| = 1 can be converted to an LMI (see, for instance (Iwasaki
and Hara 2003)), and a robust stability condition can be given as follows.

Theorem 4.1: Consider the uncertain system in (47). Let a positive integer N, and a positive
definite matriz P € R21"*24" be given, and define R by (50). The following statements are

equivalent.

(i) The function defined in (49) is a Lyapunov function that proves stability of (47), i.e.,

P>0, AP+PA"' <0, Vz2€C, |z|=1.

(ii) There erists a symmetric matriz D € R24"*24" sych that

A T A
Jog ® 1, —D 0| |J® 1
R '2q n =4 n o1
= [J2q®ln] [ OD] [J2q®ln} ( )

Bliman’s robust stability condition ((Bliman 2004, Th. 4.3)) for the single parameter case can
then be stated as follows.

Corollary 4.2 (Bliman 2004y If for some non-negative integer N there exist symmetric ma-
trices P, D € R2I"24" gatisfying (51) and

P>0 (52)

then the system (47) is robustly stable. Moreover, if the system (47) is robustly stable then there
exist symmetric matrices P, D € R2"*2" satisfying (51) and P > 0, for sufficiently large N.

Our result of Theorem 3.4, on the other hand, considers the following PPDQ Lyapunov function
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for the uncertain system in (45):
N
V(z):=2"Px, P:= Zp’PZ-. (53)
=0

Theorem 3.4 shows that the satisfaction of the LMI’s (38) are sufficient for robust stability of
(45) for any non-negative integer N. It is also necessary for N greater than the bound given in
(10).

At this point, it is tempting to say that the bound obtained in Theorem 2.1 also provides a bound
on the degree N of the PPDQ Lyapunov function (49) such that the condition of Corollary 4.2
is not only sufficient but also necessary for robust stability of (45). However, this does not seem
to be the case due to the constraint P > 0 in (52). In the sequel, we shall elaborate on this point
and show how our result of Theorem 3.4 relates to Corollary 4.2.

By Theorem 3.4, the system (45) is robustly stable if and only if there exists a PPDQ Lyapunov
function (53) of degree N > mg where my is a known integer given by (10). With the real/complex
conversion p := (z + z)/2 discussed earlier, this Lyapunov function can be represented as

D é (2 ;r Z>ipi _ (Z[N-irl] 2 [n>*p (Z[NH} 2 In) (54)

for some symmetric matrix P € R24"*24" Tt is not difficult to give an explicit representation of
P in terms of P;; see, for example, (19) or (20). Note that P is now structured and the number
of independent variables is the same as that of the P;, i.e., (N +1)n(n+1)/2 = gn(n+ 1), which
is smaller than the number gn(2gn + 1) for the unstructured case of equation (49).

Since the Lyapunov matrix in (53) can be represented as (49) with structured P, after applying

Bliman’s real /complex conversion, a new robust stability condition is obtained as follows.

Theorem 4.3: The system (45) is robustly stable if and only if there exist symmetric matrices
P,=Pl€R" (i=0,1,...,ms) and D = DT € R2"*2an gych that

A T A

Jog ® 1 -D 0 Jog ® 1
P, 0 R 4 " 4 " 55
0=" = [J2q®fn] [ OD] [J2q®fn] ( )

where P is defined by (54) in terms of P;.

We now have three robust stability conditions: Bliman’s original condition (Corollary 4.2), Bli-
man’s structured (Theorem 4.3), and ours (Theorem 3.4). For any nonnegative integer N, each
of the latter two is equivalent to the existence of a PPDQ Lyapunov function (53) that proves
robust stability of (45). Moreover, Theorem 3.4 and Theorem 4.3 give necessary and sufficient
conditions for robust stability of (45) if the degree N is greater than the known bound mg from
Theorem 2.1.

However, it is not clear whether Bliman’s original condition in Corollary 4.2 is also necessary
whenever N > myg, due to the positivity constraint P > 0. Without P > 0, the condition
is weaker than the one of Theorem 4.3 and hence it is necessary, but the additional constraint
P > 0 may destroy the necessity unless N is chosen sufficiently large as in (Bliman 2004). For the
unstructured PPDQ Lyapunov function in (49), it seems difficult to relax the constraint P > 0
to be Py > 0 as in Theorem 3.4 due to the fact that the “nominal” case z = 0 is not included in
the set of uncertainties characterized by |z| = 1. However, one may choose the “nominal” case
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of (45) to be p =1, or z =1, and replace P > 0 by
T
(1[N+” ® In> P (1[N+” ® In) > 0. (56)

With this substitution, the conditions of Corollary 4.2 become necessary and sufficient whenever
N > mg.

Assuming the same bound N = my for all cases, the computational complexity of the three
robust stability conditions can now be assessed in terms of the number of variables and the LMI
dimensions. The result is summarized below, where p := gn = (N + 1)n/2.

Table 1. Comparison of computational complexity of available methods.

| Stability Condition || no. of variables | LMI dimensions |
Theorem 3.4 p(n+1) +p? p+n,n,p
Theorem 4.3 p(n+1)+p2p+1) 2p+n, n
Corollary 4.2 p(2p+1)+p2p+1) 2p+mn, 2p

Thus the LMI conditions (38) of Theorem 3.4 seem computationally most efficient among all the
three, as they have the least variables and the smallest LMI dimension (considering two LMI’s
of dimensions n; and ng are “smaller” than one LMI of dimension n; + ng).

In summary, we have the following observations relating our stability conditions to the ones in
(Bliman 2004), for the single real parameter case: (i) our conditions do not seem to provide an
explicit lower bound on the degree N of the unstructured PPDQ Lyapunov function (49) such
that the conditions (51) and (52) are not only sufficient but also necessary for robust stability of
(45); (ii) our conditions give a bound on the degree of Bliman’s unstructured PPDQ Lyapunov
function (49) if P > 0 in (52) is replaced by (56); (iii) our conditions give a bound on the degree
of Bliman’s PPDQ Lyapunov function (49) if P is structured as in (54) and P > 0 in (52) is
replaced by Py > 0 as in (55); (iv) finally, our proposed robust stability conditions are of lower
computational complexity. The complexity reduction is achieved due to two main factors: one
is the degree bound on the PPDQ Lyapunov function, and the other is the direct application
of the (D, G)-scaling, rather than the real/complex conversion followed by application of the
D-scaling.

5 Stability Conditions for s-PDLTI Systems with Polynomial Parameter Dependence

In this section we deal with a system having a polynomial dependence on a single parameter as
follows

T=Ax, A,:= Zpi.Ai, peE (57)
i=0

where A; € R™ " for i = 0,1,...,,. Theorem 2.1 can be extended to the system (57) as follows.

Theorem 5.1: Consider the polynomially parameter-dependent matriz (57) and assume that
dim[N(A) NN (Ag) N --- NN (A,,)] = £. Then the following two statements are equivalent:

(i) A, =" p'A; is Hurwitz for all p € Q.
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1) There exists a set of m, + 1 real symmetric matrices {P; }o<i<m, , such that
P SISMp

A,P, + P,A, <0, VpeQ (58)
P,=o0, (Z piPZ-> >0, VpeQ (59)
=0
where
- 1
My = Vg mln{in(n +1)—1, gn(n +1)—¢} (60)

and where o, = —sign(det pr) with det .Zp # 0 for all p € Q. Moreover, if Q is connected,
without loss of generality we can take o, = +1 for all p € .

Proof 1t easy to show that A\p =37 p’ﬁl Then using Lemma A.6 in the Appendix one obtains
that

Adj (ip’ﬁ,) = %PiNu
i=0

=0

for some constant matrices N;, (i =1,2,...,mp) where my, as in (60). The rest of the proof now
follows as in Theorem 2.1. O

In the sequel we assume that 2 is compact and connected. Without loss of generality we may
take @ = [—1,+1]. Using the fact that the polynomial matrix P, in (59) can be written as
P, = (,o[k} & In)TPE(,o[k} ® In) where k = %] + 1 for some Px € ]R"kX"k, we can easily
generalize Lemma 3.1 to show that the matrix in (58) can be written compactly as follows

Ry = AP, + P AL = (p%+) @ I,) Ry (o) @ I,,) (61)

where,
Ry, = HTPEF + FszH (62)
H = (JyJit1 - Jhtve—1) @ I, (63)

Fi= (Jodesr Jhrw, 1) @ AL+ Z(jkjk co Thgictdhi o Jhrv—1) ® Af (64)

i=1

We are now ready to provide a necessary and sufficient condition for the stability of (57) for
lp| <1 in terms of LMIs.

Corollary 5.2: Let the parameter-dependent matriz A, = > 1= p'A;, where A; € R™™ with

)

dim[N(A) NN (A) N--- NN (A,,)] = £ and let k= [%2] + v where,

1 1
my = vemin{gn(n +1) — 1, Zn(n + 1) - ¢} (65)

Then, A, is Hurwitz for all |p| < 1 if and only if there exist symmetric matrices Py €
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RUs—vet)xn(i—vatl) D) ¢ RMEXE gnd g skew-symmetric matriz G € R™X" such that

~ T A
AT T J.®I,| |-DG| |J;® I,

where Ry, = Rx(Ps) as in (62)-(64).

6 State-Feedback Controller Synthesis

The results of the previous section can be used to design parameter-dependent state-feedback
controllers for the controlled s-PDLTI system

i = A,z + Byu, pEN (67)

where A, € R"*" and B, € R"*™ are parameter-dependent matrices

A, = Z p'Ai,  B,:=)» p'B (68)
1=0 =0

and 2 is a compact and connected set. This is shown in the next theorem.
Theorem 6.1: The following statements are equivalent:

(i) There exists a polynomially parameter-dependent state feedback controller u = K,x that sta-
bilizes the system (67)-(68) for all p € Q.

(it) There exist an integer m, and symmetric matrices P;, (i =1,...,my) such that
mp
P,:=) p'P, P,>0, A,P,+P,A;<B,B), VpeQ (69)
i=0

If statement (i) holds for a gain matriz K, € R™*"™ of degree ny, then statement (i) holds with
myp < Ve (3n(n+1)—1) where v, := max{nq, ny+ny}. Conversely, if (i) holds, then a stabilizing

state feedback gain in (i) can be given by

Ky = =B,y i=det(P)fe. = mindet(P,) (70)

which is a polynomial matriz of degree ni < np + my(ng — 1).
Proof Suppose (i) holds for a matrix K, of degree nj. Then the closed-loop system is described
by (57) with A, := A, + B,K,. The matrix A, has degree v, := max{ng,ny + ng}. Then
Theorem 5.1 implies satisfaction of (58)-(59) for some P, of degree my, < vq(3n(n+1)—1). Let
now N, be the null space of Bj. Then multiplying the Lyapunov inequality in (58) by N, from
the right and by NpT from the left, one obtains

N, (AP, + F,A,)N, < 0.
By Finsler’s theorem (Skelton et al. 1997), there exists 7, > 0 such that

AP, + P, Al < 7,B,Bp"
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for each p € Q. Since €2 is compact and 7, is a continuous function of p (see Lemma A.9 in the
Appendix), Tmax := max,ecq 7, > 0 is well defined. Then, redefining P, to be P,/Tmax, we have
(69). Thus we have (i) = (ii). The converse can be proved by direct substitution. Specifically,
with the control gain matrix (70) one obtains

(A, + B,K,)P, + P,(A, + B,K}) = A,P, + P,A) — 2u,B,B); <0

for all p € 2, where it is noted that p, > 1 by definition. This proves that K, is stabilizing.
Since deg p, < nmy, (see (A16)) from the expression K,F, = —u,B] it follows that ng + m, <
ngmy + np. Therefore, ng, < ny, +mp(n — 1). O

The synthesis condition (69) is a pair of polynomially-parameterized LMI’s and hence it can
be converted exactly to finite dimensional LMI’s by eliminating the parameter p using Proposi-
tion 3.2. The details are left to the reader.

Example 6.2 Consider the following controlled polynomial s-PDLTI system

B meol

The uncontrolled system is stable for p < —2 and unstable otherwise. Using the Theorem 6.1 we
can design the following parameter-dependent feedback gain that will ensure that the closed-loop
system is stable for all p € [—1,+1]

K,= [—89.579 —69.882] +p [4.4698 —35.807] + p? [70.575 18.009]
The polynomial Lyapunov matrix that ensures the stability of the closed-loop system is computed
by the solution of the LMI problem (69) and is given by

p_ 0.49120 —0.29686 0.088923 0.24193
~ [—0.29686 0.38053 P10.24193 —0.35769

for this example ¢ = 0.008496. The closed-loop system matrix is third order and is given by

A= —177.16 —138.76 —78.640 —141.50 2 |145.62 0.21074 3 |70.575 18.009
ol = 2 1 P | -89.579 —68.882 4.4698 —35.807 70.575 18.009

It can be easily verified that this matrix is Hurwitz for all p € [—1,+1].

7 Conclusions

In this paper we propose a class of parameter-dependent Lyapunov matrices P, = P(p), which
can be used to test the stability of single parameter-dependent linear, time-invariant, (s-PDLTT)
systems of the form i = (3 72, p'A;)x where p € Q. The proposed Lyapunov matrix has poly-
nomial dependence on the parameter p of a known degree and can be used to derive exact
(that is, necessary and sufficient) conditions for the stability of s-PDLTT systems. We show that
checking these conditions over a compact interval can be cast as a finite-dimensional convex
programming problem in terms of linear matrix inequalities without conservatism. Finally, us-
ing these results we provide an extension to state-feedback control design for s-PDLTT systems
using parameter-varying gains. Specifically, our synthesis result (Theorem 6.1) can be useful for
designing gain-scheduled controllers for LPV systems with a slowly varying parameter. This is
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because conditions (58)-(59) for each frozen parameter p € 2 are necessary and sufficient for
robust stability of (57) with respect to an arbitrarily slowly varying parameter p(t) € Q. Further-
more, the result of Theorem 6.1 can be used for on-site parameter tuning for plants containing
a constant parameter whose value is unknown but its range €2 is known at the time of control
design. Then one may design a class of controllers parameterized by p €  and then tune the
parameter p on site when the controller is actually implemented.

Acknowledgement: The authors would like to acknowledge insightful discussions with Dr.
P.-A. Bliman on the stability of parameter-dependent LTI systems.
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Appendix A: Proofs

Before providing the proof of Theorem 2.1, we need to first establish a series of technical lemmas.

The following lemma is a direct consequence of the properties of the determinant of a matrix.
It can be found, for instance in (Kailath 1980, p. 384).

Lemma A.1: Let matrices A, B € R™"™ with rank B = r and let p € R. Then deg(det(A +
pB)) <.

The following lemma states that the adjoint of the parameter-dependent matrix A + pB is a
matrix polynomial in p of a certain maximal degree which depends on the rank of the matrix
B. Recall that given an invertible matrix A € R™*" its inverse can be calculated from A~! =
Adj A/ det(A) where Adj A is the adjoint of A.

Lemma A.2: Given matrices A, B € R™ "™ with rank B = r and p € R, the adjoint of the
matriz A+ pB is a matriz polynomial in p of degree at most min{r,n — 1}, i.e.,

min{r,n—1}
Adj(A+pB)= > ('Ni (A1)
=0

Proof From the definition of the adjoint of a matrix (Horn and Johnson 1991) it follows that

[Adj (A + pB)] (—1)"det(A + pB);

ij
where (-)(;;) is the (n — 1) x (n — 1) submatrix of (-) in which the j-th row and the i-th column
are eliminated and []w is the ij—th element of the matrix [] Since rank (B[ji}) <rankB =1
it follows that

rank By < min{r,n — 1}, 1<4,j<n

From Lemma A.1, and since (A + pB)j;;) € R"=Dx(=1) "it follows that

71
deg (det(A + ,oB)UZ-]) = deg (det(A[jZ-} + pBUi]) <rank Bjj;) <min{r,n — 1}, 1<14,j <(A3)

From (A2) and (A3) it follows that Adj(A + pB) is a matrix-valued polynomial of degree
min{r,n — 1} and hence, there exist constant matrices {N;}i— 1. min{r,n—1} Such that (A1)

I P

holds. O

We also note that the matrices N; in (A1) can be calculated explicitly from the matrices A and
B. The details are left to the reader.

Lemma A.3 (Magnus 1988, Mustafa 1995) Given A € R™*"™ and A as in Definition 2.2, the
eigenvalues of A are the %n(n + 1) numbers A\ + Aj, (1 < j < i < n) where A\;, A\j are the

eigenvalues of A.

The following is immediate from Lemma A.3.
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Corollary A.4: Suppose the parameter-dependent matriz Ao+ pA1 € R™" is Hurwitz for all
p € Q. Then

det(Ag + pA1) = det(Ag + pA1) £0,  VpeQ (A4)

Lemma A.5: Given a matriz A € R™" with rank A = r, then rank A < %(2717" —r247).

Proof

Since rank A = r, it follows that there exist two nonsingular matrices U,V € R™*"™ such that

M 0
UAV = [ "X<”"‘>} (A5)
O(n—r)xr O(n—r)

where M € R"™". Since D;f (U ® U)D,, and D;;(V ® V)D,, are nonsingular we have that
rank A = rank(D:{(U ® U)DyADF(V @ V)Dn>, (A6)

Using the properties of the duplication matrix (Magnus 1988) the following series of equalities
are easy to show

DU @ U)D,AD(V @ V)D,, = D} (U @ U)D,D; (I, ® A+ A® 1,,)D, D (V @ VD,
DIUeU) I, A+ A®IL,)D,DI (V& V)D,

TUeU) I, A+ A L,)(V@V)D,

+ (U ® (UA) + (UA) U) (V& V)D,

I
bbb

+ ((UV) ® (UAV) + (UAV) ® (UV))Dn

— oD ((UAV) ® (UV))D
Using (A5), one obtains

D} (U @ U)D,AD}(V ® V)D,, = 2D;} [ M&UV)  Opxn-r) ® (UV)] D

O(n—r)xr & (UV) O(n—r) ® (UV)

_ 2D:L_ |: L Ornxn(n—r):| D,
On(n—r)xrn On(n—r)

where L := M @ (UV) € R™*". Using now Definition 2.1 one can show that the duplication
matrix D,, has the structure

Dll Ornx l(n—7‘)(n—7‘-|—1):|
b, ; A7
|:D21 D22 ( )

where 7 is any integer such that r < n. Using therefore (A7) one obtains

LDy OrnX%(n—r)(n—r—i-l)

rank A = rank | D;f <rankDy;  (A8)

n(n—r)x % (2nr—r2+r) On(n—r) X % (n—r)(n—r+1)
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Since Dy € R™:=7"+7) and since rn > %(2717’ —r2 4+ 7) for all » > 1, it follows that
rank D11 < 1(2nr — 72 + r) and finally, rank A < s2nr —r? +r). O

We are now ready to give the proof of Theorem 2.1.

Proof [Of Theorem 2.1] (i) = (i): This is obvious.

(i) = (4i): Since A, is Hurwitz for all p € €, from Corollary A.4 it follows that det(Ag+pA;) # 0.
Let the parameter-dependent matrix

Q= |det A,| I, >0, peQ. (A9)

Note that @, is positive definite for all p € Q. Since Ag + pA; is Hurwitz for all p € Q, the
following Lyapunov equation has a unique, positive definite-solution P, > 0 for each p €

ApP,+ PyAT + |det Ay| I, = 0. (A10)
Solving this equation for P, one obtains

(A, @ Ap)vec(P) = —|det 2p| vec(1,)
Dif (A, ® A,) D,vec(P) = —| det A,| vee(1,,)
vec(P) = —|det A,| A vec(I,)

Therefore,

~ 1 ~
vec(P) = —|det A —Adj(A,) vec(l,
(P)=—| p|detAp J(Ap) vec(Iy)

= 0,Adj(Ag + pA;) vec(I,) (A11)

where o, := —sign(det(Ag + pAy)).

Let 7 := rank A;. According to Lemma A.5 we have that 7 < $(2nr—r%4r). Moreover, according

to Lemma A.2 there exist constant matrices N; such that Adj(Ag + pA;) = > p'N; where
mg = min{?, in(n + 1) — 1} < min{3(2nr — r? +r), in(n+ 1) — 1}. Notice, in particular, that

(2nr —r2+7) if r<mn,

1 1
in{=(2nr — r? - 1)—1} =
mln{Z( nr r —|—7")72’I’L(’I’L+ ) } { n(n+1)_1 if r=n.

DOl D=

Finally, since the mapping vec(-) is one-to-one, its inverse mapping vec !(-) exists. It follows
from (A1l) that

Py =o0p (Z Pipz) ) (A12)
i=0

where P; € R™", (0 < i < my, are constant matrices, given by P; = vec ! (Ni W(In)). O

The following lemma deals with the degree of the adjoint of the polynomial matrix A, =
P op'A; and it is used in the proof of Theorem 5.1. Below N (M) denotes the nullspace of the
matrix M.
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Lemma A.6: Consider matrices A; € R™", (i =0,1,...,p) with dim[N(A;)N---NN(4,)] =
q- Then

p p
Adj(4,) == Adj (Z ,m,-) => p'N; (A13)
i=0 i=0
for some constant matrices N;, (i =1,2,...,u), where

p <pmin{n —1,n — q}. (A14)

Proof Recall that the determinant of a matrix F' € R™ ™ can be computed from (Horn and
Johnson 1991)

n

det F' = Z sign(a) H F a., (A15)

acEA =1

where a := (aj,ag,...,a,), A is the set of permutations of {1,2,...,n}, and sign(a) is the
signature of the permutation a taking the values of either +1 or —1. The determinant of A, =

Py p'A; is thus a sum of n! terms, each term being the product of n elements. Moreover, each
of these elements is chosen from a different row and column of the matrix A,. Therefore, for
every possible permutation (a1, as,...,ay),

deg [ [ Fia. < o,
i=1
which together with (A15), yields that
p .
deg (det ZpZAZ) <np (A16)
=0

Assume now that dim[N(A4;) NN (A2) N --- NN (A,)] = ¢. Then there exist ¢ of linearly inde-
pendent constant vectors vy, vs,...,v, € R" such that

Aw; =0, i=1,2,...,p, j=12,...,q

Choose now n — ¢ linearly independent constant vectors wi,ug,...,unp—q € R™ such that the
matrix

T = [ul,u2,...,un_q,vl,vg,...,vq} (A17)

is invertible. Furthermore,

P P
det Z ptA; = det (T‘l ( Z piAi)T>

i=0 1=0
p .
= det T~ det (Z p’AiT>
i=0

= det T~ ! det [al,--- gy U157 - ,ﬁq}
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where ﬂizzgzopj/ljui,i:1,2,...,n—qand v = Agv;, 1=1,2,...

vectors, together with the determinant formula (A15), one has

det [ﬁl,. ce s Up—gy U1y - - ,@q]

= § : +(t1,0, 82,0, - - - U(n—q),am-q) VLam-qt1) - -

a1 #azF#... Fay,

For every possible permutation (a1,a2,...,a,),

deg @10, = Un—g)ain—g Vlaggrny " Vgan = €8 Utay =+ Un—g)ai_,

that deg (det [U1,02, ..., Uy—q, V1,02, .. ,ziq]) < p(n — q) and hence

p
deg (det ZpiAi> <p(n—aq).

i=0
The result now follows from the fact that

[Adj(A,)], = (—1)i7det(A,)

iJ [7d]»

The following result is need for the proof of Proposition 3.2.

25

,q. Since v; are constant

+Vg,a,)

we have that
< p(n — q). It follows

1<j,i<n

Lemma A.7: Let the matrices J = Jy_1 @ I, € R*E=Dxnk gng 0 = J,_ @I, € Rrk=1)xnk,

Consider the sets

C={Ce R . (J —0C)¢ =0, some § € [—1, +1]},

and

Co:={CeR™: ¢(=(pH @Iz, pe -1, +1], z € R"}. (A18)

Then Cl = Cg.

Proof Since (Jy_1 — pjk_l)p[k] =0 and

(J = pC) (M @ L)z = (Jy1 @ I, — pJi—1 @ L) (oM @ I,)z
= ((jk—l - pjk—l) & [n) (P[k} & [n)x

= (((Jy=1 = pJi—1)pM) @ In):E

O®I,)x=0,

it follows immediately that Co C C;.

Conversely, let ¢ € C;. Since ¢ € R, we may write



May 28, 2010

11:0 International Journal of Control ijc10R

26 REFERENCES

Since (J — 0C)¢ = 0 for some ¢ € [—1, +1], it follows that

1

¢
(0611 ® s Ik © L] =6 [Te1 @ L O 1 @ 1] | |7 | =0

C
for some § € [—1, +1]. Expanding the previous expression componentwise, one obtains

G2—0¢ =0
(3—0G=0

Gk — 0Ck—1 =0

or

c=|7 =% | =d"wq.

Let now z := ¢; € R", and p := § € [—1, +1]. It follows that ¢ = (p/* ® I,,)z and thus ¢ € Cs.
Therefore, C; C Cy and the claim is shown. d

The following lemma is instrumental in casting the matrix feasibility problem (16) to a finite-
dimensional convex optimization problem. It is an extension of a result given in (Iwasaki et al.
2000).

Lemma A.8: Let the matrices © = ©T € R™ " and J,C € RF¥*" be given. The following
statements are equivalent.

(i) The inequality ("OC¢ < 0 holds for all nonzero vectors ¢ € R™ which satisfy (J —5C)¢ =0, for

some real scalar § such that |6 < 1.

(ii) There exist matrices D € R¥*F and G € RF** such that

.
D=D">0, G+G =0, @<m [zf?g} m (A19)

Proof From Lemma 2 of (Iwasaki et al. 2000), a vector ¢ € C" satisfies (J — jé(jC))C = 0 for
some real scalar § such that [§] <1 if and only if

L) [ %[l e=

holds for all U = U* > 0 and V = V*. Then applying the generalized S-procedure ((Iwasaki
et al. 2000), Theorem 1) and noting the losslessness of the following set of Hermitian matrices

e ([ 4l vere vme
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we see ((Iwasaki et al. 2000), Lemma 3) that statement (i) is equivalent to the existence of a
matrix V = V* and U = U* > 0 such that

JV'[Uv][J
o[ 214
The result then follows by letting D := U and G := —jV, and taking the real part of the
equation. O

The following is an extension of the well-known Finsler’s Lemma to the case of continuously
parameter-varying matrices.

Lemma A.9 Parameter-dependent Finsler’s Lemma Let the parameter-dependent matrices
B, € R"™™ and P, € R™*". Suppose that rank B, < n and P, = PpT for all p € Q and suppose
that

N,P,N, <0, Vp € (A21)
where N, is the null space of B,. Then there exists a 7, > 0 such that

P, < TpoB;, VpeQ (A22)
Moreover, T, can be chosen to depend continuously on p.

Proof The existence of a 7, > 0 satisfying (A22) for each p € Q follows from the standard
Finsler’s Theorem (Skelton et al. 1997). It remains to show that 7, can be selected to depend
continuously on p. To this end, let ¢(p, 7) denote the minimum eigenvalue of TB;BP—PP. Clearly,
¢ is continuous in both its arguments and defines a continuous surface @ in the (p, 7, ¢)-space.
Moreover, ¢(p,T2) > ¢(p, 1) whenever 79 > 71. From the proof of Finsler’s Theorem (Skelton
et al. 1997) it follows that for each p € € there exists a unique 7, such that ¢(p,7,) = 0.
Furthermore, ¢(p,7) > 0 for all 7 > 7, and ¢(p,7) < 0 for all 7 < 7,. This means that
the surface @ intersects transversally the level set ¢ = 0. Moreover, this intersection defines a
continuous curve 7 = 7, on the (p, 7)-plane. Then 7, := 7, + 1 is continuous in p and satisfies

(A22). O



