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Abstract—In this work, we revisit the continuous-time Differ-
ential Dynamic Programming (DDP) approach for solving optimal
control problems with terminal state constraints. We derive two
algorithms, each for different order of expansion of the system
dynamics and we investigate their performance in terms of their
convergence speed. Compared to previous work, we provide a
set of backward differential equations for the value function
expansion by relaxing the assumption that the initial nominal
control must be very close to the optimal control solution. We
apply the derived algorithms to two classical optimal control
problems, namely, the inverted pendulum and the Dreyfus rocket
problem and show the benefit of second order expansion.

I. INTRODUCTION

Differential Dynamic Programming (DDP) [1] is a well-
known trajectory optimization method that iteratively finds a
locally optimal control policy starting from a nominal con-
trol and state trajectory. Since its introduction in [1f], there
has been a plethora of variations and applications of DDP
within the controls and robotics communities. Starting with
a differential game theoretic formulation and its application
to bipedal locomotion [2f], [3] to receding horizon [4], and
stochastic control formulations[3], [6], DDP has become one of
the standard methods for trajectory optimization with a broad
range of applications [S], [7], [8], [O, [10], [L1], [12], [L3],
[14].

While DDP was initially derived for continuous-time prob-
lems, the bulk of the previous work on applications of DDP
has focused on discrete time formulations of continuous-
time optimal control problems. The key idea in the afore-
mentioned discrete-time formulations is to first discretize the
dynamics and then use Dynamic Programming (DP) to derive
the backward propagation equations for the zeroth, first and
second order approximation terms of the value function. Thus,
instead of first optimizing to find the optimal control and
then discretizing the solution so that it can be applied to a
real physical system, in discrete time DDP discretization is
performed first, followed by an optimization step to find the
optimal control.

In this paper, our analysis focuses on continuous-time prob-
lems. In particular, and motivated by a restrictive assumption
in the initial derivation of the continuous-time DDP in the book
by D. H. Jacobson and D. Q. Mayne [1]], we derive a new set
of differential equations for the backward propagation of the
value function for continuous-time optimal control problems
with terminal state constraints. Specifically, the fundamental
assumption in the derivation of continuous-time DDP in [1]]
is that the nominal control u is close to the optimal control
u*. This assumption allows the expansion of the terms in the
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Hamilton-Jacobi-Bellman (HJB) Partial Differential Equation
(PDE) around u* instead of u and results in the cancelation
of terms that depend on H,~ = 0, where H,~ stands for the
partial derivative of the Hamiltonian 4 with respect to the
(optimal) control input.

The assumption of having a nominal control trajectory u in
the iterative process close to the optimal control u* is restric-
tive and may increase the sensitivity of the overall optimization
process with in terms of initialization and convergence. It is
worth noting that the potential implications of this assumption
were initially discussed in a review paper of the book on DDP
[1] published in 1971 by Michael K. Sain [15]. However, to
the best of our knowledge, there has not been an investigation
of this issue, or its numerical implications, in relation to the
order of the expansion of the dynamics and the form of the
cost function under consideration. We believe that the main
reason for this is the fact that most applications of DDP have
been dominated by discrete-time formulations.

The proposed DDP derivation relaxes the assumption that u
must be very close to u*. Therefore, the quadratic expansions
of the terms in the HIB PDE are computed around the nominal
control 1 and not the optimal control u*. In this case, the term
Ha is not necessarily equal to zero. As we will see later on,
the fact that Hg # 0 has a number of important implications:

(a) The control update laws have both a feed-forward part and
a feedback part, in contrast to the update law presented in
[[L] which has only feedback terms.
(b) The differential equations for the zeroth, first and second
order expansions of the value function in our derivation
also differ from those in [1]. Our approach allows one to
choose an initial control that is not close to the optimal
control, but still leads to convergence.
While convergence of the proposed numerical scheme is
similar for first and second order expansions of nonlinear
dynamics affine in control, this is not always true when
systems that are nonlinear in both state and control are
considered. Our analysis identifies the cases where second
order expansions of the dynamics are beneficial, at the
expense, of course, of performing more computations per
iteration, in order to compute the second order derivatives.
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This work is organized as follows: in Section [[I| we provide
the problem formulation. Subsection summarizes the
different ways to expand the terms in the HJB PDE. In
Section we derive the set of differential equations for
the backward propagation of the value function. In Section
we discuss the terminal conditions and the update of the
Lagrange multiplier associated with the terminal constraint.
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Finally, in Sections and [V] we provide simulation results
for two example systems. We conclude the paper with some
observations and some ideas for potential extensions.

II. PROBLEM FORMULATION

In this section we derive the continuous-time DDP formula-
tion with terminal state constraints. In particular, we consider
the following optimal control problem with final constraint
P(x(tg), tg) = 0 and cost J(x,u),

V(x(to), X;to) = min J(x,u)

te
= m&n P(x(te), te) + ATeh(x(te), te) + / L(x,u, t)dt} ,
to
ey
subject to the dynamics

dx

dt
where x € R"™ is the state, u € R™ is the control and A € RP is
the Lagrange multiplier. £ : R® x R™ x R — R is the running
cost and (p(x(tg), te) + A'(x(tg), tg)) is the terminal cost,
where ¢ : R" X R — R and ¢ : R® x R — RP. Given an
initial or nominal trajectory of the state and control (X, @), and
letting 6x = x — X, du = u — 0, the linearized dynamics can
be represented as

= F(x,u,t), x9=x(to), 2)

%:F()‘(—&-éx,ﬁ—&—éu,t), 3)
déx K

where x = 1 for 2nd order expansion of the dynamics and
k = 0 for Ist order exFansion of dynamics, and 7 € R". In
F = [FM, ..., F™]", such that each element of F is

given by
T g6 (3)
(1) _ (SX Fxx qu 6X
i Nl {1
where F = [F(), ... F(™]" and where the arguments for F},

Fy, F,((Q F,EQ, etc are omitted for brevity. The parameter x
in is introduced to differentiate the results derived from
the first and second order expansion of the dynamics. A
comparison between these two results will be discussed later
on.

A. Expansions of the HIB equation

Our objective is to find the update law for the optimal
control and the differential equations for the backward propa-
gation of the Value function in (). We start our analysis with
the corresponding HJB equation

At
*% = min |L(x,u, ) + Vi, A t) F(x,u,t) |
(0)
with boundary condition

V(x, Aste) = d(x(te), te) + AT ep(x(te), te). (7

By taking expansions of the term on the left-hand side of
@ around (X, 1) up to second order, we obtain
OV (X + 6x, A + o 1)
ot

0 _ 5 Vx ! ox 1 |ox ! Vxx Vx ox
8t<v(x’)‘;t) " {VJ L”‘] "3 {‘”‘] {ka Vki] [‘”‘} )
(3)

For the value function V'(x, A;t) and all its first and second
order partial derivatives, we have

0 d 9\
5 ()= 300 = 5 (VF(xut). ®

Therefore, the left-hand side of @ becomes

_6V(x,)\;t) B
ot N
;
d _ < Vel [0x 1[ox| [Vix Virl |0x
~a(veso (3] 3] 2 ) R ] )
T T

T 0x| | VixF 1 ox| |Vix Vial |0x
v [ 3] DR+ ave([s] [ ) [5] )
(10
On the other hand,

_ _ 1
V(X 4+ 0%, A+ 0 t) = Vi(X, Ajt) + Viex0x + ViadA + 5Z/{,

where U € R™ and each element of I/ is defined as

L _ mT Vide Vi m

where Vx(;)x denotes the Hessian matrix of the ith element of
Vi and similarly for the others. Furthermore,

L(x + éx,u+ du,t) = L(x,1,t) + L ox + L, u
[l e e 8]
9 |0u| |Lux Luul [dul’
F(R +0%,0 + 0u,t) = F(X,0,1) + Fiox + Faou + g]-".
Thus, the right-hand side of (6) can be expressed as

min [L(x, u,t) + Vi(x, A;8) F(x, u, t)}

= min {L(i, a,t) + Liox + Lj,0u

1 ]ox T Lyx Lxul| [0x
5 [6ul |Lux Luu| |du
+OVIF + VIFlox + VIFlou + gv;f
Ix"Vix F 4 0x Vax Fi0x + 0X Vo F 01
4 OAVaxF + SATVax FI6% + 6A Vax Flou

n

+

n

+ 1[2§T i=1 i=1 xax {gi]
’ ViP5 VAR FO
i=1 i=1
+h.o.t.}. (11)
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After equating (I0) with (TI), and canceling repeated

terms, we obtain
d . Vil [6x 0x ] [Viex
(oo ] 3]+ 2[5 [
ml {L(
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Note that in (I0) with (II)), the expansions are around the
nominal control u. This is in contrast with the derivation of
continuous-time DDP in [1]] in which the expansion takes place
around (x*,u*). The key assumption in [1]] is that u is close
to u*. To see the differences of the analysis, we define the
Hamiltonian

H =L(x,u,t) + Vi(x, A1) F(x,u,t). (13)

Expansion of the Hamiltonian will result in the term Hy« =
Ly + EF Vi . The fact that H,+ = 0 results in dropping terms
from the derivation. Another implication of expanding the left-
hand side of the HIB around u* and the right-hand side of the
same equations around u is that there will be terms of the
same order in dx on both sides of the HJB equation that will
be unmatched and not easy to drop (see equations 2.2.19 and
2.2.20 in pages 20 and 21, as well as the analysis followed in
pages 22 and 23 of [LL]).

B. Optimal Control Variations

We now return back to our derivation, and specifically to
equation (I2)). Our goal is to find the optimal control variation
ou. To find the Ju that minimizes the last equation, we take the
partial derivative of the right-hand side of (IZ) with respect to
du and set it equal to zero. After some calculations, we obtain

Su=—Hy (Ly + FuVy) — Hy FuViadA

1 1 14
-H;! (Hux + 5Hjm + Fqux> 0%, (14

2

Vx| | 0x
Vax| |0

where the terms Hyy, Hux, Hxu are defined as

Huu:Luu""sz(z)Fl(leZv (15)
i=1

Hyy = Lux + £ Y VIOFS), (16)
i=1

Hyy = Lyw + £ Y VIOFLQ). (17)

i=1
The optimal control variation can be rewritten as,

du=1(t) + Kx(¢)0x + Kx(t)0A, (18)
where the terms 1(¢), K« (t) and Kx(t) are defined by
1(t) = —Hga (Lu + FuVk),
K (t) = —Hy, (;Hux + %HLU + Fqux), (19)
Ka(t) = —Hga FuVaa.

Substituting (I8)) into the HIB equation (T2), we can derive
the backward propagation equations with respect to the value
function and all its first and second order partial derivatives.
After some mathematical manipulations (I2) becomes

-2 2R

T 6X Vix
+ 0x' (Lx + F Vi + KL (Ly + FuVx) + %qul

1

1
+ iHLxl + K;Huul + VxxF1-|;1>
+OAT (K;Lu + K \Hyuul + VAXFJ,I)

1 T
3] e[ @

where V., is a 2-by-2 block matrix, and
Vix(1,1) = Hyx + K H,,K, + H Ky + K] Hy,x
+ Vax Fa + FyVix + Vax Fo K x + K Fy Vi,

Vix(2,2) = K\ Huu K + Vax F K + K3 Fu Vi,
VXX(L 2) = quKA + K;HuuK)\ + FxVx)\

+ K;FHVX)\ + VXXFJK)\,
VXX(27 1) = VXX(L 2)T»

(2D
where Hyy 1= Loy + £ 3 ViV FL).
i=1
The backward differential equations for the value function
expansion terms can be specified by equating coefficients of the
expressions on the left and right- hand side of (20). From (19),
we have Ly, + F,,Vx = —Hyul, Hux + 1HT + FyVax =
—HuuKy, and FquA = —HuuKA By taklng these equa-
tions into account, the backward differential equations for the
value function expansion terms can be simplified as
dv

———L—flT aul 22
m (22)



dVix

— = = Lo+ BV — Kl Hl (23)
dVix
T =KLy, 24)
dVix T T
- dt = Hxx - KxHuqu + Vxxe + FXVXX7 (25)
d
- ‘cﬁ* = —K\HuuKa, (26)
deA T
- dt = quKA + FxVx)\ + VxxFuK)\~ (27)

III. TERMINAL CONDITION AND UPDATE OF LAGRANGE
MULTIPLIER

In this section, we first specify the terminal condition for
the backward differential equations with respect to the value
function and all its first and second order partial derivatives.
Then we give a brief derivation of the update law of JA.
Finally, we put all the pieces together and present the algorithm
of continuous-time DDP with terminal constraints.

At the final time t¢ we have condition (7).

By taking the Taylor series expansions around (X(t¢), )
and equating coefficients, we obtain

V(tr) = d(x(te), tr) + N9 (X(be), tr),
Va(te) = ox(X(te), te) + Ux(X(te), te) A,
Valtr) = 0(x(te), tr), o8
VXX(tf):¢XX( ( )atf)+5‘TwXX(i(tf)atf)v
Vax(te) =0,

Vix (tf):wX( ( )

Let us now turn to the derivation of the update law of JA.
We follow the procedure introduced in [1]. First, we expand
the value function at ¢ = ty. Note that x(tg) = x¢ is fixed.

- - 1
V((L'(), )\ + 5A, t()) = V(.’E(), A, to) + V;(SA + 55)\1-‘/)\)\(5)\,
(29)

and \ should be chosen to minimize the value function, that is,
Va+VardA = 0, and thus oA = —V;)\l VA\t.:tO. For numerical
iterations and with further assumption that V = 0 [IL], we set

SA = —nVyx (to) Val(te), (30)

where 1 € (0, 1] is a tuning parameter for controlling the step
size of update of the Lagrange multiplier A.

The previous results are summarized in the DDP algorithm
provided in Algorithm [I]

IV. SIMULATION RESULTS

In this section, we will apply our algorithm with both
first and second order expansion of the dynamics to two
systems, namely, the inverted pendulum and the Dreyfus rocket
problem. The dynamics of the first problem is affine in control
and the cost is quadratic in control, whereas in the second
problem, the dynamics are nonlinear in control and the cost
function is non-quadratic. By applying the algorithm to these
two systems, we want to demonstrate the efficiency of the DDP
algorithm, and to make a comparison between the case of the
first order and the second order expansion of the dynamics.

Algorithm 1 DDP Algorithm with Fixed Final Time

Input: Initial condition of the dynamics xg, initial control
u, initial guess of the Lagrange multiplier A, final time tg¢,
tuning parameters v and 7. Set x = 0 for the case of first
order dynamics expansion, or k = 1 for the case of second
order dynamics expansion.

Output: Optimal Control u* and the corresponding optimal
gains 1, Ky, K.

1: procedure UPDATE_CONTROL(Xg, U, A, tf)

2: while max(|y)(X(tf), t)|) > €, where max() returns
the maximum element of a vector and | - | calculates the
absolute value of each element in a vector, do

3: Get the initial trajectory X by integrating the dy-
namics forward with xq and u;

4: Compute the value of V, Vi, Vi, Vix, Vax, Vi at
t¢ according to (28));

5: Integrate backward the Riccati equations ([22)

through in which the partial derivatives with respect
to t¢ are all set to be O;

6: Compute d according to (30);

7: Compute 1, Ky, K from (19)

8: Integrate (@) forward by replacing du with 1 +
K 6x + KxdA to get 0x;

9: Compute du =1+ Ky dx + K)o ;

10: Update control u* = u* + yéu;

11: Set u = u* and A = X\ + d\, where o\ =
—nVix (to) Va(te);

12: end while

13: return u*, 1, K., K.

14: end procedure

A. Inverted Pendulum Problem

We first apply our algorithm on the inverted pendulum with
soft terminal constraints, that is, the terminal constraint is of
the form ¢(x(tg),te). In particular, the dynamics is given
by 10 + b0 — mglsinf = u, where the parameters in the
simulations are chosen as m = 1 Kg, £ = 0.5 m, b = 0.1,
I = mi?, g = 9.81 Kg-m/sec?. Our goal is to bring the
pendulum from the initial state [, 6] = [r,0] to [0, 6] = [0, 0].
The cost function is given by J = x(tf)TQfx(tf)—i—fotf u'Ru,
where x = [0,0]", Q; = [100 100} and R =0.1.

‘We set the initial control u = 0, the terminal time t¢ = 0.5,
and the multiplier v = 0.4. We run the algorithm for both cases
£ =1 and k = 0. The results turn out to be quite similar. As
can be seen in Figure [Ta] in both cases the cost converges in
six iterations. We include 20 iterations to ensure convergence.
The optimal controls for the two cases at the 20th iteration
are shown in Figure [Tb] and they coincide with each other, as
expected.

From this simulation, we see that when the problem
is affine in control and the corresponding running cost is
quadratic with respect to the control input, then the algorithm
with the second order expansion of the dynamics may not pro-
vide much improvement compared to the algorithm with first
order expansion of the dynamics. This behavior is probably
expected.
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Fig. 1: (a) Cost per iteration when x = 0 in dashed red, and
cost when k = 1 in green. (b) Optimal control ©* when K = 0
in dashed red, u* when x = 1 in green, and initial control in
blue.

B. Dreyfus Rocket Problem

Next, we apply our algorithm to the Dreyfus rocket prob-
lem [1]. In this problem, the task is to launch a rocket in
fixed time such that to maximize the final horizontal velocity
component, while specifying the final altitude and the final
vertical velocity component. The dynamics of the rocket is
given by

jtl = I3, jl'2:$47

T3 =acosu, x4 =asinu—g, 31

where x; is the horizontal distance, x5 is the altitude, x3 is the
horizontal velocity component and x4 is the vertical velocity
component. The parameters are given by a = 64, g = 32. The
initial condition is [x1(0), 22(0),z5(0),24(0)] = [0,0,0,0],
and the final time is fixed at t¢ = 100. The final constraints
are

22 (t¢) — 100,000 = 0, (32)
w4(te) = 0. (33)

To maximize the final horizontal velocity component z3(t¢) is
to minimize —x3(tg) = f;f(—a cosu)dt. After adjoining the
constraints, the cost function is given by

te
J(x,u) = A"p(x(tg), tr) +/ (—acosu)dt, 34)
0

where A = [Ay,A2]" and ¢(x(tg),ts) = [za(ts) —
100, 000, 24(t¢)]". Before calculating the boundary conditions
for the backward differential equations of the value function
expansion, note that the relevant differential equations are

To = x4, T4=asinu—gq. 35)

Hence, we only need to find the boundary conditions for the
two states z2 and x4. From (28)) we have V' (tg) = Ay (za(ts)—
100, 000) + A21L'4(tf), Vx(tf) = [)\1, )\Q}T, V)‘(tf) = [1’2 (tf) -
100,000, 24 (ts)]", Vax (te) = 0, Vax(ts) = 0, Vix(te) = 1.
First, we set k = 0, which means that we consider the case
of first order expansion of the dynamics. We start with the
nominal control 1 = 0 and the nominal Lagrange multiplier
A = [0,0]". There are also two other parameters that require
tuning, v, ), namely, the step sizes for the update of the control
and the Lagrange multiplier, respectively. The largest value
for ~y that we could pick before the algorithm runs into error

1x10 0
i F -1000 g
d d
g d
g -20000 o
- & d
d d
; —3000;
_20 10 20 30 40 0 10 20 30 40
Iterations Iterations
(@) (b)
Fig. 2: First order expansion of dynamics, i.e. kK = 0, (a)

Desired final altitude 25(tg) in red, z(tg) per iteration in
dashed blue. (b) Desired final vertical velocity component
x4(te) in red, z4(te) per iteration in dashed blue.
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Fig. 3: Dreyfus Rocket Problem: (a) Cost per iteration when
x = 0. (b) Cost per iteration when x = 1.

is v = 0.1. The reason why the error occurs is that in the
algorithm, we need to take the inverse of H,,, which equals
to (acosu) when £ = 0. Hence, whenever the control u is
close to (km + 7/2),k € Z, Hyy becomes very large, which,
in turn, causes du to be very large and leads to divergence
and numerical instability. To limit the chance for the control
to cross (km + 7/2), k € Z, we need to make ~ small so that
in every iteration, the update of control is not too far away
from the previous control value. For the same reason, we set
n = 0.3. The fixed final states are achieved in 45 iterations,
as shown in Figure [2a] and [2b] In Figure [3a] we can see that
the cost becomes stable much earlier (after about 25 iterations)
due to the existence of the Lagrange multiplier A. The optimal
control is illustrated in Figure [5] with the dashed red line.

Next, we investigate the case when x = 1, that is, we
will use a second order expansion of the dynamics. Again, we
start with the nominal control 1 = 0 and nominal Lagrange
multiplier A = [0,0]". However, since Hyy = acosu +
Vi[0,asinu]” when x = 1, the possibility of the singularity
in the previous case will not occur in this case. Moreover, we
can set v = 1 and 1 = 1. This will speed up the convergence
significantly, and the optimal control is actually obtained in
6 iterations (10 iterations are included in the figures to show
that the convergence is indeed achieved). The nominal and
optimal controls are presented in Figure [5] in blue and green,
respectively. The optimal controls in this case and in the
previous one indeed coincide with each other. Figure [3b|depicts
the cost per iteration. Plots of the states xo(t¢) and x4(t¢) as
a function of iteration number are shown in Figures and
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Fig. 5: Optimal control u* when x = 0 in dashed red, u*
when x = 1 in green, our initial control in blue and initial
control from [1] in dashed cyan.

This problem was also solved in [1l]. The authors therein
applied their version of DDP equations with the initial control
a(t) = 1.6 —1.5¢/100, which is relatively close to the optimal
control, as is shown in Figure [5] Their initial condition for the
Lagrange multiplier A = [0.1,1.0]" is also relatively close to
the optimal value A* = [0.0632, 1.4900]".

By comparing these two cases, one sees that the second
order expansion of the dynamics has a large impact on the
convergence rate as well as the stability of the algorithm when
the control is not affine in the dynamics.

V. CONCLUSION

In this paper, by dropping a restricted assumption in the
previous derivation of the continuous-time DDP for optimal
control problems with terminal state constraints, we find the
update law and the backward propagation equations of the
zeroth, first and second order approximation terms of the value
function. One advantage of our approach lies in the fact that
we do not need to assume that the initial nominal control and
the optimal control solution are very close. Moreover, instead
of using the discrete time formulation inherited by the previous
work on applications of DDP, we present algorithms derived
from first and second order expansion of the continuous
dynamics. Specifically, we first find the optimal control in the
continuous sense and then discretize the solution so that it can
be applied to a real physical system.

We have tested the algorithms with first and second order
expansion of dynamics on two distinct systems: one is the
inverted pendulum where the control is affine in dynamics and
quadratic in running cost, the other being the Dreyfus rocket
where the control enters in trigonometric form in both the
dynamics and running cost. In summary, when the control is
affine in the dynamics and is quadratic in the running cost,
the algorithm with first and second order expansion of the
dynamics performs similarly. On the contrary, when the control
is highly nonlinear in both the control and the dynamics, there
is a performance improvement by applying the algorithm with
the second order expansion of the dynamics compared to the
one with the first order expansion of dynamics.

Future work includes application of the proposed algorithm
into higher dimensional problems and address i) memory/time
complexity requirements and ii) stopping criteria of the algo-
rithm.
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