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Abstract—Dual quaternions (DQ) provide a compact repre-
sentation of position and attitude. They have been extensively
used in fixed-base robotics due to their numerous computational
advantages. This paper aims to develop the dynamic equations
of motion of a robotic arm on a free-flying spacecraft using
a Newton-Euler approach in a DQ modeling framework. A
pose-stabilization maneuver for the end-effector is found via
Differential Dynamic Programming (DDP). The results of this
simulation are provided.

I. INTRODUCTION

Access to space has enabled a wide range of military
and commercial activity. From space-based experimental
laboratories, such as the International Space Station (ISS),
to missile-tracking defense networks of satellites, to GPS-
enabling geostationary satellites that aid our daily commutes,
satellites provide valuable services to their operators, the
scientific community, and humanity as a whole. Even though
launch costs are likely to decrease with the development of
reusable first-stage rockets, commercial off-the-shelf (COTS)
components, and the miniaturization of components, access
to space is, and will remain, expensive for the foreseeable
future.

Servicing of orbiting satellites is an essential tool to
lower development, equipment and operational costs, as well
as to reduce system complexity by means of decreasing
required redundancy for a desired lifetime. Satellite servicing
encompasses a wide range of uses that aim to extend the
satellite lifetime. Common services are visual inspection,
scheduled maintenance, refueling, part replacement, repair
of worn or broken components, or completion of failed
deployment sequences, among others.

A natural approach to satellite servicing is to use robots.
However, the operation of a robotic arm on a spacecraft is
not a trivial task. Without appropriate dynamical models of
the combined system and effective control algorithms, fuel
can be quickly depleted, reaction wheels saturated, power
drawn too abruptly, a line-of-sight communication link be
lost, or the combined system be destabilized. Landmark
literature initially proposed the use of active attitude control
systems [1], which can be useful in cases when strict pointing
requirements exist [2]. However, powerful techniques now
exist that allow the base to move freely, or in a reaction-less
fashion, during the manipulation of the arm, thus avoiding
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the aforementioned pitfalls of a free-floating robotic manip-
ulator. Current algorithms have to be able to incorporate
changes such as when a payload is released or grabbed, or
when there is a significant change in the fuel at the base
[3]. Another important component is the incorporation of
constraints beyond simple inertial pointing, as in the case
of relative attitude constraints between spacecraft to avoid
plume impingement, line-of-sight constraints to perform vi-
sual navigation, or simple obstacle avoidance constraints to
avoid collision between satellites.

The field of multibody dynamics has been thoroughly stud-
ied, and it is well-understood. Longman et al. [1] provided a
landmark result through conservation of linear momentum.
Vafa and Dubowsky [2], [4], [5] introduced the concept
of virtual manipulator and the concept of motion of the
satellite base through exploitation of the non-holonomicity of
the attitude motion relative to joint actuation. Umetami and
Yoshida introduced the Generalized Jacobian Matrix (GIM)
in [6], and Masutani et al. introduced the use of Lypanuov
stability for robotic arms on a free-floating spacecraft in [3].
With this foundation, the study of spacecraft robotics became
more formalized, which led to what now we consider robust
and efficient algorithms such as those proposed by Jain [7],
Rodriguez et al. [8], or Featherstone [9].

Dual quaternions (DQ) have been used in multibody
dynamic problems and provide a compact numerical repre-
sentation of position and attitude (pose). They have been
applied to obtain fixed-base robotic forward and inverse
kinematics, allowing roboticists to reduce computational time
and improve precision for common tasks. Several uses of
DQ in the literature include the work by Dooley and Mc-
Carthy [10], who modeled robotic arm dynamics using the
DQ generalized coordinates, Daniilidis [11] and Ulrich [12],
who used DQ for hand-eye calibration, Leclercq et al. [13]
and Radavelli et al. [14] who demonstrated how to perform
kinematic analysis of points, lines and screws using dual
quaternions. Dual quaternions have also found use in many
other robotics applications such as kinematic analysis of
constrained robotic systems [15], [16], singularity avoidance
in inverse kinematics [17], and vision-based applications
such as SLAM [18], among many others.

Recent work in the field of spacecraft control has focused
on the use of dual quaternions to model single rigid body
dynamics. The objective of the present paper is to derive
the dynamics of a robotic manipulator mounted on a free-
floating satellite using dual quaternions and a Newton-Euler
approach. Subsequently, the framework is used to command
a pose-stabilization maneuver of the end effector.



TABLE I
QUATERNION OPERATIONS

Operation Definition

Addition a+b=(ag+bg,a+b)

Mult by scalar Aa = (Aag, \a)

Multiplication ab = (agby — @ - b, agh + boa + @ x b)
Conjugate a* = (ag, —a)

Dot product  a-b = (agho + @- b, 03x1)

Cross product a x b= (0, agbh + boa + @ x b)

Norm lla]] = Va-a

II. MATHEMATICAL PRELIMINARIES

This section introduces the basic concepts of quaternions,
dual quaternions, and their use in representing kinematics
and dynamics of rigid bodies. For an exhaustive description
the reader is referred to [19]-[22], from which the notation
has been adopted.

A. Quaternions

The group of quaternions as defined by Hamilton in 1843
extends the well-known imaginary unit 7, which satisfies
j? = —1. This non-abelian group is defined by the presen-
tation Q := {—1,4,4,k : > = j2 = k* = ijk = —1}. The
algebra constructed from @Q over the field of real numbers
is the quaternion algebra, H. We can define quaternions as
H:={q = qo + qi + q@2j + @3k : i* = j> = k* = ijk =
-1, qo,q1,492,93 € R}. This defines an associative, non-
commutative, division algebra.

In practice, quaternions are referred to by their scalar
and vectors parts as ¢ = (qo,q), where ¢ € R and
G = [q1,q2,93]" € R3. The properties of quaternion algebra
are summarized in Table 1. Previous literature has defined
quaternion multiplication as the multiplication between a
4 x 4 matrix and a vector in R*.

Since any rotation can be described by three parameters,
the unit norm constraint is imposed on quaternions for
attitude representation. Unit quaternions are closed under
multiplication, but not under addition. A quaternion de-
scribing the orientation of frame X with respect to frame
Y, qxy, Will satisfy gg.qxwv = qxw@iy = 1, where 1 =
(1,03%x1). This quaternion can be constructed as gyy =
(cos(¢/2),nsin(6/2)), where i and 6 are the unit Euler
axis, and Euler angle of the rotation respectively. It is worth
emphasizing that ¢J, = gxv, and that gy and —gy, represent
the same rotation. Furthermore, given quaternions ¢y and
Gz, the quaternion describing the rotation from X to Z is
given by ¢ux = GvxGor-

Three-dimensional vectors can be interpreted as quater-
nions. For example, given 5 € R3, the coordinates of a
vector expressed in frame X, its quaternion representation is
given by s* = (0,5%) € HY, where H" is the set of vector
quaternions defined as HY 2 {(qp,q) € H: ¢o = 0} (see
[21] for further information). The change of reference frame
on a vector quaternion is achieved by the adjoint operation,
and is given by s¥ = ¢,5*qvx. Additionally, given s € H",

we can define the operation [-]* : HY — R**% as

o= [or, ]

where [5]* is the skew-symmetric matrix such that [s]*a =
s X a.
In general, the attitude kinematics evolve as

(D

o1 x _ 1 v
Ixry = 3AxwWyy = 5Wxyqxvs (2

where w?, = (0,&%,) € HY and &%, € R3 is the angular
velocity of frame X with respect to frame Y expressed in
Z-frame coordinates.

B. Dual Quaternions

Dual quaternion algebra is defined as Hy = {q = ¢, +eqq :
dr,qqa € H}, and € is the dual unit. We call g, the real part,
and ¢4 the dual part.

Filipe et al. [19]-[22] have laid out much of the ground-
work in terms of the notation and the basic properties of dual
quaternions. The main properties of dual quaternion algebra
are listed in Table II. Reference [23] also conveniently de-
fines a multiplication between matrices and dual quaternions
that resembles the well-known matrix-vector multiplication
by simply representing the dual quaternion coefficients as a
vector in R®. A property that arises from the definition of

TABLE 11
DUAL QUATERNION OPERATIONS

Operation Definition

Addition a+b=(a,+0b)+€elaqg+ ba)

Mult by scalar Aa = (Aa,.) + €(Aag)

Multiplication ab = (a,b,) + €(agb, + a,bg)

Conjugate a* = (af) + e(a})

Dot product a-b= (a,-b.)+ €(aq - b + ar - by)
Cross product a x b = (a, x b.) + €(ag X b, + a, X by)
Circle product aob = (a, - b, + ag - bg) + €0

Swap a® = ag + ea,
Norm lal| = Vaoa

Vector part  vec(a) = (0,a,) + €(0, aq)

the circle product for dual quaternions is given as follows
atob’=aob=>boa. 3)

Analogous to the set of vector quaternions H", we can
define the set of vector dual quaternions as HY £ {q =
qr+€qa : qr,qq € H'}. Vector dual quaternions have special
properties of interest in the study of kinematics, dynamics
and control of rigid bodies. The two main properties are
listed below, where a,b € HY:

ao(bc) = b°o(a’c”) = c’o(b*a®), 4)
ao(bxc)=b’o(cxa’)=c’o(a’xb). (5)
Finally, for vector dual quaternions we will define the skew-

symmetric operator []* : HY — R8*8,

04><4:| . ©)

[sal  [sr]*



Since rigid body motion has six degrees of freedom, a dual
quaternion needs two constraints to parameterize it. The dual
quaternion describing the relative pose of frame B relative to
Lis given by Gy = Gun,r +€Qpn,d = Gon+ €5 qoiTsy, Where 78, is
the position quaternion describing the location of the origin
of frame B relative to that of frame I, expressed in B-frame
coordinates. It can be easily observed that g, - Ggrrr = 1
and Gy, - gsna = O, where 0 = (0,0), providing the two
necessary constraints. Thus, a dual quaternion representing
a pose transformation is actually a unit dual quaternion, since
it satisfies g - q = q*q = 1, where 1 = 1 + €0. We will also
define 0 = 0 + €0.

Frame transformations can be performed with the adjoint
operation on a dual vector as s* = g}, s*q,, for s*, s* € H,.
Also, similar to quaternion relationships, dual quaternions
satisfy the following properties: q,, = q,,q,, and q;, =

qX/Y'
The dual velocity is defined as

., X X X X
Y/Z - qX/Y Y/ZqX/Y = Wy, + 6(Uwz + Wy X TX/Y)' (7)

and contains both the linear and and the angular velocities
of the body. The dual velocity of a rigid body, assigned to
frame B, with respect to the inertial frame is defined as w}, =
wy, + evp,. The dual quaternion kinematics can be expressed
as

. _ 1 X _ 1,
Axy = 29xv%@xy = 3%9xvqxn- (8)

C. Dynamics in Dual Quaternion Algebra
In [23], the authors represent the 6-DOF dynamics of a
rigid body i by
M, > (@) +win X (M * (w50)*) =W7(0,), )
where W7(O,) = fe+e7® is the wrench expressed in the e;
frame, Whose origin is at the center of mass, computed about

the center of mass, and I is the inertial reference frame. The
matrix M, € R®*® is the dual inertia matrix defined as

1 O1x3 0  Oixs
03x1 mid3x3 Ozx1 0O3x3
M, — , 10
: 0 O1x3 I Oixs (10)
O3x1 O3xz  O3x1 I,

i

where I, € R3*3 is the mass moment of inertia of the body
about the center of mass, and m, is the mass of the body.
Finally, we define the following operators: [ - J.,[ - ]« :
Hy; — R8*® such that ab = [a], xb = [b]x * @, and
H(-) : R®*8 — R8*8 such that H (M) *a £ M % a°.

III. DYNAMICS OF A ROBOTIC ARM ON A
SPACECRAFT

The dynamics will be derived using dual quaternion
algebra for the satellite with an RRRS (R - revolute, S
- spherical) joint configuration shown in Figure 1. The
diagram shows reference frames, reaction forces and torques,
actuation torques, points of interest (all with attached ref-
erence frames), and external forces and torques applied
at the centers of mass and at the end effector. The joint
degrees of freedom have not been labeled. The R joints
add a degree of freedom along the Z-axis of the local

frame (of the distal body). These are, respectively, param-
eterized by the angles 6,,, 6,,, and 6,,. The motion of
the S joint is described by a 3-2-1 Euler angle rotation
parameterized by Yo, O.e,, ®usy. The state of the system

)
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Fig. 1.

Exploded satellite view.

is described by = = [QIW 0105 01y B, 1/15/%, el 3 ¢c/e37 y']"

R, where y = [w',wi,' wd,",w,'|" € R32. The
control inputs are taken to be u(t) = [W2(O0,),

(Tacl‘l )Z I (Tum,z)z ) (Tact,B)Z ) ¢e/e3 9 9&/@3 ) d)e/e?)] R14- From Equa'

tion (8), the pose of the base evolves as

%qe(,/lwzga' (1D

9ogn =
We can extract revolute joint angular velocities as

6..,,=[0,0,0,1,0,0,0, 0] Wi, (12)

=[0,0,0,1,0,0,0,0] (g, Wit al, ,~ahwld., ) -

o t1/i

Assuming that the end-effector is massless, solely affecting
the kinematics, we need only to derive expressions for
y. Computing Equation (9) for each of the four bodies,
eliminating the swap operator, moving unknowns to the left-
hand side, and transporting the applied wrenches to the center
of mass of each body, we get

H (Meg) *weoll+ﬂq0/e0]] I[q()/eo]] E; 58WT/10(00) (13)
=—wy, X (M * ( eg/l) ) W:g (Oeo)_qoxeo Acll(OO)qO/eD

Woon

H(M )*w:/l_l[q:l/o]]Ll[qel/o]]RETwSWT/lo(OO) (14)
+|[q1/e1]| |[q1/e1]| ETSBW:/zl(Ol):_ 91/1 (M *( elll) )
+W:1 <O°1 )+q01/0Wac! 1 (Oo)q acl,Z(Ol )ql/el )

010 Do,

H(M,,) * &2~ [, ][ 2., ]« Elss Wi (01) (15)

+I]:Q2/e2]| I]:qz/eQ]I E 58W:/32(02) :i/l X (M *( ezll))
+W:§ (002)+qe2/1W:§2(01) 9esii = Do, Wzgs(OQ)QWeQﬂ



H(M,,) * &2~ [ a5, ] [ 9.,. ]« Eiss W3(02)  (16)

_ esx@4*<%o)vaag

o3/l
G
+qe3/2 Wﬂcl,3 (02 ) qe3/2+q(}/e3 chl (OG ) q:le:; :

Here, we have defined Ei55 € R®*® to be the eight-
dimensional identity matrix without rows one, five and eight,
allowing us to remove non-zero entries of the reaction
wrenches, which we have denoted as W'.

Finally, we need only to express the velocity constraints
in a similar fashion for each of the joints. The dual velocity
of the joints can be related via

Sit1 S+l o1 %t 1
Wo 11 = e+1/|+w1/e +Wor

a7
Taking a time derivative and clearing of transformations the
dual acceleration of the joint in the local frame, the constraint
for joint i is given by

o1

qu_l/,w |+1/Iq opafi “J +q|,° (w +we/[ X w;/e) 9o, (18)

Multiplying this equation by FE145, defined similarly to F'sg,
on the left, will cancel the joint acceleration, which was
redundant given that we are solving for angular acceleration
of the bodies. This yields the i-th joint constraint:

E145 |[qei+1/j]l L |[q:+1/i]l R * w:iill_E145 [I:q;‘/;i ]] L[I:qi/ei ]] R X w:i/l
- -E'145q;;;,i (w::/l X w:lq) qi/ei' (19)

Defining 7 2 [W.(0o)", W, (01)", Woa(02)"]", we
can cast Equations (13) to (16) and Equation (19) for i €
{0,1,2} in the form of a linear system of equations given

Si2| | Y _ B,
822 T BQ ’

Using the fact that Soo = 015%15, We can solve (20) to
obtain

[511

Sor (20)

T = (821871 S12) 1 (82187,' By
§=-8781T + 81 Bi.

_B2)7 (21)

(22)

These formulas provide the dual accelerations ¢ and con-
straint wrenches 7~ as a function of the satellite configuration
and the applied external and actuation wrenches.

IV. END EFFECTOR CONTROL USING DDP

To solve the problem of stabilizing the end-effector at a
given desired pose, we use Differential Dynamic Program-
ming (DDP). DDP aims to minimize the cost functional

J(x07 ) ﬁf N, N + Z L xk,uk,k (23)

with respect to U = {u;,}}=0"~*. To do this, DDP performs
a forward-backward propagatlon of the state and the value
function, respectively, based on the Bellman principle, which
in discrete time is given by

Vzg, k) = Hq}inQ(mk,uk,k). (24)

Here Q(zk, ug, k) is an auxiliary function that includes the
running cost and the cost-to-go and it is defined as

Q(xk,ulm k) = E(xkhukv k) + V(-rk-‘rlv k + 1)

The specific implementation used for control in this sec-
tion is based on the work described in [24]. One of the
innovations in [24] is the ability to incorporate control limits
(i.e., saturation limits) during planning, avoiding the nega-
tive consequences of simply clipping control inputs during
implementation. Additionally, the authors of [24] make use
of a backtracking search parameter, o € R, to perform a line
search on the optimal update of the control input. That way,
for a given iteration of DDP, a sweep of control policies is
parameterized by « € [0, 1] as follows

Su* (tr; @) = —Quy Quadz(tr) — aQyy

and then one selects the update with the best performance,
where in (??) the subscripts in () denote partial derivatives.

In order to aid the convergence of the algorithm, the pose
of the end effector with respect to the inertial frame g, was
added as a state to the formulation. This implies the need to
derive the kinematics of the end effector. In dual quaternion
algebra this is a simple derivation which we provide below.

Consider the pose of the end effector as the chain of
relative pose transformations given by

(25)

(26)

Don = Dogn9oieg Doy 09110y Dopn Driey Doy nDesoz Lare 27

The dual quaternions q,, ,, q,,,,9,,,: dc. are constant, and
their derivatives are O because they represent pose trans-
formations along the same rigid body. Therefore, using
Equation (8) we can easily take the derivative of g, as
Qor = ch/IQG/eo + qeo/IQO/eg Qoo t Qel/lq“el e
+ qelel(-IﬂeQ qep + q03/1qcl03 9cre (28)
Qop = %qeoxlw:g/lqc/eo + %qeg/lwz}lg Doy Dan + %qu/IwT}el /0, 9o
+ %qez/lw;iQ Doy Do T+ %qesllqe/e_g Werey Do 29)
Finally, we simplify this expression to yield the kinematics
of the end effector:

qG/I = %qeon‘-‘-’:gnq@eo + %qeonwz% qG/eO + %qelllw‘]’/{al qG/el
+ 34,9, Do, T 590, Do (30)
V. RESULTS

After discretizing the equations, we define the objective
function to be minimized as J(zo,U) = (gg(ty) —
qDII)TWf7Q(qG/I(tf) qD/I) + w:g/l(tf)TWf,wwzgll(tf) +

N-1 T
Zk 0 (qm(tk> qD/I) Wk,q(qo/l(tk) qD/I) +
wWeon(tr) Wi wwieon(tr) —+ u(ty) Ru(ty). The
penalty matrices were set to Wy, = 150Igxs,
Wew = Isxg, Wig = 15Igxs, Wiw = Igxs and
R= diag(lOngg, .Z-3><37 0.01]3><3,0.113><3). Finally,

the target pose for the end-effector, and the desired
angular velocity of the base are given by g, =
(0.5,[0.50, —0.50, —0.50]") + €(0.25,[2.25,0.25,2.25]7)
and wp, = 0 respectively.

The simulation was run for 7' = 15 s, with At = 0.015 s,
and N = 1,000. The end-effector reference aims to achieve
pose stabilization of the end-effector at a given desired pose,



given that q,, is constant. Figure 2 shows snapshots from
a time sequence of the trajectory after the convergence of
the algorithm. The desired final frame is also shown in the
figure and remains stationary throughout the maneuver. At
the end of the maneuver, this frame is aligned with the local
end-effector frame.

t=0.0s

“7

t=3.0s

7

t=06.0s

4

t=9.0s

R4

t=12.0s t=15.0s

Fig. 2. Time sequence of end effector poses for stabilization maneuver.

The error pose of the end effector frame is computed via
dual quaternions as

9o = qé/[qD/I' (31)

The error quaternion and position vector error, expressed
in the end-effector frame G, is shown in Figure 3 converging
to their desired values. Figure 4 shows a scalar measure of
both the angular and the linear errors. In the angular case,
Figure 4 shows the Euler angle of the error rotation. The
norm of the error vector is shown. Both of these quantities
are directly derived from q,.

Figure 5 shows the actuation forces and torques applied on
the base of the satellite. The cost function has been chosen
so that the forces, usually generated by gas jet actuators
contained on-board the spacecraft, are kept low since thruster
firing requires fuel, which is a scarce resource in orbit. The
torque generated is also low for this maneuver, but since
it can be generated by reaction wheels, this component is
penalized less aggressively in the cost term of the DDP
formulation. Finally, Figure 6 shows the torques applied at
each one of the three joints, and the Euler angle rates for the
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Fig. 3. Pose stabilization maneuver: quaternion error and position error.
100 T T
. 80 j
&
S, 60f 1
9 40r 1
<
20 1
0
0 5 10 15
800 T T
" 600t )
R
=, 400 F .
os
= 200 .
0
0 5 10 15
Time (s)
Fig. 4. Pose stabilization maneuver: error Euler angle and error vector
norm.

end-effector motion (assumed for simplicity to represent the
end-effector actuation mechanism). These are penalized less
since they can be easily generated on-board the satellite.

VI. CONCLUSIONS

In this paper we have derived the dynamics of a robotic
arm mounted on a free-floating satellite base using dual
quaternion algebra. These dynamics were used in combi-
nation with DDP to perform a stabilization maneuver for
the end effector. The framework provides for flexibility
in the initial conditions of the system, not restricting the
initial state of the system to having zero linear and angular
momenta, and it seamlessly accounts for both thruster and
momentum exchange actuation. The use of dual quaternions
in the proposed framework enables the inclusion of tools
typically used in fixed-base robotic systems, such as motions
parameterized with screw-motion, which can be of much
value during satellite servicing. Future work will focus on
performing end-effector pose tracking, and on incorporating
actuator dynamics to increase the fidelity of the simulator.
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