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Abstract

The dynamical equations for a spinning top are derived
in which the orientation is specified by a complex vari-
able using stereographic projection of Poisson’s equations.
Necessary and sufficient conditions for Lyapunov stability
of the uncontrolled motion of a spinning top are given us-
ing the Energy-Casimir method. Control laws that glob-
ally asymptotically stabilize the spinning top to the sleep-
ing motion using two torque actuators are then synthe-
sized by employing techniques from the theory of systems
in cascade form and generalized using Hamilton-Jacobi-
Bellman theory with zero dynamics.

1. Introduction

In this paper we examine the problem of the global asymp-
totic stabilization of a spinning top with fixed vertex to
a uniform, steady rotation about its axis of symmetry.
This motion of the top is often referred to in the litera-
ture as the sleeping top. This terminology arises because
a smooth, axially symmetric top with its symmetric axis
vertical, might appear at first glance to be not moving
at all, and hence “sleeping” [5]. Stability analysis of the
sleeping motion of a spinning top is well-developed. In
{14], the authors summarized the previous results and
gave necessary and sufficient conditions for Lyapunov sta-
bility of the sleeping motion which simplified the earlier
results given by Ge and Wu [4]. The controlled top prob-
lem, i.e., applying control inputs to drive the spinning top
to the slceping motion, was also studied in [14]. In [14],
the control inputs are inertially-fixed horizontal forces and
the kinematic formulation was based on the 2-1-3 Euler
angles. Asymptotically stabilizing control laws were de-
rived using the feedback linearization and the Hamilton-
Jacobi-Bellman theory with zero dynamics for the case of
two control forces. In the case ol only one control force, if
the top is spinning sufficiently fast, asymptotically stabi-
lizing control laws were developed by the Jurdjevic-Quinn
technique.

Here we consider the controlled top problem usiug al-
ternative control inputs, namely, body-fixed torques. It is
well-known that the sleeping motion of a spinning top
is Lyapunov stable if its spin rate is sufficiently high
[2, 4, 5, 7, 8, 14]. We rederive the necessary and suffi-
cient condition for stability about the vertical of an un-
controlled spinning top using the Energy-Casimir method
[8, 13]. This condition coincides with the previous results
of [4, 14] and implies that the top motion can be Lyapunov
stable, but a minimum amount of spin rate is necessary
in order to achieve stability. Later we remove this restric-
tion and counsider stabilization without any requirement
on the magnitude of the spin rate.
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The results hold also for the extreme case when the spin
rate remains zero. Two control torques about the top’s
transverse principal axes are used in order to achieve this.
The formulation of the problem departs from the tradi-
tional treatment — based on Eulerian angles — and takes
advantage of the formulation for the kinematics of the ro-
tational motion developed in [9]. This kinematic formu-
lation uses the stercographic projection of the Riemann
sphere on the complex plane in order to derive a very ele-
gant and compact eqitation for a complex quantity related
to the direction cosines of the local vertical (the inertial
Z-axis) with respect to the local body-fixed systein of the
top. It is based on an idea by Darboux {3], where an
equation of the same form was derived in connection with
some problems in classical differential geometry. However
its derivation using the stercographic projection and its
use in attitude kinematics was established in [9) and was
first applied to attitude control problems of spinning rigid
bodies in {10, 11].

2. Equations for a Spinning Top Using
Stereographic Projection

In this section we derive the dynamical equations of a
spinning top using stercographic projection of Poisson’s
equations [9, 10]. Traditionally, the motion of an (uncou-
trolled) spinning top is described by the Euler-Poisson
system of equations [7, 14] given by

Jiwy = (J2 — J3)waws + mgly, (la)
Jowz = (Ja = Ji)wawr — mgly (1b)
Jswz = (Ji— J;_)wlwz {ic)
T = awa — Yaws (2a)
Y2 = Yaw) — mwa (2b)
Yo = viw2 — Yaun (2¢)

Equations (1) describe the dynamics of the motion with
respect to a body-fixed relerence frame located at the ver-
tex of the top and cquations (2) describe the kinematics.
In (1) and (2) wi,w2,ws are the angular velocity vector
components in body coordinates, m is the mass of the
top, ¢ is the gravitational coustant and ¢ is the distance
from the vertex to the center of mass. The paramcters
J1,J2, J3 represent the principal moments of inertia with
respect to the choscen body-fixed reference frame. The
variables 1, v2,¥s represent the components ol the unit
vector in the negative gravity direction when expr
body coordinates. Notice that for this reason they s
the constraint 42 + 72 +42 = 1.

We assume that the top is symmetric, i.e., J; = J» 2 J,
and therefore from {1c) we find that w3 is constant. Define
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w3 = Qb = JaQ/J and ¢ 2 2mgt/J, and the complex
variables
w = wiFiws (3a)
— 1—
noin_ -1 g,
1+  m+im

n 7)1+H72-

where ¢ = +/—1. Using the complex variables w and 7,
the equations of motion can be expressed compactly as

: . on
) = b~ Qw + ——— 4
b o= G-t (1)
Bo= —in+ S Sy (5)

where the bar denotes complex conjugate. Equation (3b)
represents a stereographic projection of the unit sphere
= {(11,72,73) € R® : v + 43 + v2 = 1} onto the
complex plane [9, 10, 11].
The tilt angle © between the top symmetry axis and
the inertial Z-axis is

-1, 1= |'I|2

cos (1+|"|2) (6)

An easy calculation shows that, if Q@ = b, 1.e., J3 = J,

then the only equilibriuin state of equations (4) and (5)

isw=19=0.If Q#b, then (apart from the trivial case

w = 5 = 0) the equilibrium states of the uncontrolled
motion of equations (4) and (5) satisfy

o =20~ Q) .
"= g —a) (")

and ¢ n
w='z——(b_n) ————1+Iﬂ|2. (8)

The expression (7) can be written equivalently as

200 - Q )

) o)
c

Since ¢ > 0, it can be shown that if b < 2c then

w = 5 = 0 is the only equilibrium state. If, on the

other hand, »* > 2¢, then two cases need to be con-

sidered, namely, @ > 0 and € < 0. If{ Q > 0 and
%(b + V2 -2) > Q > g or Q > %(b + Vb? + 2¢),
then w = 7 = 0 is the only equilibrium state. I{ 2 > 0
and %(b+\/b"’+2c) >Q> 3(b+ Vb7 —2c)and Q # b
then there are nonzero equilibrium states corresponding
to the solutions of (7) or (9) and (8). Similarly, Q<0
and 3(b— VB2 —2¢) < Q < £ or @ < L(b - VBT +2c),
then w = 5 = 0 is the only ethbrmm statL HQ <o
and 2(b— Vb +2¢) < Q < 21— Vb2 —2¢) and R # b
then there are nonzero eqmllbuum states corresponding
to the solutions of (7) or (9) and (8). It is interesting to
note that these nonzero equilibrium states correspond to
a steady precession of the top. In the steady precession,
|7] = const. which implies from (6) a constant tilt angle
©. Note that if © = 0, then from (4) and (5) one sees
that the top degenerates to an inverted spherical pendu-
lum and has only one equilibrium state w = 5 = 0. Note
also that the equations for the top reduce to those for a
symmetric spacecraft in the case g = 0 (i.e., ¢ = 0), which
has only one equilibrium state, namely, w = n = 0. Fi-
nally, it should be noted that, because of the well-known
properties among the prmcnpdl moments of inertia, for
any physically realizable rigid body, one must have that
Q> %’ for the case when ©Q > 0, while if 2 < 0, then
Q<
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3. Stability of the Free Motion of the
_ Spinning Top

In this section we analyze the (nonlinear) Lyapunov sta-
bility of the sleeping motion of the spinning top using Lya-
punov’s direct method and the Energy-Casimir method
[8, 13, 14). The usce of the Energy-Casimir method al-
lows us to draw stability conclusions about conservative
mechanical systems wlen certain independent integrals of
the motion (Casimirs) are known [8, 13], by checking the
definiteness of the sccond variation at the critical points
of a “energy-like” quantity. The procedure follows [14]
closely.

The linearization of the nonlinear top equations (4) and
(5) about the equilibrium w = n = 0, corresponding to the
sleeping motion, is given by

[ 7 ] = [ ORY i ] [ (10)

As can be easily calculated, the eigenvalues of the system
(10) are

I—Q
,\]‘2=1) 2

—\/=b 42 (11)

Obviously, if b < 2c, then system (10) has eigenvalues in
the open right halfl plane, which corresponds to instability
of the linearized equation (10), and thus instability of the
original nonlinear system (4) and (5). When b* > 2¢, (10)
has eigenvalues on the imaginary axis and no conclusion
can be drawn about the stability of the original nonlincar
system from its linearization in this case.
Let us define the quantity

H(w,y) £ hey(wyn) — b hea(w,n) (12)

where 2
1—|ul

A 2
her(w, ) 2 2
her{w,n) = |wl® + 1+ 42

(13)

= [l

hea(w, n) Im(wi) + 6 1—+[—|7 (14)

l+| i
and where Im(-) denotes the imaginary part of a comp]ex
number. It can be casily checked that this expression
remains constant under the flow of the nonlinear system
(4) and (5). The first term in (12) represents the total
energy of the system, while the second term represents
the angular momentum along the inertial Z-axis. [t is
easy to show that w = 5 = 0 is a critical point of (12),
that is,

‘)”(u ()):‘?—](u 0) =0 (15)

and the second variation of /f al the critical point w =
7 = 0 can be computed to be

2 ~ 2 —i2b 1n

EHO0=[ b b ]| 5 _o2, ] [ b

(16)

The matrix in (16) is positive definite for b> > 2¢ and

therefore the system is (Lyapunov) stable if 4> > 2¢. In

fact, a Lyapunov function for the system (4) and (5) is
given by

Vie,n) 2 H(w.y)— H(,0)

= |wf’+c¢ Al U/ o Im(wi)
L+l 1+ | 10?2
1 - |"l|2 . 2 .
+ I+|1)|2] c+b (17)



It can be seen that if > > 2¢, then V(w,n) > 0 for
all w,n € C although its Hessian is only positive semi-
definite; see (16). Next, recall that if b?> < 2¢, then the
sleeping motion is unstable. Therefore we conclude that
the sleeping motion of the (uncontrolled) top is Lyapunov
stable if and only if 4% > 2¢ [4, 14].

4, Feedback Stabilization with

Torque Inputs

Two

4.1 Complex Formulation

We consider the controlled top problem in which two
torque actuators ui,u2 along two transverse principal
axes perpendicular to the symmetry axis are applied to

the top. Defining the complex control variable u.
) + tuz, the equations of motion now yield

4]
1+ |n]?

; W, w2
th1+2+2'7.

(b — Qw + + ue (18)

= (19)
The coutrol strategy employed in this subsection is based
on the results of [10] and [11]. In [10, 11}, globally asymp-
totically stabilizing control laws were derived for the mo-
tion of a symmetric spinning rigid body in space, using
two control actuators about principal axes.

Redefining the new control

08— :ilnl"’ + e (20)

cquations (18), (19) yield a system in the form
w = ib-Qw+v (21a)
B o= —idy+ %’- + %—7}2, (21b)

Control laws for the system of equations (21) have been
obtained in [10, 11]. Using the results of [10, 11] and
equation (20) we have the following globally asymptoti-
cally stabilizing control laws for the motion of a spinning
top about its symmetry axis.

Theorem 4.1 The choice of the feedback control law

cn O« ng .
W%—n(zﬂrl—g—?u ) —a{w+ K1)
22)

with £ > 0 and a > 0, globally asymptotically stabilizes
system (18)-(19).

e = —t(b—Q)w—

Theorem 4.2 The choice of the feedback control law

. cn O w @
Ue = ——-1(1)—9)&4)— W—i—h(lﬂl}— ? —57] )
— a(lw+ky)—n(1 + |11|2) (23)

with K > 0 and a > 0, globally ezponentially stabilizes
system the (18)-(19) with rate of decay /2, where 8 =
min{2a, x}.

Theorem 4.3 The choice of the feedback control law

cny
1+ |9

Ue = —K1w — Ko} —

(24)

with k1 > 0 and Ky > 0, globally asymplotically stabilizes
the system (18)-(19).
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The proofs of these theorems are shown by construction
of appropriate Lyapunov functions for the corresponding
closed loop systems and can be found in [10, 11] (for v =
uc).
)Next we present a general theory of stabilization of the
equations (18) and (19) of the controlled spinning top
based on Hamilton-Jacobi-Bellman (HJB) theory with
zero dynamics {1, 12].

4.2 Hamilton-Jacobi-Bellman Theory with
Zero Dynamics

Consider a nonlinear controlled system which is affine in
the control, of the form

&= f(z)+9(z)e = f(z)+ g (z)wr+...+ gm(z)um (25)

where £ € IR*, u = col(t1,...,um) € IR™ and
91(z),...,gm(z) are the column vectors of g(z). We as-
sume f and g1,...,ym are sufliciently smooth and, with-
out loss of generality, we assume that the origin is an
equilibrium state of the uncontrolled system, namecly,
f(0) = 0. In order to apply the HHIB theory with zero
dynamics, we define an artificial ontput function

v =h(z) (26)
where y € IR™ and h(z) = col(h1(z), h2(z), ..., hm(z)).
For the system (25), (26), consider the performance func-
tional

J{(xzo,u(-)) _2_/ Lz(t),u(t))dL (27)
0
where
L(z,u) 2 Li(z) 4+ Lo(x)u + " Ru (28)

and Ly: IR® — IR, L2: IR™ — IRT™™ with L2(0) =0, and
R € IR™*™ is a positive-definite matrix. The superscript
T denotes, as usual, the transpose.

The following lemina is essential in characterizing the
canonical form of (25).

Lemma 4.1 Assumne thal the nonlinear system (25),
(26) is minimum phase with relative degree {1,1,...,1}.
If the vector field y (Lyh)™' is complete, then there ex-
ists a global diffeomorphism 8 : IR" — R", a C* func-
tion fo : R"™™ IR™™"™, and a C*= funclion r
IR™*™™ x IR™ — ="YX such thal, in the coordinates
= A o
[i]=60) (29)
the differential equation (25) is equivalent to the normal
form

H J+ [idin ]o 0

For a definition of the notion of relative degree and
zero dynamics, one may consult [6]. The next theorem
gives the main result for optimal nonlinear f{eedback of
minimum phase systems with relative degree {1,1,...,1}.
The optimality of the feedback control law is guarantecd
through the Hamilton-Jacobi-Bellman equation. The per-
formance functional is assumed to include a nonguadratic
state weighting and a quadratic control weighting.

— [ Jolz) +r(z,9)y
Ly h(x)

Theorem 4.4 ([12]) Consider the nonlinear sysiem de-
fined by equations (25), (26). Assume that the system
is minimum phase with relalive degree {1,1,...,1} and
the vector field g (L.yh)™" is complete. Furthermore, let
Po € R™*™ and R € IR™*™ be posilive definite and let
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(IR — 1R be a C! positive definite function such where z = col(z1,22,23,24) € IRY, g1(z), g2(x) are the

!hat DWo(z) fo(2) <0, for z € R"™™, 2z # 0. Then define column vectors of ¢(x) and u = col(u1, u2) € IR?. Clearly,
_ fy g1 and g> are C* vector fields and f(0) = 0.
Ly (z) = R(Lgh) [Py vz, y)DVo(2)T + 2Ly k] (31) Let the output fuuction be
V(z) = Vo(z) + 3" Poy (32)

ha(z T+ kiz
v=n@=[ @ & [ nthn ] o
where z,y and r(z,y) are defined in Lemma 4.1. ThenV ha(z 22+ k224

is @ Lyapunov function for the closed-loop system with the . a
control law where k3 > 0 and k; > 0. Defining z = col(z1,22) =
col(z3, z4), we have

1 IS
z) = —=[Loh(z)] 7 [P T (2, ) DVo(z)"
¢(‘l‘) 2[ .’!'(1’)] [ o 7 ( y) 0( ) = fo(s)—l—r(z,y)y (40)
+ 2Lgh(z)] = R [Loh(z)]T Poh(z)  (33) where
whic 3 totically stabilizes (2 mini-
i gkl qspmptoticlly sz (39 and mini o [ = s = - )0
’ —5k252—921 —5k252—(k1 -3 ).‘J] z2
(o, ¢(2(-)))= min J(xo,u(')) = V(20), Vzo € IR” (41)
u(-)ES(z0) _1_(l +:2 = ,’2) e
(34) r(z,9) = [ Ch T ] (42)
where J(xo,u(-)) is defined in (27)-(28), S(zo) is the set 2122 3(1—2f +23)
of asymptotically stabilizing control laws, and It can be shown that the zero dynamics corresponding
T N N ) n to 2 = fo(z) is globally asymptotically stable and the
Li(z) = ¢ (2)R¢(x) — LyV(x), 2 €R (35) corresponding Lyapunov function is
The performance integrand corresponding to the opti- > 5 .
mal control law (33) is [12] Vo(z) = pu(=i + 22), pa > 0. (13)
- Furthermore, Lgh{x) = 2, where I2 is the 2 x 2 iden-
=11 p-1,7T ’ T 9
Lz, u) = {u+ 3 (L h)™ [P (2,y) D Vo) tity matrix. Hence (38) and (39) form a minimum phasc

system with relative degree {1, 1}. Next by taking
+ 2L A R{x +—(L Ry P (2, )

1 0 | 0
Volz)" + 2Ly 4} = DVo(a) o) Sl K E S RS I

+ (-b Po(Ly 11)11’_1(14 h)* P oh(x) (36) with p1,p2 > 0 and ry,72 > 0, and applying Theorem 4.4
g8
to the system (38) and (39) the optimal control law ¢(z) =

which is nonnegative for all z € IR” and v € IR™. In col(¢1(z), p2(z)) is computed from (33) to be

the above expressions DVp(z) denotes the Jacobian of ¥,

with respect to z. = (b= Qs — 1422 4 22

Remark: In the statement of Theorem 4.4 is implicit $1(z) (b Jaz — eza /( i-'r +23) ]
the fact that there exists an output for the nonlinear sys- — ki [Qz4 4 w2zaze + _’_l(l + 22— ,:j)] (45a)
tem with respect to with the overall system has relative 2
degree {1,1,...,1}. Therefore the existence of such an - (1,3;1;_.5/'_3,,, W1 4234+ 23) = (i /r) (@ + kizs)
output is crucial for the Theorem 4.4 to be applicable. ) ; ) ) 2 2
Note that as in the case of feedback linearizable systems p2(z) = —(b— Dy —cxa/(1 + 13 + z})
the desired output may not be necessarily the given out- _ . _ y
put of the system. Instead it is often up to the control ko[—Qra + zywazy + (] 23 4+ 73)] (45b)
designer to choose such an output in order to achieve rel- _ . _ Ry o
ative degrece one with respect to all output channels. This (Paza/2p2)(1 + 75 + :1:4) (p2/72) (22 + k2a)

is not necessarily a trivial task, and a judicious choice may

N p . The Lyapunov function that gunarantees asymptotic sta-
facilitate the analysis and the control design.

bility of the closed-loop system with the previous control

L. law is given from (32)

4.3 The Spinning Top - , )
/() = pa(z 2y +ka

We use again the stereographic coordinates, but for con- V(@) = pa(zataa)+p1(@1+ki122)" +pa(2+haa)” (46)

venience (and to be consistent with the standard nota-

cniel ! c while the performance integrand (36) is
tion in the literature of nonlinear control theory), we ex- i

pand equations (18) and (19) into their real and imaginary i ot 11,7, T P
parts. Letting 1 = w), x> = wy, 23 = 3 and T4 = 92, and Liz,u) = [u+ ER Ly(z)] Rlu+ 3 R™ Ly (2))
decomposing (18) and (19) into their real and imaginary 2 2 2 2
components, we can write these equations in the familiar + palkiea(1 4 23) + ko (14 21)
form + (kM + kq);l:gxf]
= f(z)+ g(e)e = f() + g1(x)s + g2(x)us (37) + rJ DLy 4 kima)? + E(“ Y kawa)®  (47)
where " 2
(b = Qs + cxa/(1 + 23 + 23) where
f(z) 2 (6 — )z, +514/(1+1»1+$4) (38a) r1{paxa(l +13+z4)/m - 7(b— Q)z2
r - +2exs /(1 + 23 + 23)
LT (x) = +2k; [Qx4 + T2zaze + 21 (1 + 23 — 23)/2])
R (1) 111 ? ra{paza{l + 23 +14)/l'2+’(1’-9)m
gl#) = 1o o (38h) +2cxq /(1 + 23 + 23) X
0 0 +2k2[~Qua + wizaag + 2z2(1 — 22 + 237)/2])
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The equation for ¢(z) provides a family of feedback sta-
bilizing control laws for the system (38), which are op-
timal with respect to the performance functional (47).
This 7-parameter family (k1,k2,71,72,p1,p2,p3) allows
for great flexibility in the design of optimal feedback con-
trol laws for the spinning top. It can be easily checked
that by taking k1 = k2 K,p1/r1 = p2/r2 = « and
pa/p1 = pa/p2 = 2, the control law (45) reduces to (23).
Notice, however, that the control laws (22) and (24) can-
not be derived form (45) by any admissible choice of the
paraeters.

Remark: It should be pointed out that the control
laws obtained above are globally asymptotically stabiliz-
ing for all z € IR*. Physically, this implies global asymp-
totic stability for the closed loop system from all initial
configurations, except in the case when 4 = co. This case
corresponds to direction cosines (y1, ¥2,¥3) = (0,0, —1) in
equation (3), that is, the top symmetry axis is along the
downward direction. Therefore, global stability here im-
plies stability from all initial conditions except the initial
condition corresponding to this singular “upside-down”
coufiguration. (Note that by the global stabilizing nature
of the control laws of the system in (w, ) coordinates, one
has that 5(t) < oo for all ¢ > 0 as long as n(0) # oco.) If
the top is initially upside down, then one can apply an
arbitrary input to drive the top to any nonsingular orien-
tation. The stabilizing control laws obtained above can
then be applied from this new orientation. Thus, the top
can be globally asymptotically stabilized to the sleeping
motion, including the singular one.

5. Numerical Example

We apply the control laws obtained in Section 4 to sta-
bilize the spinning top to the sleeping motion. We as-
sume that the top parameters are J; = € = 1, mg = 3
and J3 = 0.2. The gain and control parameters in these
siinulations were all taken equal to unity. If © = 1 then
b = 0.2, ¢ = 6, which corresponds to a unstable top. If the
initial conditions are z(0) = (0,0, 0.01,0.01)T which im-
plies initially the slowly spinning top has zero transverse
angular velocity with tilt angle © = 1.62 deg. Obviously
without external control inputs the top will fall toward
the downward position. To demonstrate the effect of the
control laws, we apply the control laws (45) at t = 3.1 sec
when the tilt angle is about 150 deg. Figure 1 shows the
time history of the tilt angle ©. It is seen from these fig-
ures that before the controls are applied (¢ < 3.1 second),
the tilt angle © grows rapidly and aflter the controls are
applied the tilt angle © (and the states w3, 24) are driven
1o zero asymptotically, as required.

6. Conclusions

The stability and stabilization of a spinning top were ex-
amined, using a new formulation of the kinematics based
on stereographic coordinates, which facilitates the design
of fecdback control laws. The stabilizing control laws, us-
ing only two torque actuators, were synthesized using the
Hamilton-Jacobi-Bellman theory with zero dynamics. Al-
though the methodology is demonstrated using the spin-
ning top example, it is believed that this theory will be
helpful for a broad class of problems encountered in rota-
tional dynamics and kinematics.
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