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In this paper, we propose a nonlinear adaptive position and attitude tracking controller
for a rigid body that requires no information about the mass and inertia matrix of the body.
Moreover, we provide sufficient conditions on the reference trajectory that guarantee mass
and inertia matrix identification. The controller is shown to be almost globally asymp-
totically stable and can handle large error angles and displacements. One of the novelties
of this paper is the use of unit dual quaternions to represent the position and attitude of
the rigid body. We show that dual quaternions can be used to extend existing attitude-
only controllers based on quaternions into combined position and attitude controllers with
similar properties.

I. Introduction

Unit quaternions, as a global nonsingular parameterization of the attitude with the least number of
parameters, have been extensively used in the past to develop almost globally asymptotically stable attitude
controllers for rigid bodies.™2 In particular, the literature about adaptive attitude-tracking controllers based
on quaternions is extensive. In Ref. 1, an adaptive attitude-tracking controller is given that depends on a
parameter that is required to be smaller than some function of the minimum and maximum eigenvalues
of the inertia matrix, which is assumed to be unknown. Likewise, in Ref. 3, an adaptive attitude-tracking
controller without angular velocity measurements is given that also requires knowledge of the minimum and
maximum eigenvalues of the inertia matrix. In addition, it also requires the initial value of the scalar part
of the quaternion to be zero. Hence, initialization may be a problem for some cases of practical interest.
Finally, the control gains depend on an upper bound of the initial state. More recently, Ref. 4 proposes an
adaptive attitude-tracking controller that eliminates the degradation of the closed-loop dynamics caused by
the estimation of the inertia matrix and that stops the estimation process if the true inertia matrix is found.
However, the controller is a 27th-order dynamic compensator, which may limit its applicability for cases of
small satellites with limited on-board computational resources. None of the above controllers can guarantee
that the inertia matrix estimate will converge to the true inertia matrix.

In Ref. 5, an adaptive attitude-tracking controller is given that does not require any information about
the unknown inertia matrix, works for all initial conditions, and has only 6 states (as many as the unknown
elements of the inertia matrix). Moreover, unlike many of the previous controllers, it can identify the
true inertia matrix if proper reference trajectories are used. Although adaptive controllers may guarantee
convergence even if the parameter estimates do not converge to their true values, there are applications where
the true moment of inertia might be needed to achieve additional performance objectives. The proposed
adaptive scheme achieves mass and moment of inertia parameter identification without any additional effort.

In this paper, we extend the results presented in Ref. 5 to include position-tracking and mass identifi-
cation. We do that by representing the attitude and position of a rigid body with unit dual quaternions.
Unit dual quaternions have successfully been applied in the past to several fields: inertial navigation,® rigid
body control,” ' spacecraft formation flying,'® inverse kinematic analysis,'® and computer vision!”>'® and
animation.!® Several properties make unit dual quaternions appealing. First, they have been argued to be
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the most compact and efficient way to simultaneously express the translation and rotation of robotic kine-
matic chains.?%2! Moreover, they allow attitude and position controllers to be written as a single control
law. It has also been shown that they automatically take into account the natural coupling between the
rotational and translational motions.'? 13 However, the most useful property of dual quaternions is that the
combined translational and rotational kinematic and dynamic equations of motion written in terms of dual
quaternions have the same form as the rotational-only kinematic and dynamic equations of motion written
in terms of quaternions.® Hence, as it will be shown in this paper, there exists a natural analogy between
rotational controllers based on unit quaternions and combined translational and rotational controllers based
on unit dual quaternions. This can be extremely useful for designing control laws for combined translational
and rotational motion, as it is the case with satellite proximity operations, such as rendezvous and docking
in space.”®

Unit dual quaternions have been used in the past to solve the attitude and position tracking problem. In
Ref. 12, for instance, a position and attitude tracking law is suggested based on the feedback of the relative
linear and angular velocities and of the logarithm of the dual error quaternion. However, the control law is
not written in terms of required forces and torques, but in terms of a dual vector, from which the required
forces and torques must be derived. Moreover, the control law is not adaptive in the sense that the mass and
inertia matrix of the rigid body must be known. In Ref. 15, for instance, an adaptive terminal sliding mode
tracking law for the relative position and attitude of a leader-follower spacecraft formation is given in terms
of required forces and torques. However, the control gains depend on upper bounds on the mass and on the
maximum eigenvalue of the inertia matrix. This adaptive controller is also not guaranteed to estimate the
mass and inertia matrix of the rigid body. Furthermore, the set of initial conditions for which the controller
achieves tracking is not specified. Finally, the tracking law in Ref. 15 is based on the special dual inertia
operator, first introduced in Ref. 22.

In the current paper we propose an adaptive position and attitude tracking law, written in terms of the
required forces and torques, which does not require any knowledge about the mass and inertia matrix of
the rigid body. The proposed controller is guaranteed to identify the mass and inertia matrix, if suitable
reference trajectories are used. We also show that our controller is almost globally asymptotically stable.
Another appealing feature of our controller is that instead of using the special dual inertia operator used in
Ref. 22, it uses the dual inertia matriz.” The dual inertia matrix is a standard 8-by-8 matrix and, thus, it
is easier to work with than the dual inertia operator.

This paper is organized as follows. In Section II, unit quaternions and unit dual quaternions are intro-
duced. The relative rigid body kinematic and dynamic equations in terms of dual quaternions are also given.
In Section III, the adaptive attitude and position tracking controller is deduced and proved to be almost
globally asymptotically stable. In Section IV, it is shown that the controller is able to identify the mass and
inertia matrix of the rigid body, if proper periodic reference trajectories are used. Finally, in Section V, the
proposed controller is analyzed and validated through a numerical example.

II. Mathematical Preliminaries

II.A. Quaternions

A quaternion is classically defined as ¢ = q17 + ¢27 + g3k + q4, where ¢1, ¢2, q3, ¢4 € R and 4, j, and k
satisfy i? = j2 = k? = —1, i = jk = —kj, j = ki = —ik, and k = ij = —ji.!? They can be viewed
as an extension of complex numbers to R*. A quaternion can also be represented as the ordered pair
q = (q,q4), where § = [q1 g2 q3]" € R? denotes the vector part of the quaternion and ¢4 € R denotes
the scalar part of the quaternion. Quaternions with scalar part equal to zero will be referred to as vector
quaternions, whereas quaternions with vector part equal to zero will be referred to as scalar quaternions.
The symbols H = {q : ¢ = qii + q2j + g3k + q1, q1,92,q3,q4 € R}, H" = {g € H: ¢4 = 0}, and
H* ={¢geH: ¢ =g = q3 =0} will be used to represent the set of quaternions, vector quaternions, and
scalar quaternions, respectively.
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The basic operations on quaternions are defined as follows:

Addition: a +b = (a+ b, as + by),

Multiplication by a scalar: Aa = (A\a, Aay),
Multiplication: ab=(a4b + bsa + a x b, asby — @ - b),
Conjugation: a* = (—a, a4),

Dot product: a-b= %(a*b+ b*a) = 3(ab* + ba*) = (0,asbs +a-b),
Cross product: a x b= 2(ab—b*a*) = (bsa + asb+a x b,0),
Norm: ||a||* = aa* =a*a=a-a = (0,a] +a-a),

Scalar part: sc(a) = (0,a4) € H®,

(a

Vector part: vec(a) = (a,0) € H,

where a,b € H, A € R, and 0 = [0 0 0]". Note that in general ab # ba.

Note that as vector spaces, H, H", and H*® are isomorphic to R*, R?, and R, respectively. Under the natural
isomorphism between H and R*, the square of the quaternion norm and the dot product on H correspond
to the square of the Euclidean norm and to the dot (inner) product on R*, respectively. Moreover, under
the natural isomorphism between H* and R, with a slight abuse of notation, (0, q4) will often be denoted as
q4 for simplicity.

The multiplication of a matrix M € R*** with a quaternion ¢ € H will be defined analogously to the
multiplication of a 4-by-4 matrix with a 4-dimensional vector as M xq = (M11q+ M12qs, Ma1G+ Maaqs) € H,

where
M= My Mo 7
My Moo

My € R3X37 My € R3X1, My € R1><3’ and My € R.
It can be shown that the following properties follow from the previous definitions:

a-(bc)=b-(ac*)=c-(b*a) e H*, a,b,ceH,
labl = lallbll, a,b € H,
(Mxa)-b=a-(M"%b), abecH, MecR¥™,
a-(bxc)=b-(cxa)=c-(axb), abceH"
axa=0, acH
axb=-bxa, a,beH",
la*[l = llall, a<H,
|a- b < lalllloll, a,beH.

IT.A.1. Attitude Representation with Unit Quaternions
The relative orientation between a frame fixed to a rigid body and the inertial frame can be represented

by the wnit quaternion ¢g, = sin(%)ﬁ,cos(%))7 where the body frame is said to be rotated with respect

to the inertial frame about the unit vector 7 by an angle ¢. Note that ¢z, is a unit quaternion because it
belongs to the set H* = {¢g € H: ¢-¢q = 1}. The body coordinates of a vector, v%, can be calculated from
the inertial coordinates of that same vector, v', and vice-versa, through

B * 1 I B %
v = qB/IU ds1 and U = (g1 QB/I? (1)

where v® = (9%,0) and v' = (7, 0).

3of 15

American Institute of Aeronautics and Astronautics



II.A.2.  Quaternion Representation of the Rotational Kinematic and Dynamic Equations

The rotational kinematic equations of the body frame and of a frame with some desired attitude, both with
respect to the inertial frame and represented by the unit quaternions gs,, and gy 1, respectively, are given by

. 1 B 1,1 . 1 D 1,1
dB/1=548/1Wg /1= 5Wg,/1{B/1 and do/1=549p/1Wp )1 =5 Wp 19D /15 (2)

where w , = (@3,,,0), and W , is the angular velocity of the Y-frame with respect to the Z-frame expressed

in the X-frame. The error quaternion

ds/p = Q;/IQB/I (3)
is the unit quaternion that rotates the desired frame onto the body frame. By differentiating Eq. (3) and
using Eq. (2), the kinematic equations of the error quaternion turn out to be

. 1 B _ 1 D
ds/p = 34B/DWg,p = 53Wg,pldB/D; (4)
B — B B D — D D
where wg , = wg,, —wp ; and wg,, = wg,; — wp ;.

On the other hand, the quaternion representation of the rotational dynamic equations is given by'®
. -1 .
b =(1") ™ (7= () % (1% 5 (84w ) I # (08 o5 a0) —I* % (@B xwh) ), (5)

where 78 = (75,0), 7" is the total external moment vector applied to the body about its center of mass,

I Ony ) i Lip @i

= [0 1X ] ’ I°= Iy Io Iss| (6)
1
X3 Iz Iz I3z

and I® € R3*3 is the mass moment of inertia of the body about its center of mass written in the body frame.

II.B. Dual Quaternions

A dual quaternion is defined as § = q,- +€qq, where ¢, = q1i+q2j+qsk+qq € H, q4 = q5i+qsj +q7k+qs € H,
and € is the dual unit defined as €2 = 0 and € # 0. The quaternions g, and gq are the real part and dual part
of the dual quaternion, respectively.

Dual quaternions formed from vector quaternions (i.e., ¢, qq € HY) will be referred to as dual vector
quaternions, whereas dual quaternions formed from scalar quaternions (i.e., g, gq € H®) will be referred to
as dual scalar quaternions. The symbols Hy = {¢: § = ¢, +€qq4, ¢r,q¢ € H}, H5 ={G: ¢ = ¢ +€qa, ¢r,qa €
H*}, and H) = {¢: ¢ = ¢ + €qa, Gr,qa € H"} will be used to represent the set of dual quaternions, dual
scalar quaternions, and dual vector quaternions, respectively. Moreover, the set of dual scalar quaternions
with zero dual part will be denoted by Hj; = {G: ¢ = ¢, + €(0,0), ¢, € H*}.

The basic operations on dual quaternions are defined as follows:!3:1?

Addition: @+ b = (a, + b.) + €(aq + ba),
Multiplication by a scalar: Aa = (Aa,.) + €(Aagq),
Multiplication: ab = (arby) + €(arbg + agb),
Conjugation: a* = a) + eaj,

Swap: a° = aq + €ay,

a=a-a=(ar-a,)+€(2a, - aq) € H,
Scalar part: sc (&) =sc (ar) + esc(ad) e Hj,
Vector part: Vec(&) = Vec(a,,) + evec (ad) e Hy,

where a,b € Hy and A € R. Note that in general ab + ba.
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The dot product and dual norm of dual quaternions yield a dual number and not a real number, in
general. Hence, the dual quaternion norm will be defined here as'® 22

la]* = aoa, (7)
where o denotes the dual quaternion circle product given by
dog:ar'br+ad'bdv (8)

where &,i) € Hy.

Note that as vector spaces, Hg, HY, HY, and H’; are isomorphic to R®, R®, R? and R, respectively. Under
the natural isomorphism between Hy and R®, the square of the dual quaternion norm and the circle product
on Hy correspond to the square of the Euclidean norm and to the dot (inner) product on R®, respectively.
Moreover, under the natural isomorphism between H, and R, (0, g4) + €(0,0) will often be denoted as g4 for
simplicity.

The multiplication of a matrix M € R®*® with a dual quaternion § € Hy will be defined analogously to
the multiplication of a 8-by-8 matrix with a 8-dimensional vector as

M % G = (M1 * qp + My2 * qq) + €(May * ¢ + Moz * qq),

where

M M
M = [ " 2 M1, Mg, Moy, Moy € R4,

Moy Moo

It can be shown that the following properties® follow from the previous definitions:

ao(be) = bo(a%¢*) = o(b*a®) € R, a,b,¢ € Hy, (9)
ao(bxé)=b%o(éxa®)=o(a*xb), a,b,¢ € HY, (10)
axa=0, aeHY, (11)
axb=—bxa, a,beHY, (12)
aob*=aob, a,beHy, (13)

la®]l = llall, & € Ha, (14)

la*|| = llall, a € Hq, (15)
(M*a)ob=ao (M *b), a,be Hy, M e RS>, (16)
jao b < [allflpll, a,be Hy, (17)

labll < v/3/2lalllbll, a,b e Hy. (18)

Finally, the Lo-norm of a function @ : [0,00) — Hy is defined as ||t/|cc = sup;>q [[@(t)[]. Moreover, the
dual quaternion @ € Lo, if and only if ||| < oo.

II.B.1. Attitude and Position Representation with Unit Dual Quaternions

The position and orientation (i.e., pose) of the body frame with respect to the inertial frame can be rep-
resented by a unit quaternion gs, € H" and by a translation vector 7, € R3. Alternatively, the pose
of the body frame with respect to the inertial frame can be represented more compactly by the unit dual

quaternion®

A~ 1 I 1 B
Geyn = Qs+ €§TB/IQB/I =(gpn+ €§QB/ITB/U (19)

where 75, = (75,,,0) and 75, = [25,, ¥3,, zﬁ/Z]T is the translation vector from the origin of the Z-frame
to the origin of the Y-frame expressed in the X-frame. Note that §s,; is a unit dual quaternion because it
belongs to the set” HY = {G € Hy: ¢-¢=4¢¢" =¢*¢=|dlla = 1}.
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II.B.2. Dual Quaternion Representation of the Rigid Body Kinematic and Dynamic Equations

The rigid body kinematic equations of the body frame and of a frame with some desired position and
attitude, both with respect to the inertial frame and represented by the unit dual quaternions ¢z, and
doyr = Qo + e%r;/lqml =qp; + E%QD/ITB/I, respectively, are given by®

A _1a1 A& _1s B A _1a1 s~ _1a  AD
ds/1=5Wg 198/1=598/1Wg 1 and do/1=5Wp 19p/1= 59D /1Wp /15 (20)

where w3, is the dual velocity of the Y-frame with respect to the Z-frame expressed in the X-frame, so that
WY,y = Wy, (v, Wi, X 1%y), vy, = (05,,,0), and ©3,, is the linear velocity of the Y-frame with
respect to the Z-frame expressed in the X-frame.

By direct analogy to Eq. (3), the dual error quaternion'? 1?

is defined as

dB/D = Q;/IQB/I = (b + E%qB/DTBB/D (21)

where 5, =1k, —rE . As illustrated in Figure 1, the dual error quaternion represents the rotation (gs,p)

B/D B/I D/1°
and the translation (r2,.) necessary to align the desired frame with the body frame. It can be shown” that

B/D

ds,p is a unit dual quaternion. By differentiating Eq. (21) and using Eq. (20), the kinematic equations of

Figure 1. Relation between frames.

the dual error quaternion turn out to bel®

A _ 1z ~AB _ 1~D =~
qB/D - §qB/DwB/D - §WB/DQB/D3 (22)

where Wi, = wg,, — @y, is the dual relative velocity between the body frame and the desired frame expressed

in the body frame. Note that wp, = G5 ,Wp 1¢e/p and @y, = Gu/pWy 1Gn,n- Note also that the kinematic
equations of the dual error quaternion, Eq. (22), and of the error quaternion, Eq. (4), have the same form.
Finally, the dual quaternion representation of the rigid body dynamic equations is given by 1?

(6o = (M) (= (@ 08 ) % (M ¢ (@ V(@8 )%)) = M0 o )= M (@5, X))
(23)
where fB = f® 4+ er® is the total external dual force applied to the body about its center of mass expressed
in body coordinates, f® = (f®,0), and f® is the total external force vector applied to the body. Finally,
M® € R®*%8 is the dual inertia matriz” defined as

ml3 03x1 0O3x3 0O3x1
O1x3 1 Oi1x3 O
03><3 03><1 jB 03><1
O1x3 0 O1xz 1

MP=

and m is the mass of the body.

Note the similarity between the dual quaternion representation of the combined rotational and trans-
lational dynamic equations given by Eq. (23) and the quaternion representation of the rotational(-only)
dynamic equations given by Eq. (5).
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III. Adaptive Controller

The main result of this paper is an adaptive pose-tracking controller that does not need mass and moment
of inertia information. This controller is described in the next theorem.

Theorem 1. Consider the rigid body relative kinematic and dynamic equations given by Eq. (22) and Eq.
(23). Let the input dual force be defined by the feedback control law

fB:_VeC(QE/D(QE/D - 6))_K¢i * ‘§S+d)g/1 X (MB * ((ZJBB/I)S)

5 e AD a — . . = d .. .
+MB*(qB/Dwg/IqB/D)S+MB * (Wg/l X WBB/D)S_MB * (KP * a(qB/D(q;/D - 6)))5 (25)
where
§= aJBB/D + (KP * (q;/D(qSB/D - 6)))57 (26)
K, - K,  O4x4 Ky = Ky Ogx4 , 27)
04><4 Kq O4><4 Kw
Kr — Kr 03><1 , Kq _ Kq 03><1 , Kv _ Ku O3><1 , Kw _ Kw O3><1 , (28)
O1x3 0 O1x3 0 O1x3 0 Oi1xs 0

K,, Kq, K,, K, € R**3 are positive definite matrices, M® is an estimate of the dual inertia matriz updated
according to

d 1B A ~k AD 4 s ~AD ~B \S Aok 5 s ALAB \S (A~AB \S
&V(M )=K; [h(s 7_(qB/DwD/IqB/D) _(wD/waB/D) +(KP*(qB/D(qB/D_€))) )_h((sow/I) ’(OJB/I) )} ) (29)

K; € R™T7 is a positive definite matriz,
v(MP) = [l Ta g Ioz Ios I33 m]' (30)
s a vectorized version of the dual inertia matriz M®, the function h : Hj x Hj — R7 is defined as
ao (MP xb) =h(a,b)"v(MP) = v(MP)h(a, b) (31)
or, equivalently,

h(a, b) = [asbs agbs+asbg arbs+asbr agbs arbs+agbr azbr aibi+asba+asbs]”, (32)
and assume that (fug/l, Wp 1 € Loo- Then, for all initial conditions, lim_, o Gg/p = *1 (i.e., lim; o0 ¢s,p = £1
and limy_, o0 75, = 0), limg 00 ©F,;, = 0 (e, limg oo wi p, = 0 and limg vy, ,, =0), and v(M®) € L.
Proof. First, define the dual inertia matrix estimation error as

AMP = M® — M®, (33)

and note that ¢p,p = *1, ©F,, = 0, and v(AM®) = 0 are the equilibrium conditions of the closed-loop
system formed by Egs. (23), (22), and (29). Consider now the following candidate Lyapunov function for
the equilibrium point §s,p = +1, &y, = 0, and v(AM®) = 0:

V(de,p, 8, v(AM®)) = (¢ep — 1) © (Gsp — 1) + %és o (MP®x8)+ %V(AMB)TKjlv(AMB).

Note that V is a valid candidate Lyapunov function since V(¢s,r, = 1,5 = 0,v(AM®) = 0) = 0 and
V(Gs/p, 8, vV(AM®)) > 0 for all (Gs/p, 8, v(AM™®)) € HY x H} x R"\{1,0,0}. The time derivative of V' is equal
to

V{Gs/ns 8, V(AM®)) = 2(Gap — 1) 0 Guyp + 8 0 (M® % §°) + V(AMB)TKf%V(AMB).

K2
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Then, since from Eq. (22), &g, = 2@;/,36?3/137 Eq. (26) can be rewritten as
oo = L8 — i (K (6 (@0 — )", (34)
which can then by plugged into v, together with the time derivative of Eq. (26), to yield
V(dB/D7 5, v(AM*®))=(Gs/> — 1) © (¢s/p3 — o/ (KP * (d;/D(d;/D —€))°) + 8o (M x(w B/D)s)

d(d; D((j1s3 D 6)) s
’ i )°)

850 (M® * (K, + V(AMB)TKi_l%V(AMB).

Applying Eq. (9) and inserting Eq. (23) yields
V(o 8, v(AM®))=5 0 (G5 035 — €)) — (Kp % (50 (@5 — €))) © (@5 (355 — €))

+‘§5 o (fB_a)BB/IX (MB * (wB/I) ) MB (qB/D D/IqB/D) M *( D/waB/D>S)

d(qA;/D (qB/D - 6))
dt

850 (M® x (K, % ) + V(AMB)TKﬁ%v(AMB).

By introducing the feedback control law, Eq. (25), and using Eq. (10), V becomes

(1

V(dsm, 8, V(AM®))= — (G50 (@50 — €)) © (K * (@50 (320 — €)))
+8° 0 (G X (AMP % (&)%) + AMPK(G5 o @p udin/p)° + AMPK(OF, X0 )°

d(5,5(35/0 — ©)

dt
- d;/D(QSB/D - 6)) © (KP (é}:/D(qASB/D - 6)))

+(8 X OF,)° 0 (AM® % (@F1)°) + 8 0 (AMPK (G} o f udiny)* + AMPx(F X7 )°
d(qA}:/D(qASB/D - 6)) )5)

—AMP x (K, %

))—5 o (Kqx &) + v(AMB)TK;I%v(AMB)

d
—~AM® % (K, * i —5 0 (Kgx &) +v(AM®) K av(AMB).
Therefore, if £v(AM®) is defined as in Eq. (29), it follows that
V(ds/os 3, v(AMP))= = (d55(@5,5 — ©)) © (K % (d55(@5 5 — €))) =80 (K% &) <0, (35)

for all (Gg,n, 8, v(AM®)) € HY x Hj x R\{1,0,0}. Hence, s /p, §, and v(AM?®) are uniformly bounded, i.e.,
4oy 8, V(AMP) € L. Moreover, from Egs. (26) and (33), this means that also &g ,,, v(M B) € L. Since
V>0and V < 0, lim;—, oo V(t) exists and is finite. Hence,

lim t V(r)dr = Jim V(t) — V(0) (36)

t—o00 0

also exists and is finite. Since §g,p, §, v(AMP), A§/D,V(]/\4\B),Lil

51 Wh 1 € Loo, then from Egs. (22), (25), and
(23), qB/D, fe ,wB/D, § € L. Hence, by Barbalat’s lemma, Vec(qB/D(qB/D — )) —+0and 5§ +0ast— o0o0. In
Ref. 7, it is shown that vec(g} (G5, — )) — 0 is equivalent to ¢z, — £1. Finally, calculating the limit as

t — oo of both sides of Eq. (26) yields wg,, — 0. O

Remark 1. Theorem 1 states that ¢s,r converges to either +1 or —1. Note that ¢g,, = +1 and §g,p, = —1
represent the same physical relative position and attitude between frames, so either equilibrium is acceptable.
However, this can lead to the so-called unwinding phenomenon where a large rotation (greater than 180
degrees) is performed, despite the fact that a smaller rotation (less than 180 degrees) to the equilibrium
exits. This problem of quaternions is well documented and possible solutions exist in literature.!3:1%23,24

Remark 2. It can be easily shown that if the control law given by Eq. (25) is replaced by its nonadaptive
model-dependent version, where the estimate of the dual inertia matrix is replaced by the true dual inertia
matrix of the rigid body, i.e.,

fB:_VeC(q;/D(dlsa/D - )) Kixs +wB/I (MB * (‘Dg/l)s)
S d S
+M *(qB/D D/IqB/D) +M *( D/I X WB/D) _M (K * dt(qB/D(qB/D - 6))) ) (37)
=0.

in Theorem 1, then it is still true that, for all initial conditions, lim;_,~ §s,p = £1 and lim;_ oo @R b
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Remark 3. The dual part of the control law given by Eq. (25) is

B

T :fvec(qB/D) K, +xwk  —(KuKy) * gsm

B/D

o). (38)

erg/l X (IB B/I)+IB (qB/D D/IqB/D)+I *( D/I X w B/D) (I K) dt

where I® is an estimate of the inertia matrix of the rigid body. Eq. (38) is identical to the adaptive
attitude(-only) tracking law proposed in Ref. 5.

Remark 4. Note that although the control law given by Eq. (25) does not require knowledge about the
mass and inertia matrix of the rigid body, it still requires knowledge about the position of the center of mass
of the rigid body. This is because Eq. (23) is only valid if the origin of the body frame coincides with the
center of mass of the rigid body. If the origin of the body frame was placed at any other point fixed to the
body, Eq. (23) would no longer be valid.

IV. Mass and Inertia Matrix Identification

In this section, we show that by properly choosing the reference pose (i.e., the reference position and
attitude), the estimate of the dual inertia matrix will converge to the true dual inertia matrix. In other
words, the adaptive pose tracking controller proposed in Theorem 1 can also be used to identify the mass
and inertia matrix of a rigid body.

Proposition 1. Let &, be periodic and assume that wD/I,wg/I,&}g/l € Loo. Furthermore, let W : [0, 00) —
R3¥*7 be defined as
DFu(8) X (AMP 5 (&F,4(8))°) + AMP % (&F4(1))° = W(t)v(AM®), (39)
or, equivalently,
) 0 0 0 0 0 U+ quw—rv]
0 0 0 0 0 0 Jd—pw+ru
0 0 0 0 0 0 w+pv—qu
0 0 0 0 0 0 0
W)= . . . : (40)
p q—pr T+ pq —-qr g =T qr 0
pr p4qr —p*+r> ¢  F—pg —pr 0
—pq¢ p°—¢ Pp—ar  pg qt+pr 7 0
L 0 0 0 0 0 0 0 i
where vy, = [u v w]" and wg,, = [p qr]". Let also 0 <t; <ty < ... <1, be such that
W(t1)
rank =T. (41)
Wi(tn)

Then, under the control law given by Eq. (25), limy_ M® = M.

Proof. We start by showing that limy oo @E,, = 0. (Note that lim; o @2, = 0 does not imply that

B/D B/D
limy oo & wB/D = 0.) First, note that hm,HOO fo B/ (7)dr = limy 0 W5, (t) — @5, (0) = —QE/D(O) exits and

: M®
is finite. Furthermore, since wD/” b1 W 15 /o> Qoo Wh /b dv(dt ) € L., we have that wB/D € L. Hence,

= 0. Now, we calculate the limit as ¢ — oo of both sides of Eq. (23) to

by Barbalat’s lemma, lim;_, wf/D
get )
lim (@p,,(t) x (AM® x (@, (t))°) + AM” x (@ ,(¢))?) =0 (42)

t—o0

Finally, noting that lim;_, . 4 v (M B) = 0 from Eq. (29) and Theorem 1, under the conditions of Proposition
1, Eq. (42) implies that lim;_, . v(AM?®) = 0 or, equivalently, lim;_, o, M® = M®. O
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Remark 5. It is a well known fact that the rotational motion is independent from the translational motion,
but the translational motion depends on the rotational motion. It is interesting to note from Eq. (40)
that, likewise, while the inertia matrix identification is independent from the translational motion, the mass
identification depends on the rotational motion.

Remark 6. An alternative, and more general, sufficient condition than Eq. (41) for dual inertia matrix

identification, which does not require wp ; to be periodic, is that the 7 x 7 matrix

t+T5 T

W' (HW(¢) dt, (43)

t

is positive definite for all t > T} for some T} > 0 and T5 > 0.2%:26

V. Simulation Results

To illustrate that the control law given by Eq. (25) can achieve position and attitude tracking and
identify the mass and inertia matrix of a rigid body, a simple example is considered here. The performance
of the control law given by Eq. (25) is also compared to its nonadaptive model-dependent version given by
Eq. (37). A rigid body with true inertia matrix

1 0 0
I*=10 063 0 | kgm?
0 0 085

and mass m = 1 kg is assumed. The origin of the body frame (coincident with the center of mass of
the body) is positioned relatively to the origin of the desired frame at 7f,,=[10, 10, 10]" m. The initial
error quaternion, relative linear velocity, and relative angular velocity of the body frame with respect to
the desired frame are set to ¢u/p = [¢a/py Gr/py Te/pg Gu/pgl’ = [0.4618, 0.1917, 0.7999, 0.3320]", v, =
[ug b V5 wi,p]" =[0.1, 0.1, 0.1]" m/s, and &g, = [P5,5 95,0 T5,0]" = [0.1, 0.1, 0.1]7 rad/s, respectively.
The linear and angular velocity of the desired frame with respect to the inertial frame, expressed in

the desired frame, are defined as v} D owl wP T = [0.1, 0.2, 0.3]"cos(2x[1071, 2071, 3071t +

D/1 [uD/I p/1 Wp1

5510, 20, 40]") m/s and @p ; = [pR 1 a,; 75,47 = [0.1, 0.2, 0.3]" cos(2x[1071, 207", 307 !]"t4155[0, 20, 40])

rad/s, respectively. They are illustrated in Figure 2. Note that these signals satisfy the conditions of
Proposition 1 since
rank [ W(0)

winsn| =7 (44)

The initial estimate of the mass and inertia matrix of the rigid body are chosen to be zero, whereas the
control gains are chosen to be K, = 0.113, I_(q =0.5I3, K, = 813, K,, = 813, and K; = 1001.

The relative position and attitude of the body frame with respect to the desired frame using the controller
given by Eq. (25) (adaptive) and the controller given by Eq. (37) (nonadaptive) are compared in Figure 3.
In both cases, gg,p, — 1 and 73 ,, — 0 as t — 00, as expected.

Figure 4 shows the relative linear and angular velocity of the body frame with respect to the desired
frame for the same two cases studied in Figure 3. As predicted, wg,,, — 0 and v5,, — 0 as t — cc.

Finally, Figure 5 shows that, for this reference motion, the adaptive controller identifies the mass and
inertia matrix of the rigid body, in accordance to Proposition 1. Note that the controller needs more time to
identify the parameters than to track the reference motion. The same observation has been made in Ref. 5.

For completeness, Figure 6 shows the control force, f2=[ff fF f¥]7, and the control torque, 72=[r} 75 73],
applied to the body for the same two cases.

VI. Conclusion

An adaptive tracking controller for the relative position and attitude of a rigid body with respect to
some desired frame is presented in this paper. The controller requires no information about the mass and
inertia matrix of the rigid body. The controller is shown to be almost globally asymptotically stable and is
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Figure 2. Desired linear and angular velocity expressed in the desired frame.

also capable of identifying the mass and inertia matrix. Conditions on the reference motion are given that
guarantee identification. Hence, this controller can be used to asymptotically track time-varying attitude
and position profiles when little or no information about the mass and/or inertia matrix of a rigid body
is available. In addition, this controller can be used to simply identify the mass and inertia matrix of a
rigid body. Future work includes applying the proposed controller to satellite proximity operations, which
will require taking into account, for example, the gravitational force, the gravity-gradient torque, and the
perturbing force due to Earth’s oblateness, which are functions of the body’s mass and inertia matrix.
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Figure 5. Mass and inertia matrix identification.
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Figure 6. Control force and torque.
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