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Global Asymptotic Stabilization of a Spiiining Top 

With Torque Actuators Using Stereographic Projection 

Abstract 
The dynamical equations for a spinning top are derived 
in  which the orientation is specified by a complex vari- 
able using stereographic projectiou of Poisson's equations. 
Necessary and sufficient conditions for Lyapunov stability 
of the uncontrolled motion of a spinning top are given us- 
ing the Energy-Casimir method. Control laws that glob- 
ally asyniptotically stabilize the spinning top to t,he sleep- 
ing motioii using two torque actnators are then synthe- 
sized by employing techniques from the theory of systems 
i n  cascade form and generalized using Hamilton- Jacobi- 
Bellman theory with zero dynamics. 

1. Introduction 
I r i  this paper we examine the problem of the global asymp- 
I.ot.ic sta.lilization of ii spinning top wit,li fixed vertex to 
;I. iiuiforiii, steady rota.t,ioii abont its axis of symmetry. 
This iiiotion of tlie t,op is often referred to iu the litera- 
t.iire as t.lie deepir tg  top. This termiuology arises because 
I L  smooth, axially synirnet,ric t,op with its symmet,ric axis 
vertical, niiglit. appear at  first glance to be not moving 
at. all, and hence "sleeping" [5]. Stabilit,y analysis of the 
sleepiiig iiiotion of a spiuiiing top is well-developed. In 
[14], the ant,liors summarized the previous results a.nd 
gave necessary and suflicient conditions for Lyapunov sta- 
bility of tlie sleeping motioii whicli simplified tlie earlier 
resiilts given by Ge and Wu [4]. The controlled top prob- 
lem, i . e . ,  applying control inputs to drive the spinning top 
1.0 the sleeping motion, wa.s also studied in [14]. In [14], 
the control inputs are inertially-fixed horizontal forces and 
f.he kinenlatic fori!uilation was based on the 3-1-3 Eider 
ii.iigles. Asymptotically st,aldizing cont.ro1 laws were de- 
rived iisiiig t.he feedback lineariziition and tlie Hainilton- 
.Iacobi-l3ellrnan 1.1ieory with zero rlyiianiics for t,he case of 
I,WO coiit.ro1 forces. Iii (.lie case of only oiie coiit,rol force, if 
I. I i c 1.0 p is s pinni rig s u ffi cieii t.1 y fiist,, asy i i ~  p to t icall y s t a.bi- 
liziiig cont,rol h w s  were developed by t,lie ~ i i r ~ l j e ~ ~ i c - ~ ~ ~ i i i i ~ i  
kcli iiiqiie. 

Here we consider tlie cont,rolled t.op problem usiiig a.1- 
kriiative cont,rol inpiits, iiamely, Ilody-fixed torques. It is 
well-known that the sleeping motion of a spinning top 
is Lyapuuov stable if its spin rate is siifficiently high 
[2, 1, 5, 7 ,  8 ,  341. We rederive t-he necessary and snffi- 
&lit coiidition for stability iLbOUt the vertical of an uii- 
coiit.rolled spinning top using the Energy-Casimir met,hod 
[8, 131. Tliis condition coincides with the previous resnlts 
of [4, 141 and implies that the t.op iiiotion can be Lyapuiiov 
st.ii.ble, hut. ;L niinirriiiiir ainouiit. of spin ra.t.r is necessa.ry 
i i i  order 1.0 iicliieve sta.bi1it.y. Lat.er we reiiiove t.llis rest.ric- 
1, io 11 a I I  d consider st.abilizalio 11  wit h o i i  t iiliy reqni r o  in cut. 
o i i  the magnitude of the spill rate. 
tl-lciiarliiienl of Aerospace Eiigiiieering, 'I'he Uiiiversi t.g of 
Micliigaii, A n n  Arbor, MI 48109. 
:Scliool of Aeronaut.ics aiid Astronaribics, Purtlue liiiivwsi~.y, 
West. I,afayet.(.e, IN zI7CJOi. 

The results hold also for the extreme case when the spin 
rate remains zero. Two cont,rol t,orques a.bout t.he top's 
transverse principal axes are used in order to achieve this. 
The formulation of the problem departs from tlie tra.di- 
tional treatment - Imed on Eiilerian angles - and takes 
advantage of the foriniilation for t,lie kinematics of the ro- 
tational motion developed in [9]. Tllis kinematic formu- 
lation nses t.lie st.ercogra.pliic projectioii of the R ieiiia.ii I I  

sphere on the co~i~plex  p l m e  ill  order to derive il. very ele- 
gant and compact eclliii.tioii for ii complex quant.ily reliit.etl 
to the direction cosines of the local vert.ica1 (I  lie inertial 
Z-axis) with respect t.0 the local body-fixed syst.ein of tlie 
top. It is based oii ill) idea by Darboux [3], where an 
equation of t,he siillic forin was derived in connection with 
some problems in classical differentd geometry. However 
its derivation wing the st,ereograpliic projection and its 
nse in att,itude kinematics 1va.s est,ahlislietl in  [9] a.nd was 
first applied to att.it.iitlr cont.ro1 prolderns of spiiiiiiiig rigid 
bodies in [lo, 1 I].  

2. Equations for a Spinning Top Using 
Stereo gr ap 11 i c Pro j e c t i o n 

In this sect.ioii wc tlcrive tlie tlyiiiiniical eqiiat.ioiis of ;I. 

spinning t.op nsiiig st.ercogriipliic projection of Poissoii's 
equations 19, 101. lriitlitioiially, (.lie mot,ion of R I I  ( iiiicoii- 
trolled) spinning t,op is descrilwtl by the Eiilcr- Poisson 
syst,ein of equatioiis [7 .  141 given by 

J I  &I = ( J 2  - J 3 ) ~ 2 ~ 3  + , /n!jCy2 ( 1 a.) 

J z W 2  = ( 1 3  - .I~)w~w~ - 'm. gly1 (111) 
J3&3 = ( d l  - J ~ ) w ~ w ,  (IC) 

+, = y2W:! - y 3 w 2  ('a.) 

+1 = yowl - y1w3 (A)) 
^ .  ,.! = " ( 1 w  - T2W1 ( 2 c )  

Equations ( 1 )  dcscrilw the dyiianiics of t,lie i i i o t . i o i i  wit.li 
respect to a body-lixctl reference frame located iit (,lie ver- 
t,ex of the top and ecliia.tions ( 2 )  describe t,lie kinematics. 
In (1) ii.11d (3) WI, ;c", W? t.lie a.iigular vclocit,y vector 
components in body coordiniites, 'rr?. is the Itlii.ss of the 
top, g is the gravih(tiona1 coiista.nt aiid C is t.lie clist,il.iice 
from the vertex 1.0 i l i r  ceiiter of mass. Tile Imramcters 
51, 52, 5 3  represeiit. t . 1 1 ~  priiicipal nioinents of iiiertia. wit.li  
respect. t,o the cIios(:ii bodg-fixed reference friiitie. 'The 
varialdes 71, yz, y3 represent. t,lie coiiiporicmts of t,lic i i i l i t .  

vector in tlie negative ;ivit.y clircctioii when expresaetl i l l  

body coordiniit.es. N o  e t1iii.t for t , l k  reiisoii t,liey sii.t,isl'y 
tIie constriiiiit 7: + -,; + 7: = I .  

We assiiine l,Iial, l . 1 1 ~  l,op is syniiiietric. i .e . ,  ./I = J 2  = J ,  
and therefore from ( I C )  w e  f i i i t l  Imlii1.t w 3  is coiisi~~~ii~, .  I>c:fiiic! 

A 
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A A A 
w3 = $2, b = J s R / J  and c = am.ge/J ,  and the complex 
variables 

w = w1 + i w z  

where a = a. Using the complex variables w and 71, 
tlie equations of motion can be expressed compactly as 

(4) 

( 5 )  

where t.lie bar denotes complex conjugate. Equation (3b) 
represet1t.s a stereograpliic projection of the unit sphere 
Sz = {(yl,yz,y3) E IIt3 : y: + y: + 7: = 1) onto t.Iie 
complex plane [g, 10, 111. 

The tilt. angle 0 between t,he top symmetry axis and 
tlie inertial Z-axis is 

A n  easy calculat.ion shows that, if R = h, i . e . ,  J3 = J ,  
(.lieit tlie only equilibriuin strate of equations (4) and (5) 
is w = 11 = 0. If R # 6, then (apart froin the trivial case 
w = '11 = 0) the equilibriuin stat,es of the uncontrolled 
inot.iott of equations (4) and (5) satisfy 

and 

c - 2R(6 - 0) 
lI# = 

c + 2 R ( b - R )  

I ,  1 lie expression (7) can be written equivalently a s  

Siuce c > 0, it can be shown that if b2 < 2c t.lien 
w = it = 0 is the only equilibriuni st.ate. If, on t.he 
other Imnd, b2 2 2c,  then two cases need to be con- 
sidered, namely, R > 0 and R < 0. If R > 0 and 
$ ( h  + I./=) 2 $1 > f or 2 i ( 6  + d m ) ,  
tlieti w = 9 = 0 is the only equilibrium state. If R > 0 
and $(b  + d m i )  > R > $ ( b  + d n - )  and R # b 
t.lien there are nonzero equilibriuni states corresponding 
1.0 t,he soliitions of (7) or (9) and (8). Siinilarly, if R < 0 
a.titl i ( 6  - d n )  5 6 2  < $ or (2 5 i ( 6  - d m ) ,  
~ I I C I I  w = 11 = 0 is tlie ody equilibrium sta.te. If R < 0 
a i i t l  4 ( / I  - d w )  < R < i ( 6  - d n - )  and n # b 
tlten there are uotieero equilibriuin states corresponding 
1.0 the solutions of (7) OK (9) and (8). It is interesting t.o 
iiote that these uouzero equilibriuin states correspond t,o 
i i  steady precession of tlie top. In the steady precession, 
1,111 = conut. which implies from (6) a constant tilt angle 
8. Note t.1ia.t. if R = 0 ,  then from (4) and (5) one sees 
that the top degenerates to an inverted spherical pendu- 
luni and lias only one equilibriuin state w = = 0. Not,e 
also that the equations for tlie top rednce to those for a 
syinnietxic spacecraft in the case g = 0 ( i . e . ,  c = O ) ,  which 
has only one equilibrium state, namely, w = q = 0. Fi- 
ili~lly, it should be noted that, because of the well-known 
properties arnong the priucipal moinents ol inertia, for 
ii.ny physically realizable rigid body? one iniist have tliat, 
Q > 3 for t.he case w11e11 > U, while il < U, t,hen 
62 < $. 

3. Stability of the Free Motion of the 
Spinning Top 

In this section wc iiliiilyze the (nonlinear) Lyapr~nov st.a- 
bility of the sleepiiig iiiotion of t,he spinning top iising Lya- 
punov's direct. mct~lio~l and the Energy-Casiniir iiietliotl 
[8, 13, 1.11. Tlic iisc of the Euergy-Casiitiir rrtctliod id- 
lows us to draw shbility conclnsions about cotiserviitivc 
m echanicd sys t,eriis w I ieii cer t,ai n in depend en 1. i i i  t.egrals of 
the motion (Casiniirs) are known [8, 131, by checking the 
definiteness of t.hc sccond variation at  the critical poiut,s 
of a "energy-like" qiiantity. The procedure follows [14] 
closely. 

The linearizat,ion of t.he nonlinear top &nations (4) aud 
(5) about the eqnilibriuni w = 9 = 0, correspondiiig to tlie 
sleeping motioii, is given by 

Obviously, if bZ < 2c,  then syst,eni (10) has eigeuvdiies iii 

the open right. half pliiue, which corresponds to instabilitSy 
of the 1inea.rizetl ecliiiit.ion (IO), and thus inst,;i.bilit.y of t.lie 
original nonIinea.r syst.cin (4 )  and (5). WIieti /i2 2 2c, (IO) 
has eigenvalues 011 t . I i ( :  illlil.gilla.ry axis and no conclosioii 
can be drawu atmiit. the stii.bility of the origitiii.l Iioillineii,r 
system from its linc;irizatiou in  this case. 

Let 11s clefiue t l i c ~  cli1a.nt.it.y 

A 
f I ( d ,  I / )  = / I C ]  ( w ,  1 ) )  - 6 hc2(ic' ,  '1) (12)  

where 

and where Iin(.) tlciiot.cs t.lie imaginary pa.rt. o l  il. coinplex 
number. It can I N *  c:a.sily checked that this expression 
remains const.a.nt iiiitler the flow of the uoiiliiiear systciii 
(4) and ( 5 ) .  Tlic first. t.crin in ( 1  2) re1)rcscnt.s t . l i e  t,ot.iiI 

energy of t.he syst,f:tii, while the secotid terni represct i~ .~  
the angiilar monwiit,uiii iilollg tlie inert.ial Z-ii.xis. It. is 
easy to show that. w = q = 0 is a critical poilit, of (12) ,  
t1ia.t is, 

(15) 

(16) 
The matrix i n  ( 16) is positive t1efinit.e for h2 > ?c a.ntl 
therefore the syst.c!iii is (Lyapiinov) st.:iI)Ic i f  /?' > 2c.  111 

fact, a Lyapiiuo\f liirictioii for t . 1 1 ~  syst .c i i t  (4 )  aiitl ( 5 )  i s  
given by 

A 
V ( w ,  11) = / / ( W , T / )  - If ( 0 , O )  

(17) 
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It. can be seen that if 6' 2 2c, then V ( w , q )  > 0 for 
all w,q  E CP: although it,s Hessian is only positive semi- 
definite; see (16). Next, recall that if b2 < 2c, then the 
sleeping motion is unstable. Therefore we conclude that 
the sleeping motion of the (uncont,rolled) top is Lyapunov 
stable if arid only if bZ 2 2c [4, 141. 

4. Feedback Stabilization with Two 
Torque Inputs 

4.1 Complex Formulation 
We consider the controlled top problem in which two 
torque actuators u1,uZ along two transverse principal 
axes perpendicular to the symmetry axis are applied to 
the top. Defining the complex control variable U, = 
tt.1 + i ' ~ 2 ,  t.lie equations of nlotion HOW yield 

A 

'The control slrategy employed in this subsection is based 
o i i  the results of [lo] and [II]. In [ I O ,  111, globally asymy 
t.ot.ically stabilizing control laws were derived for the mo- 
tion of a symmetric spinning rigid body in space, iising 
two cont,rol actuators aboiit principal axes. 

ltedefi 11 i ii g t.he ne \v coli I .  rol 

equations (18), (19) yield a. system in the form 

w = i ( b  - R)w +'U (21a) 

.$ = -.L RI,  + w + E.//'. (21b) 1 2  

Coiitrol laws for the systein of equatious (31) have been 
obtaiiied i i i  [ lo ,  111. Usiiig the results of [lo,  111 and 
eqiiatioli ('20) we have the following globally asyniptoti- 
cally stabilizing control liiws for the Inot,ion of a spinning 
1 . 0 1 )  about. its syninieLry axis. 

Theorem 4.1 The choice of the feedback control law 

C'i/ w 3 2 
't/.< = - i ( b - I 2 ) w -  7 +l i ( iOq-- - - , l /  ) - o ( w + f i ~ , / )  3 2  1 + 1'11 

( 2 2 )  

The proofs of thsc theorems are shown by const.riict.ioii 
of appropriate Lyapiiiiov functions for the correspondirig 
closed loop systems iltld can be found in [lo, 111 (for v = 

Next we present a general t.heory of stabilization of the 
equations (18) and (19) of the coiit.rolled spinning top 
based on Hainiltoii-Jacobi-Bellmaii (H.1 B) t.heory with 
zero dynamics [I, 121. 

4.2 Hainilton-.J~cobi-~~llman Theory with 

Consider a nonlinear controlled system which is afine i n  
the control, of the form 

UC). 

Zero Dynamics 

x = f ( z )+g(z )u  = f ( z ) + g 1 ( x ) r c 1  +...+ g"z(z)?l~' ,z  ( 1 5 )  

where z E an. '11 = col(.trl,. . . , u m )  E Ill.''' aiid 
g 1 ( ~ ) ,  . . . ,gn,(z) arc t.lie colnmn vectors of ~ ( 2 ) .  We iL+ 

sunie f and 91,. . . , gnl are sufliciently snioot.li iiiid, with- 
out loss of generality, we assnnie t1ia.t the origin is a.n 
equilibrium state o f  t.he uncontrollcd systcni, niilllely, 

f(0) = 0 .  In order t,o apply tlie IIJB theory with zero 
dynamics, we define an art.ificia.l ontpiit, fiinct.ion 

y = / I ( % )  ( 2 6 )  

where y E IR'" aiitl h ( z )  = coI(h.l(x),h~(x), . . . , h , , , , ( x ) ) .  
For the system (25),  (X), consider the pcrforina.iice fiiiic- 
tional 

J(z0, I / ( . ) )  = L ( x ( t ) , r c ( t ) ) t l l  (27)  

L ( z ,  t i )  = L l ( 2 )  + 1,2(3: )1 t .  + ~tt,'rR./t. (28) 

A LW 
where 

A 

and L1: IR." + JR, Lz: IR" - wi1.h Lz(t.1) = 0,  i i n d  

R E IR"lx"z is a posic.i\.e-defiIiil.e mat.rix. T h e  sitperscript 
T denotes, as usual, t l i c  trmspose. 

1 he following Icninla is  essetit iid i n  cliiiractcrizitig the 
csiionical form of (25) .  

Lemma 4.1 Assrtrrte llral the nonlinear system (25) ,  
(2G) is wrinirntitn phcise with relrttive degree { 1, 1,. . . , 1). 
If the vector field (L,lr.)-' i s  complete, then tliet.e ex- 

tion fo : lR'"''l - LI~'""', r i n d  rr C" ftrirc/ion T : 
] ~ n - m  111" ~ 1 1 { ( " - m ) x w  

,. 

ists a ylobd di~eo,r,oi.plrisnr H : IR" - In", a C"' j1t.nc- 

S l l C h  / . / I f l / , ,  111 t / le  CCJOidi//fttCS 

A [ 5 ] = # ( a )  !/ (29 )  

tuit/i A > o and (Y > U, gloiially asymptotically stobiiise's 
sysl.en1 ( 1  8)- ( 1  9). the differential equct/.ion (2.5) i s  t.qriiorrlen/. to the i i o i w i r i l  

form 

Theoreill 4.2 l'lie c i i o i c ~  of lhe feedback covitrol law 

iuilli )i > 0 and o > 0 ,  globally exponentially stabiliies 
sysleiri llre (18)-(19) roillr rnte of decuy 1312, rulrere f i  = 
inin{%, 6). 

Theorem 4.3 Tlie choice of the feedback control lnrrr 

(24) 

For a defiiiitioii ol t.he notion of reliitive degree aiitl 
zero dynamics, oiic: 1ilii.j' consult [GI. Tlie Iiexl. tlieorein 
gives the main rcsiilt for optimal non1inea.r fcetlbiick of 
miiiimwii phase riys~.ciiis with relative degree { 1 ,  1 ,  . . . , 1). 
The optima1it.y of (.lie feedba.ck corit.rol law is giiiirit.tiI.ec:d 

t.hrongh the 1~a.miIt.on- Jncobi-l3ellrna.ii c(liiiil.ioii. l'he per- 
for i n  ai ice Cu ii c t i o i i  ;iI is i iss ii i iiccl 1.0 i ii cl ii ( IC a t i  o I iq t i  ii ( I rii.l.ic 
st.ate weighting aiicl a clii;idri& cont.rol wciglit.iiig. 

Theorem 4.4 ([12]) Consider [lie nonlinear .s!/slcr,r rlc- 
fined by eqcialioris (2-51, (2G). clsaririte / / in / .  /.Ire sya/.eitr 
i s  nrinimcim plrase r t d l r  rela/.ive d q i w  { 1,  1 ,. . . , 1 )  rind 
the vector field g ( L , / r  I-' is cornpIcle. FiirlIrerwiore, let 
PO E R"'xm ntid I? E rI1.l'ix''' be p O . S i / i . U t .  rIeJnile rcird /CL 
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1'0 : lit"-"' --* 1R be a C' positive definite firtaction strcli 
thul D\'O(z) Po(.) < 0 ,  for  P E Et"-'", z # 0. Then define 

(31 )  L;(z)  = R(L,//,)-'[P,-'r'r(~,l/)DV~(~)T + 2 L j  h] 

V(x) = Vo(2) + Y T P 0 Y  (32) 
where t, y crnd ~ ( i , y )  are defined in, Lemmu 4 . 1 .  Then V 
i s  (I. Lyaprrrrov frinctron f o r  the cloded-loop system wit16 the 
co f r  /.to1 1 u to 

1 
f$ ( z ) = - 7 [ L 9 It. ( z ) ] --I [ P,- 1.T ( z , y ) D r4j ( 2 )'r 

+ 2 L / l l ( Z ) ]  - n-'[Lg/r,(2)]Tvo/1(x) (33) 
" 

which yloiidly cisyinptotacally stabilizes (85) urid mini- 
rrriies J (  :CO, .ti.( .)) iri the setise that 

./(zo,d(z(.)))= miii J ( z o , a ( . ) )  = V ( z o ) ,  V z o  E Ut" 

(34)  
trdcere J(zg;u(.)) i s  defined i n  (27)-(28), S(z0) i d  the set 
of crsyiirpl.otica,/l~ stobiliziviy control kitus, ond 

U( . ) € a z o )  

L ~ ( . I : )  = dT(z)Rd(s:) - L j V ( j : ) , ,  z E IR" (35) 

1 lie ~ie~.Iortiia.iice irit,egrii.iid correspolitlilig t.0 t.he opt,i- r 1  

1iiii.1 coii~.rul liiw (33)  is [I?] 

I L ( X ,  ( I )  = { , / I  + ~ ( L ! , / l ) - l [ ~ ~ ] , r ' ( ~ , y ) D \ , ~ ( ~ ) ' ~  

1 + 2L,, /,.])'9{.// + ~ ( L ~ l r . ) - l [ ~ ~ l ~ ' ~ ( z , y )  

D\/o(z )"~  + ,I,, /A]} - D1/; (3) fO(z)  

+ I,' ( .L' ) uo ( L, I,, )I<-' ( L, I& ) ' ]~  w h ( ~ )  

" 

( 36) 
wliicli is Iioni~egiitive for all  z E IR." i d  '11. E a"'. 111 
[.lie above espressioiis D\/O(Z) deiiot,es the Jiicobian of \G 
wit . l i  respect to 2. 

R.emark: In the sta.teiiient of Theoreiri 4.4 is implicit. 
t,lie fiict. tliat. there esist,s an out,put for t,he 110111inea.r sys- 
t.ein with  rcspect. 1.0 wit.li t.lie overall sgsteiu licw rela.t,ivc 
~1egrc.e {I, 1 , .  . . , I ) .  Therefore the existence of such an 
oiit.put is crucial for t,lie Tlieorern 4.4 to be applicable. 
Note that as in the case of feedback linearizahle systems 
t.lie desired output iiiay not. be necessa.rily t.lie given out- 
piif. of tlie syst.em. Inst,eiid it is oft.eli u p  to tlie coiit.rol 
tlesigiier to choose such il.ti output in order 1.0 achieve rel- 
il.t.ive degrce one wit.li respect. to all output. cliaiinels. Tliis 
is  i i o t .  iiecess;rrily ii trivial h s k ,  irtitl a jiitlicioirs clioicc tltily 
1'. ,i.ci . 1' It.a.te tlie a.nalysis i1.11t1 t.lie co1itrol desigii. 

4.3 Tlic: Spinning Top 
We use agiiiii the stereographic coordilmtes, but for con- 
veiiiencc (aiid to be consist.ent wit.li the sta.tldid n0t.a.- 
t.ioii i l i  t . l i c  literature of noiilinear control theory), we es- 
piitid cqiiat.ioiis (18 )  a.iid (1'3) int.0 their red and ima.giiia.ry 
l>il.rts. LetLiiig X I  = W I ,  :e2 = W Z ,  2'3 = ' I / ]  illid ~4 = ,112, and 
tlccoriiposiiig ( 1 8 )  a.nd (19) ilit,o their real and imaginary 
conipoiieiits. we ca.ti write t.liesc equat.ions i i i  t.be faini1ia.r 

( 3 7 )  

(3Pa.) 

(38b) 

where x = ~ 0 1 ( ~ 1 , 3 : 2 , ~ 3 , x 4 )  E IR4, g l ( x ) , g z ( ~ )  iire tlie 
column vectors of!/(i) ancl 11 = co~(al,rrz) E ntZ. CIcar~y, 
f, yl aiid y2 are C" vector fields and f ( 0 )  = 0. 

Let the outtput fuucrioti be 

A 
where k l  > 0 and kz > 0. Defining t = col(tl,z2) = 
coI(z3, x4), we h a v c ~  

.$ = f o ( Z )  + T ( t ,  y)?/ (40)  

where 

It can be shown Illat. tlie zero dyiianiics correspontling 
to i = fo(z) is glolmlly asgmpt,otically st,;i.ble and the 
corresponding Lyapirrio\~ function is 

\ G ( Z )  = rJ:.*,(Zf + i,:), 113 > 1). ('I:{) 

Purtliermore, Lg/r(x)  = 12, wliere 12 is tlie 2 x 2 itlcii- 
t,ity mat.rix. 11erice ( : I S )  ;i.ntl (39)  b r i t i  i i  i i i i t i i i i i i i i i i  p1iii.s~ 

sysbeni wi1.h relative. dcgrcc { 1 ,  1 ) .  Next.  by t.iikiiig 

with pi ,  112 > 0 alicl r l ,  1.2 > 0, and applyiug 'llieoreiii 4.1 
t.0 t.lie system (38) ;iiid (39)  t . 1 ~  optinial cont.rol 1a.w $(z) = 
col(&(x), ~ Z ( X ) )  is coinpiit.ed frorii (33) to be 

q x ,  U )  

wliere 

LT(1.) = 
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The equation for d(z) provides a family of feedback sta- 
bilizing control laws for the system (38), which are op- 
timal with respect to the performance functional (47). 
This 7-parameter family (k1, kz, T I ,  22, pi, p z ,  p 3 )  allows 
for great flexibility in the design of optimal feedback con- 
t.rol laws for the spinning top. It, can be easily checked 
t.hat, by raking k1 = kz  = s,p1/n = p z / r z  = N and 
p 3 / p 1  = p 3 / p 2  = 2,  the control 1a.w (45) reduces to (23). 
Not.ice, however, that the control laws ( 2 2 )  and (24) can- 
not. be derived forin (45) by any  a.dinissible choice of the 
parameters. 
Remark: It should be point,ed out that the control 

laws obt,a.ined a.bove are globally asympt,ot,ically stabiliz- 
ing for aII 2: E IR4. Physically, this implies global asymp- 
totic stability for the closed loop system from all initial 
configurations, except in the case when ‘I = 00. This case 
corresponds to direction cosines (y,,yz, y3) = (0,0, -1) in 
equa.tion (3), that is, the top symmetry axis is along the 
downwa.rd direct,ion. Therefore, global stability here im- 
plies stability from all initial conditions except. the initial 
coritlitiou corresponding to this siltgtllilr “upside-down” 
colrfigurirt.ion. (N0t.e that by the global stabiliziiig nature 
o f  t.he coiit,rol laws of t.he syst.em iii ( U ,  7 1 )  coordinates, one 
I1ii.s t.liat y( l )  < 00 for a.ll t 2 0 as long a s  ~ ( 0 )  # 00.) If 
1 . 1 1 ~  top is iriitially upside down, tlieu oue can apply an 
iirbitrary input to drive tlie top to any nonsingu1a.r orien- 
t.at.ion. The stabilizing cout.rol laws obta.ined above can 
I.lieii be applied from t.his new orieiitatioii. Tlins, the top 
can he globally asyinptot,ically st,abilized to the sleeping 
iiiot,ion, including tlie siugii1ii.r oue. 

5.  Numerical Exaiiiple 

M’c apply t.he coutrol la.ws obt.a.iuetl in Sect.ion 4 to a1.a- 
I)ilize the spiiining t,op to the aleepilig iuot,ioii. We a.s- 
siiine tlii1.t t.he t.op pa.rilnlet,ers are J1 = e = I ,  m g  = 3 
;iiid JJ = 0.2. The ga.iii a.iid cont.rol paranieters iii these 
riiniilat.ioiis were all takeii equal to unity. If R = 1 then 
b = 0.3, c = ti, which corresponds t.o a unst,able top. If the 
initial coritlitions are 3 : ( 0 )  = ( o , o ,  0.01,0.01)’~ wIiicIi iin- 
I’lies initially the slowly spinning top has zero transverse 
a.iigiilar vclocit.y wi th  t,ilt angle 0 = 1.62 deg. Obviously 
wit.lioii t. est.ernid control inpiit,s rlie t,op will fall towa.rd 
the downward position. To demonstrate the effect of t.he 
coiitrol laws, we apply the control 1a .w (45) at t = 3.1 sec 
wlien the tilt angle is about 150 deg. Figure 1 shows t,lie 
t.irne hist,ory of t,lie t,ilt angle 0. I t  is seen froin t.liese fig- 
ures t.1ia.t before t,he coi~t.rols are a.pplied (t < 3.1 secontl), 
t.he tilt angle 0 grows ra.pitlly ii.11~1 a.ft,er t,he cont,rols a.re 
applied t.lie tilt angle 0 ( i i l i d  tlie st.ii.t,es : c 2 ,  : c 4 )  axe driven 
1.0 zero asyrnptoticiilly. i15 wqiiircxl. 

6. Conclusions 
I 7  1 lie st.ii.1)ilil.y aiid st.abilizat.ion of a spinning top were es- 
ii.iiiiued, using a new forinihtioii of the kiiieniatics based 
oii stereographic coordiiiabes, wliicli facilitates the design 
o F  fecdback coiitrol laws. The stabilizing coiitrol laws, ns- 
irig o n l y  t.wo t,orque actna.tors, were synthesized using tlie 
Il;iniilt.oii-Jacobi-Bellmaii theory with zero dynamics. Al- 
t.liough t.he niethodology is dernoiist.rat,ed using the spiu- 
iiiiig t o p  cxainple, it. is believed that t,liis tlieory will be 
Iiclpfl t l  f o r  a 13roii.d CIB.YS o l  problellla eiicoiiiit.ered ill roI.iL- 
( . i on  ii.1 d y iiainics a.u d ki iieii i ii.t.ics. 
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