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Fig. 11. Making U-turns with different curvature bounds. The curvature bound
in each case is r −1 . Here, H = 3 . (a) r = 1 . (b) r = 2 . (c) r = 3 .5. (d) r = 4 .5.

Note that when the state space D is the same as the configura-
tion space C, the effective target sets coincide with the effective
target configurations sets, which can be computed via pure geo-
metric analysis as described in the previous section. In addition,
the feasible paths that are specified in TILEPLAN can also be
constructed geometrically, as discussed in [54], thus enabling a
solution to the motivating example of Section II.

Fig. 11 shows results of the simulations of the proposed al-
gorithm for a problem similar to the motivating example of
Section II. Note, in particular, that different channels are ob-
tained for different bounds on the curvature, whereas any cost
function that is defined on the edges E of the cell decomposition
graph G will result in the channel shown in Fig. 11(a). For this
example, the cost of traversal of a tile was chosen as the time of
traversal, i.e., � (�, u, t ) := 1 in (7).

VI. RESULTS AND COMPARATIVE DISCUSSIONS

In this section, we present the results of implementation of
the proposed motion-planning framework for general vehicle
models, and we compare our results with those obtained us-
ing randomized sampling-based (RRT-based) motion planners.
As discussed in Section I-A, randomized sampling-based algo-
rithms that are based on RRTs [34] represent the state of the art
in kinodynamic motion planning.

We implemented the fringe as a list which is sorted by the
sum of the current label and a heuristic; specifically, we used
the Manhattan distance to the goal cell as a heuristic.4 We im-
plemented TILEPLAN using a trajectory generation scheme that
is based on model predictive control, similar to that reported
in [55]. Before discussing the results, we comment on Assump-
tion 5, which was used for geometrically computing the effective
target configuration sets.

The expression for the local curvature of the geometric path
that corresponds to feasible state trajectories is given by

� (t) = | �� (t)/v (t)|. (17)

4One may also envision heuristics that are defined on vertices of GH instead
of vertices of G. For instance, one may consider a heuristic that is based on
coarse geometric considerations of the channels associated with the vertices of
GH .

An upper bound for the local curvature may then be com-
puted which is based on the specific vehicle model. For the
Dubins car model for example, | �� | = |u| ≤ 1/r , and by (17)
it follows that � (t) ≤ (rv )−1 for all t ≥ 0, i.e., the upper
bound on the curvature of feasible geometric paths is � max =
(rv )−1. Similarly, for the dynamical model in Section VI-A,
note that | �� (t)| ≤ |u2(t)| ≤ f max

r /v (t). It follows by (17) that
� (t) ≤ f max

r /v 2(t). Thus, an upper bound on the curvature is
f max

r /v 2
max; however, for each tile one may compute a local

bound v̄ on the speed valid for traversal across the tile, and
use the less conservative upper bound f max

r / (min{v̄, vmax})2

to implement TILEPLAN.

A. Optimality of Resultant Trajectories

We consider a vehicle dynamical model described by

�x(t) = v(t) cos� (t), �y(t) = v(t) sin � (t)
�� (t) = u2(t), �v(t) = u1(t),

where v > 0 is the forward speed of the vehicle, u1 is the accel-
eration input, and u2 is the steering input. The speed v is con-
strained to lie within prespecified bounds vmin and vmax; these
bounds may be different for different regions of the workspace.
The set of admissible control inputs is

U :=



(a, � ) :
�

v�
f max

r

� 2

+
�

a
f max

t

� 2

≤ 1

�

(18)

where f max
r and f max

t are prespecified. The input constraint
defined by (18) is an example of a “friction ellipse” constraint
that models the limited tire frictional forces that are available
for acceleration and steering of the vehicle.

Fig. 12(a) shows the first of two environments used in the
numerical examples. This environment consists of “lanes” sepa-
rated by obstacles (black regions), with a different upper bound
on the allowable speed of the vehicle (lighter areas represent
higher upper bounds). The “friction ellipse” parameters were
fixed at f max

r = 1 , f max
t = 0 .25 over the entire environment.

The initial and goal cells are marked in Fig. 12(a). As before,
the objective is to find a minimum time trajectory from the
initial cell to the goal cell. We compared the proposed motion
planner with the following two RRT-based planners: 1) the stan-
dard RRT-based planner as reported in [34] and 2) the T-RRT

planner that has recently reported in [56]. The T-RRT planner
finds low-cost trajectories with respect to a prespecified state
space5 cost map. Note that the minimum-time criterion cannot
be expressed as a state space cost map; therefore, we execute
the T-RRT planner with the objective “travel as fast as possi-
ble,” which is immediately defined by the state space cost map
c(x, y, �, v ) = v.

Linear interpolation between two states does not, in general,
correspond to a feasible state trajectory. Hence, to extend known
states toward randomly selected new states, the RRT-based plan-
ners were programmed to randomly select an input vector from
the set of admissible inputs and integrate the vehicle model for

5In [56], the authors deal with a configuration space cost map, but their
approach extends easily to state spaces.
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Fig. 12. “Lanes” environment. Black colored regions denote obstacles; areas
with other colors represent different speed limits: vm ax = 1 .25 units/s for the
darkest area, vm ax = 2 units/s, vm ax = 2 .5 units/s, and vm ax = 3 .5 units/s
for progressively lighter areas. The dark green curve denotes the geometric
path that corresponds to a sample trajectory returned by the T-RRT algorithm,
with  = 1 s. The blue curve denotes the path that corresponds to the trajectory
returned by the proposed approach, with H = 6 . (a) Geometric paths. (b) Speed
profiles.

a fixed time  , as recommended in [34]. For the “lanes” envi-
ronment, we used three different values of  , namely,  = 0 .5
s,  = 1 s, and  = 1 .5 s, and we conducted 30 trials of both
algorithms (standard RRT and T-RRT) for each value of  . For
comparison, we executed the proposed algorithm on the same
environment with three different values of H , namely, H = 4 ,
H = 5 , and H = 6 , with L = 10 in each case.

Fig. 14(a) shows comparative data for the trajectory costs (i.e.,
time of traversal) that result from the simulations described ear-
lier. The proposed motion planner returned trajectories with al-
most identical costs for each H . In particular, the trajectory cost
corresponding to H = 6 was 26.626s. On the other hand, both
the standard RRT and T-RRT planners returned, on an average, sig-
nificantly costlier trajectories. For instance, the trajectory costs
that are returned by the standard RRT planner with  = 1 were
in the best case 24%higher, on an average 78%higher, and in
the worst case 181%higher. Similarly, the trajectory costs that
are returned by the T-RRT planner with  = 1 were in the best
case 8.9% higher, on an average 29% higher, and in the worst
case 46%higher.

Fig. 13. “Maze” environment. Black colored regions denote obstacles; areas
with other colors represent different speed limits: vm ax = 1 .25 units/s for
the darkest area, vm ax = 2 units/s, and vm ax = 2 .25 units/s for progressively
lighter areas. The dark green curve denotes the geometric path that corresponds
to a sample trajectory returned by the RRT-based planner, with  = 1 .5 s. The
blue curve denotes the geometric path that corresponds to the trajectory returned
by the proposed approach, with H = 5 .

Fig. 12(a) shows the geometric path that corresponds to the
trajectory returned by the proposed planner with H = 6 (blue
curve) in comparison with the geometric path that corresponds
to a trajectory returned by the T-RRT planner in one of the 30
trials with  = 1 (green curve). Fig. 12(b) shows the speed
profiles that correspond to these two trajectories. This example
illustrates that the “travel as fast as possible” objective is not
always a practically acceptable alternative to the minimum-
time criterion: Fig. 12(b) shows that the vehicle achieves higher
speeds along the T-RRT trajectory but the travel time is 35.2%
higher than the trajectory that is found by the proposed planner.
This result is a consequence of the input constraint (18), which
forces the vehicle to traverse paths of lower curvature at higher
speeds, thus producing longer geometric paths.

Fig. 13 shows the second, maze-like environment that is used
for our comparative analysis. As before, different upper bounds
on the speed were assigned to different areas in the environment,
and the friction ellipse parameters were fixed at f max

r = 1 and
f max

t = 0 .25over the entire environment. As before, the objec-
tive is to find a minimum-time trajectory from the initial cell to
the goal cell. We compared the proposed motion planner with
the standard RRT planner alone, because the T-RRT planner was
found to be impractically slow for this case. As shown in Fig. 13,
the environment has a narrow “short-cut” between the initial cell
and the goal cell.

Fig. 14(a) shows comparative data for the trajectory costs
for this maze-like environment. The proposed motion plan-
ner returned trajectories with almost identical costs for each
H ; in particular, the trajectory cost that corresponds to H = 5
was 56.23 s. The trajectory costs returned by the standard RRT

planner were significantly higher, mainly because it failed to
traverse the aforementioned “short-cut” on several occasions,
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Fig. 14. Comparison of trajectory costs. For the RRT and T-RRT data, the blue
(left), red (middle), and green (right) bars represent, respectively, the maximum,
the minimum, and the average values over 30 trials. (a) Data for the “lanes”
environment in Fig. 12(a). (b) Data for the maze-like environment in Fig. 13.

TABLE III
EXECUTION TIMES FOR THE PROPOSED PLANNER

as illustrated in Fig. 13. For instance, the trajectory costs that
are returned by the standard RRT planner with  = 1 were in
the best case 48% higher, on an average 107%higher, and in
the worst case 185%higher. Clearly, the average costs of trajec-
tories that are returned by RRT-based planners may be further
worsened in environments where the differences between the
costs of trajectories corresponding to “short-cuts” and the costs
of alternative trajectories are larger.

B. Performance of the Proposed Motion Planner

Table III presents the execution times of the simulations of
the proposed planner for the examples that are discussed in
the previous section. The simulations were implemented in the
MATLAB programming language; implementations in lower
level languages will execute much faster.

Fig. 15(a) shows on a logarithmic scale the number of states
explored by each of the algorithms discussed in the previous
section for the “lanes” environment. Fig. 15(b) shows similar
data for the maze-like environment in Fig. 13. In both cases, the
number of states explored by the RRT-based planners was higher
by at least an order of magnitude.

It should be noted, however, that the number of states ex-
plored is not a direct indicator of the computation time of either
of the approaches. This is because the time required for the
RRT-based planners to explore a new state (including the nearest
neighbor search and collision checking) is different from the ex-
ecution time of the MPC-based TILEPLAN. In our simulations,

Fig. 15. Comparison of number of states explored: for the RRT and T-RRT data,
the blue (left), red (middle), and green (right) bars represent, respectively, the
maximum, the minimum, and the average values over 30 trials. (a) Data for the
“lanes” environment in Fig. 12(a). (b) Data for the maze-like environment in
Fig. 13.

we found that the time required to explore a new state in the
RRT-based planners was approximately an order of magnitude
lower than the time required to explore a new state in the pro-
posed approach. A direct comparison of the execution times of
these planners showed no conclusive evidence of the superior-
ity of either planner over the other in that respect. However, as
indicated in Fig. 15, it is expected that the proposed planner will
be preferable in cases where the exploration of new states is
expensive, due to, perhaps, complicated vehicle dynamics that
will require a computationally expensive local planner.

C. Further Discussion

1) Comparisons With Randomized Sampling-Based Motion
Planners: The exploration of the state space is difficult with
standard RRT-based motion planners when the states and control
inputs are coupled via complex, nonlinear differential equations
[37], because linear interpolation between two states no longer
corresponds, in general, to an admissible state trajectory. While
[37] and similar earlier works focus on aiding the efficiency of
sampling-based algorithms using a discrete search, we focus
on the complementary aspect of optimality by ensuring that the
result of a discrete shortest path search remains compatible with
the vehicle dynamics.

In addition to the benefits of the proposed planner over ran-
domized sampling-based planners in terms of optimality, the
proposed planner also offers the benefit of a clear distinction
between the discrete and continuous layers of motion planning.
The idea of planning on the lifted graph, which is introduced
in Section II, allows this distinction to be maintained, while
providing guarantees of consistency between the two levels of
planning. Consequently, changes to the discrete planning strat-
egy and/or the (continuous) tile motion planning may be incor-
porated with relative ease. In this paper, we used the shortest
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