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This paper studies the scheduling of servicing multiple satellitesin a circular orbit. Specifically, one
servicing spacecr aft (SSc) is considered to be initially on the circular orbit of the satellites to be serviced.
The SSc then rendezvous with each satellite of the constellation and servicesit until all satellitesare visited.
Thetotal timeisassumed to be given. A minimum-AV two-impulse maneuver isused for each rendezvous.
The objective is to find the best sequence with the minimum total AV to service all satellites in the con-
stellation. Two problems are considered. In the first case, the SSc returns to its starting circular orbital
slot. In the second case, the SSc is not required to return to its starting orbital slot. These two servicing
scheduling problems are formulated as combinatorial optimization problems, and are solved in a two-step
process. First, the optimal time distribution problem is solved using integer programming, which yields
the minimum cost maneuver for the SSc to visit the satellitesin a given order. Then the optimal sequence
problem issolved by a heuristic study. It isshown that integer programming is an effective schemein solv-
ing the optimal time distribution problem. The notion of the sweep angleisintroduced for each rendezvous
segment as the smaller angle along the circular arc between the SSc and the next satellite to rendezvous.
The Total Sweep Angle (T SA) for a servicing sequenceis defined as the sum of the sweep anglesfor all ren-
dezvous segments. The heuristic study shows that the best servicing sequence is always among the group
of sequences that assume the minimum TSA. Specifically, for the case when the SSc returnsto its starting
orbital dot, the best servicing sequence is sequential (orbit-wise or counter-orbit-wise). For the case when
the SSc does not return to its original orbital slot, the best sequence is sequential or partially sequential,
depending on the satellite distribution on the constellation. The group of sequenceswith the minimum TSA

are completely identified.

Introduction

Reliability and cost are two major concerns in space
operations, in addition to fulfilling the mission objec-
tives. An increasingly popular practice involves launch-
ing multiple small, simple spacecraft into low earth orbit
(LEO) in order to achieve a certain task which would
have otherwise been achieved by one large and com-
plex spacecraft typically operating in geosynchronous
orbit (GEO). This often reduces launching and mainte-
nance cost. As a result, there is an increasing humber of
satellites orbiting in LEO. However, operating such large
number of satellites brings new challenges to the space
industry. One of the potential challenge lies in the area
of on-orbit servicing of satellites. The satellite servicing
can range from repairing faulty hardware, upgrading the
operating systems, to refueling the satellites, etc. Being
able to service the satellites while on orbit can dramati-
cally cut the cost associated with replacing the ill-fated
satellites with new ones.
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NASA has recognized that the capability for remote
resupply of a space platform with expendable fluids and
other servicing will help transit space utilization into a
new era of operational efficiency and cost effectiveness.
However, only recently has satellite servicing been in-
troduced as part of future spacecraft operations. A few
servicing missions have been performed by NASA, most
notably, the successful 1993 STS-61 mission to repair the
Hubble Telescope, which received worldwide attention.

Despite the success in servicing a single spacecraft and
the numerous papers studying optimal rendezvous be-
tween two spacecraft,! so far there has been no reported
work devoted in the area of developing optimal trajecto-
ries for servicing multiple satellites in a constellation. In
this paper, we consider the problem of servicing multiple
satellites in a circular orbit with one SSc. The goal is to
find the best sequence of satellites for which the cost of
servicing the satellites (measured in terms of fuel expen-
diture) is minimized.

This paper is organized as follows. First, the optimal
servicing problem is divided into two subproblems, the
problem of servicing satellites in a given sequence (the
time distribution problem) and the problem of finding the
optimal sequence (optimal sequence problem). The time
distribution problem is solved by integer programming.
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Subsequently, a heuristic study leads to the solution of
the optimal sequence problem. Finally, the optimal se-
guences are characterized.

Problem Statement

Consider an SSc and a constellation of satellites orbit-
ing on a circular orbit. The task of the SSc is to service
all satellites in the constellation. Therefore, the SSc is
required to rendezvous with each of the satellites. After
the SSc finishes servicing one satellite, it visits the next
satellite until all the satellites have been serviced. Each
satellite is visited only once during the servicing mission.
As a practical concern, the total time to complete the mis-
sion is also specified. The goal is to find the sequence to
visit all satellites in the constellation such that the total
rendezvous cost (AV) is minimized. In addition to the se-
guence, the optimal time distributed to each rendezvous
segment and the total AV are also computed.

The SSc is assumed to be initially in the same circu-
lar orbit as the constellation. This is the case when the
SSc is designated to orbit along with all the satellites in
the constellation. This could also be the case when the
SSc has already visited a satellite in the constellation and
it is ready to service the rest of the satellites. For the
former case after the last satellite is serviced, the SSc is
required to return to its original orbital slot. For the latter
case, however, the SSc does not have to return to where
it started from in the circular constellation.

S (initial location of SSc)

Fig.1 A satellite constellation in acircular orbit.

Figure 1 shows n+ 1 satellites, s, S1, -+ -, Sy, in a cir-
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cular orbit, with the SSc initially at 5. We define a cost
function G;;(t;j) associated with the cost for SSc to trans-
fer from satellite 5 and rendezvous with satellite sj. t;;
represents the time of flight of this rendezvous segment.
We seek solutions to the following two problems.

Problem 1. For a given total time t¢, find a sequence
Q=15¢,S, " Sq,_1 Son OF the nsatellites s;, S, - - -, Sy such
that the total cost to service the n satellites among any
other sequence is minimized. That is, the optimization
problem is

n—1

min COql (tOCh) + Z CQiQi+1(tQiQi+1) "‘CQnO(thO)a 1)

subject to the constraint that the total time is given, i.e.,

n—1
tog, + 2 tgig1 T gm0 = tf- )
i=1
The unknowns in this problem are the sequence Q and
tog,» tgg 1 i =1, 2, ---, n—1, and tq,0, which are the
times allotted for the rendezvous segments. The solution
to this problem provides the optimal scheduling for the
SSc to service all satellites and then return to its original
orbital slot s in the specified time t;.

Problem 2. This problem is different from Problem 1
because the SSc is not required to return to s after all
satellites are visited. That is, for a fixed total time t¢, we
seek a sequence Q = Sy, Sy, -+ Sgn_1 Sgn Which solves the
optimization problem

n—1
min COQ1 (tO%) + 2 COh Qi1 (IQiQi+l)7 (3)
i=1

subject to the constraint that the total time is given, i.e.,

n—1
tog, + . tag., =1t (4)
i=1
The unknowns in this problem are the sequence Q and
the time intervals toq;, tgq ., i =1, 2, ---, n—1. The
solution to this problem provides the optimal scheduling
for the SSc to service all n satellites in the specified time
ts, but the SSc does not have to return to its original or-
bital slot 5.

Both of these two problems can be cast as combi-
natorial optimization problems. However, combinato-
rial problems are characterized by a large and rapidly
growing search space. For each of these two servicing
scheduling problems, for example, there are n! possible
sequences (permutations of the satellites to be serviced)
that are the candidates for the optimal solution. For
a large number of satellites, the method of exhaustive
search could become a formidable task.
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The solution to the constellation servicing schedul-
ing problem can be simplified by solving the following
two subproblems: the optimal time distribution problem
and the optimal sequence problem. Given a sequence of
satellites and the total time, the optimal time distribution
problem is to find the time allotted for each rendezvous
segment and the associated minimum total cost. The op-
timal sequence problem deals with the determination of
the best rendezvous sequence. These two subproblems
are treated in the next two sections.

In all calculations in this paper, canonical units are
used. That is, the distance unit is defined as the radius
of the circular orbit, and the time unit is defined as the
period of the circular orbit.

Optimal Time Distribution for a
Rendezvous Sequence
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Fig.2 Typical optimal cost vs. time-of-flight curvefor two-
impulserendezvous.

It has been shown in Ref. 2 that for any two satellites
s; and s, on a circular orbit, the cost for the minimum-
fuel two-impulse rendezvous maneuver for s; to ren-
dezvous with s, depends on the initial separation angle
from s; to S, and the given time-of-flight. Typically, for
a particular initial separation angle, the plot of the cost
as a function of the time-of-flight is as shown in Fig. 2.

Suppose the SSc is given a particular sequence to ser-
vice n satellites in time t;. Then there are n consecutive
rendezvous segments. Let 01 be the initial separation an-
gle from the SSc to the first satellite in the sequence (the
first segment), and let 6;, i =2, 3, ---, n denote the ini-
tial separation angles from the (i — 1) satellite to the i™"
satellite in the sequence (the i segment). Let the func-
tion Cg, (1) be the cost as a function of the time t; allotted
for the i rendezvous segment. Then the problem of find-
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ing the optimal time distribution can be formulated as the
following.

Optimal Time Distribution Problem:

min iCei(ti)

I?l (5)

subjectto: Yt =t
i—1

The difficulty in solving the optimal time distribution
problem lies in the fact that the functions Cg, (t;) are not
differentiable with respect to tj and the fact that these
functions consist of several constant segments, as seen
in Fig. 2. These two facts prevent traditional gradient-
based search methods® from being effective.

By inspection of Fig. 2, it is seen that each cost func-
tion Cy, (t;) is comprised of a series of constant segments
which are connected by segments of smooth monoton-
ically decreasing functions. Following the notation of
Fig. 2, for the i rendezvous segment, let Cj, | =
1,2, .-+, jimax, denote the costs associated with the con-
stant segments in the function Cg, (ti). The upper limit
for the index j, ji max, depends on the maximum time-of-
flight t; max allowed to be distributed to the corresponding
segment. A possible choice is to set tj max = tf. Similarly,
from Fig. 2, let Bij, j=1, 2, -+, ji,max denote the times
when a curve is followed by a step function, and Ajj,
i=1,2, -, jimax denote the time when a step func-
tion is followed by a curve. In addition, let Ay denote
the minimum time-of-flight allowed for the i!" segment.
Since the cost approaches infinity when the time-of-flight
approaches zero, it is wise to set Ajg to a positive value
such that the cost required to complete the rendezvous
does not become prohibitive.

Typically, Bij — Aij—1 is small compared to Ajj — Ajj_1
forany j =1, 2, -+, jimax, and their difference in-
creases as the time-of-flight increases. Based on this
analysis, we can approximate the cost function for each
rendezvous segment as a series of step functions. As
shown in Fig. 3, the original cost function is shown in
dash lines and the step function approximation is shown
in solid lines. It is seen that the approximation cap-
tures the cost function very well.With this approximation
for the cost function for each rendezvous segment, the
set [Aio, timax] IS divided into ji max subdivisions, i.e.,
Aij-1, Aijl, 1=1,2, -+, ji,max. The problem of optimal
time distribution is now converted to a problem of deter-
mining in which subdivision t; should be assigned. To
solve this problem, we use integer programming (IP).*
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Fig. 3 Step function approximation of the cost function.

Tothisend, letxj,i=1,2,---,n,j=1,2, -+, ji max
be binary variables such that

Xii = 1 Iftle[A”_l’A‘JL J:17 27"'7 ji,max
! 0 otherwise

(6)
Then an integer programming problem can be formu-
lated as

n ji,max

P min Y Y cjx; (7)

i=1 j=1

subject to the following constraints

inj:l7i:1727"'7n (Ba)
j=1

n Jimax

> D A >t (8b)
i=1 j=1

n Jimax—1

> > A <t (8c)
i=1 j=0

The first constraint in Eq. (8a) states that each t; can
be assigned to only one of the subdivisions [Ajj_1, Ajj].
The second constraint in Eq. (8b) states that t; should
be smaller than the sum of the upper bounds of the sub-
divisions t; are assigned to. The final constraint in Eq.
(8c) states that t¢ should be larger than the sum of the
lower bounds of the subdivisions t; are assigned to. In-
equalities (8b) and (8c) guarantee thattj,i=1,2, --- , n
can be chosen from the assigned subdivisions such that
the constraint ' ; ti = t¢ can be satisfied. Thus if the
problem is feasible, the solution of the integer program-

ming problem renders the subdivision from which t; can
be chosen.
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Methods for solving IP1 are well-known and include
branch-and-bound, cutting planes, etc. After the solu-
tion to IP1 is obtained, the unknowns tj, i=1, 2, ---, n
can be determined. There are three cases to consider.

Case 1. The solution to the original optimal time dis-
tribution problem is obtained if

n
Y Biji <tr, €)
i=1
where j; is such that xj; =1, i=1,2,---, n. In-

equality (9) implies that the optimal tj can be chosen
from [Bij;, Aj],i=1,2,---, naslong as 3 ;ti =ts.
Clearly, the choice of the optimal t; is not unique unless
i1 Bij; = ts. The simplest choice is to pick t; = Bjj;,
i=1,2,---,n Thatis, the total time needed to com-
plete the optimal servicing schedule is ¥ ; Bij; which is
less than the given total mission time t;. The correspond-
ing minimum total cost is

n
Total AV =Y cij; (10)

i=1

Case 2. In case

n

> Biji > tr, (11)

i=1

the optimal t; cannot be as readily chosen as in Case 1.
This is partly due to the complication associated with the
possibility that some or all of the optimal t; may be in
the intervals [Aijj_1, Bij] where the rendezvous costs are
not constant. In this case, instead of taking greater ef-
forts in solving for the exact optimal tj, we introduce the
concept of total-time relaxation which uses the solutions
to IP1 to yield a suboptimal solution to the time distribu-
tion problem. In essence, instead of restricting the total
time to be strictly less than the given ts, it is assumed
that the total mission time can be extended to ¥ ; Biji.
Thus, we can readily choose tj = Bij;, i=1,2, ---, n.
By doing so, we sacrifice a little on the mission time,
but take advantage of the easily-obtained solution to IP1.
In fact, the so-obtained time distribution yields a smaller
cost (AV = ¥, cjj;) due to the relaxation of the total
time constraint than it would have been otherwise.

The total-time relaxation is justified for problems with
large given t;. This can be seen by the observation
that the length of the interval HAiji—la BijiH < Ajji— for
problems with large time-of-flight. Thus,

n n
S A1~ Y Bij- (12)
= =)
Since
n n
Y Biji >te > D Aiji—1, (13)
=) =
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the extension of t¢, 3! ; Bij; —t is small compared to ty.

Case 3. Suppose that in Case 2, the constraint of the
total final time cannot be violated. In this case, we re-
formulate IP1 with a set of tighter constraints which will
facilitate the choice of the time distribution. Here it is
assumed that the cost function consists only of the con-
stant segments, as shown by the solid line in Fig. 4.
By doing so, it is guaranteed that the optimal t; does not
belong to intervals where the function Cg, (t;) is not con-
stant. That is, t; € [B.J, il, 1=1,2, -+, jimax. LetXij,

6
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Fig. 4 Cost function with only the step part for case 3.

i=12---,nj=1 2 ---, jimax be binary variables
such that
Xii = 1 Ift|€[B|J7A|J]7J:17 2a"'aji7max
! 0 otherwise
(14)
Then the new IP can be formulated as follows.
n ji,max
IP2: min > > GijX;j (15)
i=1 j=1
subject to the following constraints
ji,max
ZXij:1,i:1,2,~~,n (16a)
j=1
n |m X
b z %) > tr (16b)
n limax
2 Bijxij <t (16¢)

j=1

Il
N
Il

where the constraints have similar interpretations as in
IP1. As in IP1, the solution to IP2 provides the intervals
in which the optimal tj can be chosen. Let j; be the index

such that x;j; = 1, i.e., the optimal t;

€ [Biji» Aij;]. Since

the cost is constant in the interval [B;j;, Ajj;], for each
1 <i < n, the optimal t; can be chosen arbitrarily as long
as ti € [Bij;, Aij;] and ¥t =tf. The ensuing cost is
P Ciji. One natural choice of t; is to set tj = B, i =
1,2, ---, n. Thus, the total time needed to complete
the servicing schedule is ¥ ; Bij; which is less than the
given total mission time t;.

Optimal Sequence Problem

In the previous section, we presented a solution to
the optimal rendezvous schedule of one SSc to service
n satellites in a given sequence in a total mission time t;.
In this section, we study the problem of finding the opti-
mal sequence to service a constellation of satellites in a
circular orbit. Figure 1 shows a generic satellite constel-
lation in a circular orbit with separation angles between
two neighboring satellites given as o, i =0, 1, ---,n
Next, we introduce the notion of the Sneep Angle (SA).
For a given sequence of satellites, the sweep angle is
defined for each rendezvous segment as follows. It is
the smaller angle along the circular arc between the SSc
and the satellite to be serviced. It is different from the
separation angle in the sense that the latter is the angle
measured from the SSc to the satellite to be serviced with
the positive sense along the orbital velocity. That is, the
separation angle can be between —180° and 180° (with
a sense of direction), whereas the sweep angle is always
between 0° and 180° (without a sense of direction). In
fact, for the i rendezvous segment for a given sequence,
the sweep angle v; and the separation angle 6; are related
by the following relation,

Yi=16i[,i=0,1,---,n an

The Total Sweep Angle (TSA) is defined for a given se-
quence of satellites as the sum of the sweep angles of all
the rendezvous segments.

In this section, the optimal sequence problem is in-
vestigated numerically. For this reason, only constel-
lations with a small number of satellites to be serviced
(n < 6) are considered. Even for a constellation with
six satellites to be serviced, there are 6! = 720 differ-
ent sequences. The minimum cost is calculated for each
sequence using the method described in the previous sec-
tion. The total-time relaxation (Case 2 in the previous
section) is used in case the integer programming IP1
does not yield the optimal solution. Extensive numerical
investigations suggest that the solutions to the two ser-
vicing problems defined earlier depend strongly on the
TSA of servicing sequences. For all cases tested, the
optimal servicing sequence is always among the group
of sequences which have the minimum TSA. Another
observation is that the best sequence always appears to
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be totally or partially sequential. In fact, for Problem 1,
where the SSc is required to return to its starting loca-
tion sy, the best sequence is one of the two sequential
sequences (either orbit-wise or counter-orbit-wise). For
Problem 2, where the SSc is not required to return to its
starting location sy, the best sequence may not be com-
pletely sequential. This observation is especially true
when the total mission time gets larger. It is conceived
that for larger number of satellites, this trend still holds.

In the following, we present four of the numerous case
studies that have been conducted.

Case 1. In this case, we have one SSc and six satellites
that must be serviced in a time of t; = 15.6. The satel-
lites (including the SSc) are evenly distributed along the
circular orbit, i.e., the separation angle between any two
neighboring satellites is 51.4°. The SSc is required to
return to .
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Fig. 5 TSA vs. cost for seven evenly distributed satellites
(Casel).

Figure 5 shows the plot of the TSA vs. the cost. Each
circle on the plot corresponds to a satellite sequence. It is
seen that the minimum cost sequence is among the group
that has the smallest TSA, which is 360° in this case.
Here there are only two sequences that have the mini-
mum TSA. Figure 6 shows the cost versus the sequence
index. A sequence index is used to identify a particular
sequence. For n satellites, 51, S, ---, S, the sequence
index runs from 1 to n!, representing the n! sequences.
The q" sequence, S, is defined as follows. Let §; =
P1pP2--- Pn, Where pi, i =1, 2, ---, n, are the n elements
in § which are to be determined. To determine py, we let
g—1=ki(n—21)'+m, where0 <m; < (n—1)!. Then
p1 =Ci(ki+1), where C; =515 ---Sy and Cy(ky +1)
is the (kg + 1)th element of C;. To determine pp, we let
my = ko(N—2)!+ mp, where 0 < mp < (N—2)!. Then
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Fig.6 Cost vs. sequenceindex for seven evenly distributed
satellites (case 1).

p2 =Cy(ky + 1), where C, = C;\qs1 (C; is obtained from
C; by removing q; from C;). Similarly, to determine
pi, =3, 4, ---,n—1 welet m_; =k(n—i)l +m;,
where 0 <m < (n—1i)l. Then p; = Ci(ki + 1), where
Ci =Ci—1\pi. Finally, pn = Cn_1\pn-1.

As seen in Fig. 6, sequence number 720 is the mini-
mum cost sequence, which corresponds to the sequence
S$S9S3SS. We also notice that sequence number 1 is
the second best sequence, which corresponds to the se-
guence s19S345S. However, in general, either of the
two sequential order sequences can be the best sequence.
Thus, it is necessary to compute the costs for both se-
quences and the one with the smaller cost is the best
sequence.

Case 2. In this case, there are also six satellites that
need to be serviced in time t; = 15.6. The separation
angles between neighboring satellites are:

op =15, aq = 30°, o = 15°, a3 = 200°, (18)
Oy = 500, Os = 150, Olg = 35°.
The SSc is required to return to its starting location after
servicing all six satellites.

Figure 7 shows the plot of the TSA vs. the cost. It
is observed that the minimum cost solution is among the
group that has the minimum TSA, which is 320° in this
case. However, there are 32 sequences that have the min-
imum TSA. In Fig. 8, it is shown that sequence number
720 is again the best sequence. That is, the best servic-
ing sequence is 5S55435S1- However, in general, either
of the orbit-wise and counter-orbit-wise sequential se-
guences can be the best sequence. Thus, it is necessary
to compute the costs for both sequences and the one with

AMERICAN INSTITUTE OF AERONAUTICS AND ASTRONAUTICS



650

550

500

450 -

TSA (deg)

400~

350

QD OCD QI

300 I I I I I I I I

12 14 16 18 2 2.2 2.4 2.6 2.8

Total cost (AV)
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Fig. 8 Cost vs. sequence index for seven unevenly dis-
tributed satellites (Case 2).

the smaller cost is the best sequence.

Case 3. In this case, there are four satellites that need
to be serviced in time t; = 15.6. The four satellites and
the SSc are evenly distributed along the circular orbit,
i.e., the separation angle between two neighboring satel-
lites is 72°. The SSc is not required to return to its
starting location after servicing all four satellites.

Figure 9 shows the plot of the TSA vs. the cost. It
is observed that the minimum cost solution is among the
group that has the minimum TSA, which is 288° in this
case. There are only two sequences that have the mini-
mum TSA. In Fig. 10, where the cost versus the sequence
index is shown, it is seen that the sequence number 24 is
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Fig. 9 TSA vs. cost for five evenly distributed satellites
(Case 3).
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Fig. 10 Cost vs. sequence index for five evenly distributed
satellites (Case 3).

the best sequence. That is, the best servicing sequence is
$9S:.

Case 4. In this case, there are five satellites that need
to be serviced in time t; = 15.6. The five satellites and
the SSc are distributed along the circular orbit such that
the separation angles between neighboring satellites are

op = 20, oy =20°, ap = 30°, a3 = 200°,

) ] (19)
o = 40°, o5 = 50°.

The SSc is not required to return to its starting location
after servicing all five satellites.

Figure 11 shows the plot of the TSA vs. the cost. It
is observed that the minimum cost solution is among the
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Fig. 12 Cost vs. sequence index for six unevenly dis-
tributed satellites (Case 4).

group that has the minimum TSA, which is 230° in this
case. There are four sequences that have the minimum
TSA. In Fig. 12, it is shown that sequence number 2 is
the best sequence. That is, the best servicing sequence is
S1S$%S5S. Thus, the SScvisits s, s, and s3 sequentially
orbit-wise, and then visits s; and s4 sequentially counter-
orbit-wise.

Using numerical studies, thus far we have shown that
the minimum cost sequence corresponds to the minimum
TSA. In addition, the best sequence is totally or partially
in sequential order. In this next section, we characterize
the sequences with minimum TSA.
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Sequences with Minimum TSA

Consider the satellite constellation depicted in Fig. 1.
The SSc is initially situated at the location s, and s,
i=1,2,---,nare the satellites to be serviced. Two cases
are treated in the following two subsections. First, we
consider the case when the SSc is required to return to its
original location s after visiting all n satellites. After-
wards, we deal with the case when the SSc does not have
to return to s after visiting all n satellites.

SSc ReturnstoitsOriginal Slot.

There are two cases to consider here. First, if o <
180°, for i = 0,1,---,n, then there are only two se-
guences with the minimum TSA which is 360° in this
case. These two sequences are such that the SSc
visits all satellites sequentially orbit-wise or counter-
orbit-wise, i.e., the sequence is either 5,5 ---s_1S, or
S$Sh-1--SS1. The costs associated with both sequences
need to be calculated and compared, and the smaller one
yields the best sequence.

Second, if there is one angle such that oy > 180°,
where 0 < k < n, then the minimum total sweep angle
is given by

F:Z(Eaﬁ zn: Oti> =2(360° — o)

=0 i<kl (20)

< 360°

There are at least two sequences which assume the min-
imum TSA T, and the two sequential sequences are
among them. Next we characterize the sequences with
the minimum TSA.

Let the set S¥ = {si, &, -+, -1}, and S =
{s, Sn-1, -, Sk+2}, Where k is the subscript associated
with ax > 180°. Then the sequences with the minimum
TSA can be described as follows. Given any two sub-
sets of SKand S, we can define two sequences with the
minimum TSA. Specifically, let S§; C SK, and S¥, C SK.
One sequence is such that the SSc visits the satellites in
S}‘l sequentially orbit-wise, followed by a rendezvous

with s.. Then the SSc visits satellites in S¥\S¥ and

SK sequentially counter-orbit-wise, followed by a ren-
dezvous with s, 1. Next the SSc visits the satellites in
SK\S, sequentially orbit-wise, and finally comes back
to s5. The other sequence is such that the SSc visits
the satellites in S'b‘l sequentially counter-orbit-wise, fol-
lowed by a rendezvous with s1. Then the SSc visits
satellites in SK\SK and S¥, sequentially orbit-wise, fol-
lowed by a rendezvous with s.. Next the SSc visits the
satellites in SK\SK, sequentially counter-orbit-wise, and
finally comes back to 5. Therefore, the total number of
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sequences with minimum TSA is twice the number of
ways to choose the subsets of SK and S, i.e., the total
number of sequences with minimum TSA is

k—1 n—k—1
2[2<k_l>1xl y (n X 1)] (21)
i—o \ | i=0 !
which is significantly smaller than n!. This heuristic
approach shows that the best sequence can be chosen
between the orbit-wise and counter-orbit-wise sequential
sequences. In this case, the cost for both sequences can

be calculated and compared, and the best sequence is the
one with the smaller cost.

SSc Does Not Return toits Original Slot.

With the SSc not having to return to 5, any satellite
can be the last one in the constellation to be serviced.
Therefore, the minimum total sweep angle is at least
360° — o, if og < oy and 360° — ol if 0 > on. For the
former, the sequence is §S, - - - S, with s, being the last
one to visit, and for the latter, the sequence is $,.Sh—1- - St
with s; being the last one to visit. However, in some
cases, sequences with smaller TSA exist when choosing
a satellite other than s; and s, to be the last one to visit.
To see that, assume that the satellite s, is the last to be
visited. Then the minimum TSA is given by

3600 —oy 1 + 3 F 0 ifour —TEZ 06 > o — T ys 04
Te= {3600 —ok+XN . 05  otherwise @2)
Thus the global minimum sweep angle is
I'=360°—A (23)
where
i—1
A = max max < o — O
i0,1,~-,n{ ! Zb ! }’
(24)

n
- max {oci— z O(j}}
i=0,1,--,n N
j=i+1

If the index Kk is such that A = ok — X*_§ oy in Eq.
(24), then sy 1 is the last satellite to be visited. Let the
set SK = {s1, &, -+, S_1}. Given any subset SK, of

Sk we can define one sequence with the minimum total
sweep angle I'. This sequence is such that the SSc visits
all satellites in SK; sequentially orbit-wise, followed by
visiting s¢. Then the SSc visits all satellites in SK\SK

and the satellites s,, Sh—1, - -+, Su1 sequentially counter-
orbit-wise. Thus, all sequences with the minimum TSA

can be described by the same manner with all subsets of
SF. Of all these sequences, the heuristic study shows that

the minimum cost sequence is the one such that S§; = S,
i.e., the best sequence IS 1S - - - SkSSn—1 - - - Skr1 Which is
partially sequential. For example, in Case 4 of the pre-
vious section, n =5, k=3, and s is the last one to be
visited. The best sequence is thus $;9%3S5%.

On the other hand, if the index k is such that A =
Otk *2T=k+1 o in Eq. (24), then s is the last satellite
to be visited. Let the set SX = {Sci2, S3, *++» S}
Given any subset S of S, we can define one sequence
with the minimum total sweep angle T". This sequence is
such that the SSc visits all satellites in S sequentially
counter-orbit-wise, followed by visiting sc;1. Then the
Ssc visits all satellites in S¥\SK, and the satellites sy, s,
---, § sequentially orbit-wise. Thus, all sequences with
the minimum TSA can be described by the same man-
ner with all subsets of S{. Of all these sequences, the
heuristic study shows that the minimum cost sequence
is the one such that SK = Sk, i.e., the best sequence is
SiS-1- S 191S - - - & Which is partially sequential.

If in Eq. (24),

i—1 n
ig,]lia-)-(-,n{ai_j;)(xj}:iQ:Ilé}?-(-,n{ai_jz ocj} (25)

and

i1
ki = arg{i(r)rjle}_)g,n{oq — Z{)Oﬁj }}

n
# arg{i:g]f?gﬁn{oci - jziZHaJ}} =ka,

the optimal costs associated with both k; and k; need to
be calculated and compared to yield the best sequence.
This is the case in Case 3 in the previous section, where
n = 4, and both sequences $1953% (ko = 4) and 84,3951
(ky = 0) assume the minimum total sweep angle 288°.
Calculation shows that the latter yields the minimum
cost.

(26)

Conclusion

The minimum-cost scheduling for one SSc to service
satellites in a circular orbit is studied in this paper. The
minimum-AV, two-impulse maneuver is used for each
rendezvous between the SSc and the satellite to be ser-
viced. The SSc is initially assumed to be on the circular
orbit. Two problems are considered, corresponding to the
case where the SSc returns to its starting circular orbital
slot and the case where the SSc does not have to return
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to its starting orbital slot. The servicing scheduling prob-
lems are formulated as two combinatorial optimization
problems, and are solved in two steps. First, the op-
timal time distribution problem is solved using integer
programming, which yields the minimum cost maneuver
for the SSc to visit the satellites in a given order. Then
the optimal sequence problem is studied by a heuristic
study. It is shown that the integer programming scheme
is effective in solving the time distribution problem. The
heuristic study shows that the best rendezvous sequence
is always among the group of sequences that assume
the minimum TSA. Specifically, the best rendezvous se-
quence is one of the orbit-wise and counter-orbit-wise
sequential orders for the case where the SSc returns to
it starting orbital slot. For the case where the SSc does
not return, the best sequence is sequential or partially se-
quential, depending on the satellite distribution on the
constellation. The sequences with the minimum TSA are
completely identified.
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