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Panagiotis Tsiotrdsnd Alexander Schleicher
Georgia Institute of Technology
Atlanta, GA 30332-0150, USA

We consider the problem of attitude and angular velocity stabilization of a rigid spacecraft subject to
a single actuator failure. Only two pairs of gas jet actuators are available to perform the control objectives.
Various controllers have been proposed for this problem in the case that the spacecraft is axisymmetric about
one of its axis. In this paper the spacecraft under consideration is a rigid body that is almost axisymmetric
about its body 3-axis. A small parameter € gives a measure of the non-symmetry of the spacecraft about this
axis. A control law isintroduced for a special subsystem of the complete dynamical system under consideration.
This control law can be used either alone for detumbling maneuvers of nearly symmetric spacecraft, or as part
of a more general control strategy to stabilize the complete attitude of non-symmetric spacecraft. Numerical
examples demonstrate the success of the theoretical developments.

I ntroduction rates and avoid oscillations. Also, to this date, there does
not seem to exist feedback control laws that achieve global
asymptotic stability. The global stabilization problem of a
Fﬁ%n—symmetric spacecraft using, preferably, time-invariant
controllers still remains open. Some recent advances have
een presented in Ref. 17.

The problem of attitude stabilization of a rigid space-
craft has been addressed by numerous papers and articl
see for example, Refs. 1-4. Typically, full control author-
ity is assumed in these results. The problem of attitud
stabilization using less than three control torques has only

recently received serious attention, starting with the work The aim of this paper is to continue the avenue of re-
of Croucﬁ and Byrnes and |s|d&"|7 and later by Krish- search started in Refs. 9,10, 18. These references assumed

nan et al® Tsiotras®-1! Morin and Samsoh? and Coron @n axi-symmetric body subject to certain restrictions on

and Kera!3 Apart from the obvious practical importance the initial angular velocity. Here, these restrictions are
in case of thruster failure, the spacecraft stabilization probtemoved. The body can be completely non-symmetric, al-
lem with less than three control torques is of interest fromthough our controllers work better for bodies with small

a theoretical point of view as well, because the linearized@symmetries. This is typically the case for actual space-

system is not stabilizable. Thus, completely nonlinear concraft. In particular, we seekme-invariant control laws
trol methods have to be employed. that can stabilize the angular velocity and the attitude of

the spacecraft about a certain axis. This may be of interest
for the case of a space telescope or a spacecraft carrying
a communications antenna. In those cases, three-axis sta-
Bilization may not be as important as stabilization of the

. . telescope or the antenna axis in inertial space. For these
work of Morin and Samso/ and Morin et all4 on the P P

: L cases, the control laws in this paper will suffice. In addi-
?égits@?%e?ﬁstr\igi? ;gzc(:aoccrgi‘)t ?it?ab”cl)znaetlevri]tr?fn?)%i?::;lﬂon’ as was recently indicated in Ref. 17 Fhe coptrql laws
symmetry) usingime-varying contréll.ers Time-varying _of_ Ref. 9 vv_o_rk well even for non-symm_etnc bodies if th_e
control laws are used in order to circurﬁvent the topolog-!mtlal condition of the underactuated axis angular vglocn_y
ical obstruction to smooth stabilizability due to Brockett's 'S very_small (or zero). The control Iavy pres_en.te_d. n thls.
conditionl5 These time-varying control laws are, in fact paper, if necessary, can be_ used to achieve this initial elimi-
periodic z;md may result to highly oscillatory cor{trol (an,- nation of the gngular velocity gomponent of the unactuated
gular velocity) commands. In addition, as it was shown inspacecraft axis. At the_ same time, the proposed control _Iaw

! . ' : reduces the angular displacement of the unactuated axis as
Ref. 16, any smooth, time-varying control provides only

: . > well.
polynomial (not exponential) rates of convergence. Typi- _ .
cally, non-smooth, continuous (or even discontinuous) con- The paper is structured as follows. The next section deals

trollers must be used to achieve exponential convergenc#ith some mathematical preliminaries. In particular, the
- _ o _concept of homogeneity of a function and a vector field
Associate Professor, School of Aerospace Engineering.  Emally it regpect to a dilation operator is introduced and some
p.tsiotras@ae.gatech.edu. Senior member AIAA. . . i R )
'Graduate student, School of Aerospace Engineering. Emailimportant properties of differential systems with homoge-
schleich@irs.uni-stuttgart.de neous rhs are reviewed and discussed. Next, the equations

Copyright(© 2000 by P. Tsiotras and A. Schleicher. Published by the American of motion for a r|g|d Spacecraf‘[ are presented_ The kine-
Institute of Aeronautics and Astronautics, Inc. with permission.

The work by Krishnan et d&.and later by Tsiotras et
al? dealt with the (global) stabilization of an axisymmetric
spacecraft for the special case when the initial spin-rate i
w3(0) = 0 usingtime-invariant feedback control laws. The
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matic equations make use of a recent attitude parameteri- Homogeneous systems, defined by homogeneous vector
zatiort? that allows for an intuitive design of control laws fields have certain appealing properties. The following fact,

for underactuated spacecraftThis is because this kine-

taken from Ref. 21, along with Theorem 1, justifies our

matic description leads to a natural separation of the motiomterest in homogeneous systems of degree zero.
of the unactuated axis from the rest of the spacecraft mo- _
tion. The derivation of the feedback control laws and theTheorem 2 Let f be a homogeneous vector field of de-

proofs of stability are given next. Numerical simulations

gree zero. Then local asymptotic stability of the origin of

show that the proposed control laws guarantee asymptoti= f(X) is equivalent to global exponential stability with

stability for the closed-loop system. Issues left for future
investigation are discussed in the Conclusions.

M athematical Preliminaries

In this section the concept of homogeneity and some o
its properties will be reviewed in order to build the math-
ematical background for the stability proofs in the subse
guent sections.

Definition 1 Let A > 0 and any set of positive scalarsr; >
0,i =1,...,n. Then the dilation operato®, is defined by

O\ (X1, .o, Xn) = (N"2Xq, ..., ATXp)

The scalarsr; are called the weightsof the dilation.

respect to the homogeneous norm p, defined by p(x) =
S/ 4 x8/"2 4 /™| where c s a positive integer

evenly divisible by r;.

Equations of Motion for Rigid Spacecr aft

f
The rotational motion of a rigid body can be described by

Euler’s equations of motion. With the assumption that the

rigid body has a body-fixed reference frame along its prin-
cipal axes of inertia with the origin at the center of mass,
Euler’s equations of motion take the following form

l2—I3

= += 1)
11 I1

. I3 —1 M

n = ——apwyt -2 )
I» l>

. — 1 M

s = — 2anopt-— ©)

I3

Using the dilation operator we can define the concept ofyherecy,, wy, ws denote the components of the angular ve-

homogeneity.

Definition 2 Afunction h: R" — R is said to be positively
homogeneousf degree k with respect to a given dilation
0, if

h(3y (X1, ..., %)) AN (X1, ..., %)

Avector fild f : R" — R" issaid to be homogeneous of de-
gree kwith respect to a given dilation 8, if itsit" coordinate
is a homogeneous function of degreer; +k, i.e.

£l (S) (X1, ..., %)) AHRE (X, ., %)

where f' denotes the it component of the vector field f.

Having introduced the concept of homogeneity, it is now

possible to state some important properties of homoge-

neous functions.

Theorem 1 (20) Let f be a homogeneous vector field of de-
gree k with respect to a given dilation &, and let g be a
continuous vector field, both defined on R", such that for
ali=1,...,n,

gi (O (X1,..-,%n))

)\k+ri 0

—

uniformly asA — 0. Thenif thetrivial solutionx =0 of x=
f(x) is locally asymptotically stable, the same is true for
thetrivial solution of the perturbed systemx = f (x) +g(x)

locity vector with respect to the principal axds;, M2, M3
denote the external torques andl,, I3 represent the prin-
ciple moments of inertia of the rigid body. By assumption,
there is no external torque about the 3-axis, iM3,= 0
due to, say, a thruster failure. Define the control torques
u; = M1 /11 andu; = My/I1,. For simplicity, let also

lo—1 —

g l2—ls . l1—12
I I3

Solving the above equations for andl, leads to an ex-
pression in terms of onlg, € andl3
e+l ltae
T 1-a” l-a
Substituting these expressions into equations (1)-(3) leads
to following dynamic equations

)

l1 I I3

W = amp+Uup (4a)
. a+¢€

= — 4b
Wy 1+a8002003+u2 (4b)
W3 = EWuy (4c)

For a general rigid body which is almost axisymmetric
about the 3-axis, it ise| < 1. Sincelal < 1 and|g| < 1,

the termae can be omitted and-t ac ~ 1. For the sake of
symmetry of the equations another transformation may be
performed to yield the dynamic equations in the form

W = (E+a)wpus+u (5)
W = (E—a)wgmn+Up (6)
W3 = —2E010) )

wherea= a+¢/2 ande = —¢/2.
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Remark 1 There exists also an “exact” transformation for linearization of the previous equations are doomed to fail.
obtaining equations (5)-(6). However, the resulting expresin the sequel, we use an appropriate dilation operator to

sions fora ande and ayg are slightly more complicated.
They are given by
(a-1rs) ®

(a+

leading to the following expression fow;

L1
Y

1

)

2

a+e
1+ae

a+e
1+ae

€

B =2 W
s 1re2_a @2
A trivial redefinition of the control inputs in Egs. (4) fi-

nally yields the dynamic equations

d)l = WU (9&)
W = W (9b)
W3 = EWWy (9c)

The variablee gives a measure of the body asymmetry

derive an alternative local approximation of (11)-(16) that
can be used to design asymptotically stabilizing controllers
for this system.

Control Law for a Reduced System

Equations (11)-(16) indicate that the angular velocity
components of the actuated axesandw, can be used as
intermediate control inputs for the system (13)-(16). This
idea has been used in several papéfs*8and will be
used here as well. A more rigorous justification of this ap-
proach is given later on.

We therefore concentrate on the subsystem of the four
differential equations (13)-(16) wheke; and w, are the
corresponding control inputs. Tsiotras ef ahtroduced a
control law for this subsystem for a rigid body spacecraft
that has an axis of symmetry along its body 3-axis. In this
casee = 0 and equation (13) reducesdn = 0. It is easy

about its unactuated axis. In case the spacecraft is neartp see that in this cases is uncontrollable. Therefore, the

symmetric about the unactuated axis, < 1. The axi-

authors in Ref. 9 dropped equation (13) and focused their

symmetric case correspondsete- 0. In this case Eq. (9c) attention on the subsystem given by equations (14)-(16).
reduces taws = 0 and, without additional assumptions, the With the additional assumption that the initial spin-rate is

system is not controllable at the origin. The symmetric casex(0) = 0, they were able to derive a control law that guar-

has been addressed, for example, in Refs. 8,9, 22. In thantees global asymptotic stability for the, w., z) system.

paper will assume that 0. In contrast to the results of Ref. 9, this paper will fo-

cus on the subsystem given by equations (13)-(15), thus
omitting thez-equation. Such a control law can be used
for detumbling and stabilization about a certain spacecraft

For the kinematics we use the following equations

W2 (Wi + wg) + %wl (1+wi—w3) (10a)

Wy =
axis (here the body 3-axis), such as for the case of a space-
- 1 ft carryi tical tel laser b dish
Vi = wi(wws—wg)+ sz (1_W§+W%) (1ob)  craft carrying an optical telescope, a laser beam or a dis
antenna.
Z = pWi—WWo+ W3 (10c)

The system under consideration is therefore given by
The reader may refer to Ref. 19 for the physical signifi-

cance of the kinematic variables, w», zand the derivation = Wby a7
of these kinematic equations. Suffice it to say that the pa- Wi o= W (Wi + o) + }wl (14_\,\,% _ vv%) (18)
rameterswvi, wp andz offer a parameterization of the group 2

of 3-dimensional rotation matrices and thus, can uniquely Wo = wi(iwa — ) + }002 (1,\,\,% +W§) (19)

2
which can be written in the following compact form

describe the attitude of a rigid bod§.23

A Feedback Control L aw

003 EWL )
The dynamical system that has to be controlled can be| Wi = %&)1
described by the following differential equations W 50U
. 0
= u 11
LT (12) + | Wawaoop + Wt + 2oor (WE —w3)
@o= (12) Wiz — W + Sz (W —w)
W3 = Ewly (13)
. 1 =
Wi = W (0w + o) + had (1+W%—W%) (14) F(or, 02) + g (g, W, W, 01, 62) (20)
' 1 . . . -
Vo = Wy (6nWa— wg)+ = (1-w2+w3) (15) To this end, introduce the following dilation operator
7 = Wi — Wt g (16) O (Wa, Wi, W2, 001,00) = (Mg, AWi, AWz, Awi, Awy) (21)

One can verify that a standard linearization of this systemis From Definition 2 it can be easily seen tHats homoge-
not stabilizable. Thus, control design methods based on theeous of degree zero with respect to the previous dilation
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operator, since %W10W20(l— e*Z‘). Fort — o the trajectories of the closed-
loop system yield lim.. w1 (t) = 0,lim;_.wz(t) = 0, and
f1(3 () = A2 (ewon) = A%fy(-) liM .o W3 (t) = 030+ SW10W20. NOW let
f2(&0()) = A (Joar) = Afa() .
fa(B()) = A (3o2) = Afa() 8= Wg - SWawe

wheref; is theit" component of the vector fieltl To make  and introduce the new tentative control
the appropriate use of Theorem 1, the homogeneity proper-

ties of the vector-valued functiomneed to be investigated W = —Wi+Sw2g (252)
first. To this end, notice that W = —Wo+Swi@ (25b)

im ad() 0 where@= @(w1,W>,s) is a function still to be determined,

AS0 A2 - but positive for all values ofv;,w, ands.

The differential equation fas is given b

e®G() a gvenby

lim =0

A—0 A . . 1 . .

S = Wt (W12 + Wi \irz)

o gB() L

lim =0

A—0 A = 00+ 5 (Wiwe + W)
whereg; is thei" component of the vector field. Ac- — _% (W3 +W3) s@-+wiw,S2¢

cording to Theorem 1, it will be sufficient to find a homo-
geneous control law of degree at least one, such that t

trivial solution for the system hIgroposmon 1 Let the control for the subsystem (23) be

given by
Wy = ECqox (220) W = —Wi+SW
. 1
W, = Ewl (22b) W = —W+SwWiQ
Wy, = %wz (22¢c) mtherer > O_and 1—|s|@> 0. Thiscontrol law ensures that
the trajectories of the closed-loop system
is asymptotically stable. By Theorem 1 asymptotic stability o
of the trivial solution for the perturbed system (20) follows Wi = Wt sWeg (26)
immediately. W2 = —W2+sSwi@ (27)
For the sake of simplicity, and without loss of generality, § = —% (W +W3) S@+ Wiw,S2¢f (28)

assume that > 0. Then the transformation

=Vew, Wh=vew, wj=ows
W= VAgwy, W)= +/4ew; Proof. Consider the following positive definite and radi-
ally unbounded function

remain bounded for all t > 0.

results in the system

V (Wi, W2,5) = %(V\&Jrvv%) 2

w3 = ojwy (23a)
W= (23b)  The time derivative o¥ is
Wy o= 0y (23¢) : _ _ _
V. = wpWp +WoWo + 2SS
Henceforth, unless otherwise stated, the supersenytl = Wy (—Wp + SWo() +Wo(—Ws 4 SW1 ()
be dropped, bearing in mind that all the subsequent devel- 1
opments actually refer to the transformed system (23). +2 ) (W%‘FW%) SO+ WIS | s
Control Design = — (Wi + W) +2wwosg
Initially we consider the effect of the linear feedback — (W] +w3) S+ 2w WS¢
control . L -
Using the following inequalities
W =-W, Wp=-W (24) J Jmed
With this control law, one can explicitly integrate (23) to 2wiwpsp < (WE+wE) [slo
obtainwi (t) = wige !, Wa(t) = wage t andws(t) = wzp+ 2w < (WE +wh) 3P
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it is easy to see that given by

— (W3 +w2) (1—|s|o+ 2o |53 S R L dziw
Ew;Jng; El+|sz|(:) (1 (p|s<|; v ” KR WiJrW%m&JrW%dt( e
(w2 _

%

IN

By definition@ > 0, hence & s?¢ > 0. Since 1- |s|¢> 0 L 1R
it follows that the trajectories are bounded. ] —-2n m (WaVWg + Wollrp )
Th . . . 1 2W1W2
e previous result shows that the control design hinges = —Zsp(1- —scp)
upon our ability to find a positive functiog such that 1- 2 WE -+ w5

|s|@> 0 for all s,w;,wo. We know turn to the choice of this yon (1 2wz o
function. - W2 4 W3 ¢
. 1 2W1W2
Proposition 2 Let the function ¢ defined by = —pse—4n) <1_ W2+ W3 s<p> 33)
0= H (20) Since 1-[si0> 0 andj2waw,| < W2 -+ w2 we have that
Wi+ W + (us)? <1 2wy ) -0 (39)
W) =

where i > 0. This function will ensure that all the trajecto- _
ries of the closed-loop system given by equations (26)-(28) ~ Notice now that

are bounded. Moreover, w; — 0andw, — 0 ast — o,
Wi+ w3
sp—4n = n|Hu -4
Proof. Recall that from Proposition 1 all trajectories are \V W‘11+W‘21+ (bs)?

bounded ifp> 0 and 1 |s|@ > 0. Since by definitiop > 0,

it is easy to see that the first condition fpis immediately ~ Sincey/wf +w4 < w2 +w3 one obtains that
satisfied. To show that the second condition is satisfied,

consider the following sequence of inequalities W2 + W5 _ 1 N 1
W+ WA+ (ps)2 Wi +wj T V1+Pn?
2w wh 2 \/ 1+ W MW 202
(Hish)? < WA+ + (1) (30) B s
s| < /W +wg + (us)? 31
s/ < 1wt () 1) A straightforward calculation then shows that if
S <y (32 716
Wi +W; + (ps)? In(0)| < T (35)

The last inequality implies that-2 |s|¢ > 0. Thus, for the thenn remains bounded whenevyer- 4. Sincew§+w§ —
given functiong all trajectories of the closed-loop system 0, it follows immediately thas — 0 ast — .

will be bounded. Moreover, notice that (30) is a strict in- The above derivation can now be stated formally as fol-
equality unless bottv; andw;, are equal to zero. Therefore lows

V < 0 unlessw; = wy = 0. It follows thatw; — 0 and '
w2 — 0 ast — . ®  Proposition 3 Let the subsystem (23) and the control law
To complete the proof of asymptotic stability with the W = —Wy + W2, Wp = —W2+ S\ @ (36)

specific functiong given in Proposition 2, only the con-

_ / 2 i
vergence of still remains to be shown. Looking again at where ¢ = ”/. W‘11+Wg+ (k) and > 4 This C(.)I’.Y{I‘Ol
inequality (30), the only time (30) is not strict is when both 12w asymptotically stabilizes (23) for all initial conditions

w; andws are equal to zero. Therefore, the system will Such that [n(0)| < /p? — 16/4u.

be locally asymptoatically stable as long sagoes to zero ] ]

faster tharw; andw,. To prove that this is indeed true, we Corollary 1 With the control law (36), the trajectories of

introduce the following ratio the closed-loop system (17)-(19) converge to the origin for
initial conditions close to the origin.

S
n= W2 + W2 Proof. The proof follows directly from Theorem 1 and
the fact that the proposed control law is homogeneous of
The derivative ofn along the closed-loop trajectories is degree one with respect to the dilatién ]
50F8
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Remark 2 It should be clear that the control law in —0.5 r/s. The asymmetry parameter is choser as0.2
Eq. (36) requires that; (0)? +w-(0)? # 0. In addition, the  and the controller gain ig = 7. The results are shown in
calculation ofu from condition (35) may be too restrictive. Figs. 1-7. These simulations show that the proposed control
A better way to handle the case of small(0) andw(0) law locally asymptotically stabilizes the system given by
is to use a preliminary control law such that at some latelequations (17)-(19). In addition, the control commaas
time (35) is satisfied. This can always be achieved usingandw, remain bounded and have bounded time derivative.
for examplew; = 0 andw, = w, or w; = w; andwyp = 0. The second requirement is important in order to implement
the kinematic controllers through the integrators (9a)-(9b).
Remark 3 Since the initial conditions that satisfy (35) do .
not form an open neighborhood or the origin, our use of
the term “stability” here is — strictly speaking — incorrect.  ssp .
Nonetheless, we appeal to the intuitive understanding of
the reader in order to avoid the introduction of additional
terminology (e.g., attractivity, convergence, etc.).

Dynamic Extension L

Thus far, we have considered only the subsystem (13)- 1s
(15) and the control design was done at the kinematic level.
The actual control inputs; andu, can be constructed by
noticing that the system in (11)-(15) falls into the general
class of nonlinear systems of the following cascade form

0.5

I T
Y — \Y 0 0.5 1 15 2 25 3 35 4 4.5 5
y - time

X = f(X,y)

Fig.1 Timehistory of wiy (u=7,£=0.2)

The following Theorem, taken from Ref. 20, considers i
the stabilization of systems in the previous form.

Theorem 3 (20) Let f be a continuous vector field, homo-
geneous of degree k with respect to a given dilation g, , and o8 i
assume that the systemx = f(x,u) islocally asymptotically
stabilizable with a continuous feedback u : R" — R™ such
that for all A > 0 and some set of positive scalars rj > 0,
i=1,...,n+1

0

U (X1, %)) = A™Iu(Xq,...,Xn)
then the system
y = v ) R R R
)-( _ f(X, y) o 05 1 15 2 tisze 3 35 4 45 5
is globally asymptotically stabilizable with a continuous Fig.2 Timehistory of wp (u=7,£=0.2)
feedback law v : R™1 — R™ such that for all A > 0
V(B (X1, %) Aly) = ATty (6 X y) Conclusions
According to Theorem 3, if the syster= f(x,y) can In this paper the problem of angular velocity and at-

be locally asymptotically stabilized with a homogeneousﬁt”de stabilization of a nonsymmetric rigid qucecraft is .
feedbacky, then the extended system will be asymptoti-a_‘ddressed- Orjlyasubset of the complete equations is stabi-
cally stabilizable using a homogeneous feedbackuch a  lizéd- The design methodology uses the homogeneity prop-
control law can be easily constructed using standard tectrties of the original open loop system to obtain a suitable
niques; see, for instance, Refs. 12,17, 18, 24—26. approximation of this system. Although the results prove
local asymptotic stability, numerical simulations show that

the region of attraction for the proposed control law can be
potentially quite large. Future research in this area might
To illustrate the results developed previously, a numerprovide an estimation of the region of attraction for this
ical example is presented next. The following initial con- controller, as well as a stabilizing control law for the com-
ditions are usedv;(0) =4, wy(0) =1, z(0) =1, w3(0) =  plete system. The possibility of combining the control law

Numerical Example
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0.1 25

L L
0.5 1 15 2 25 3 35 4 4.5 5 o 0.5 1 15 2 25 3 35 4 4.5 5

time time
Fig. 3 Timehistory of w3 (u=7,£=0.2) Fig. 6 Timehistory of control input wy (L=7,£=0.2)
13 0.15

01 -

-0.05

-0.15

I
L L L L 0 05 1 15 2 25 3 35 4 45 5

) 0.5 1 15 2 tin:e 3 3.5 4 4.5 5 time
Fig.4 Timehistory of z(u=7,£=0.2) g'g) 7 Time history of theratio n = s/(Wj +wj) (u=7, &=
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