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I. I NTRODUCTION
A number of studies have focused on advanced driver
assist systems (ADAS) such as adaptive cruise control (ACC),
automatic braking system (ABS), collision avoidance system
(CAS), driver monitoring system (DMS) etc, with the aim
of increasing safety and mitigating driver’s workload. These
systems have become standard in most current commercial
passenger vehicles. However, the application of ADAS is still
restricted to relatively simple tasks, such as following the
vehicle ahead or initiating emergency braking in front of an
unexpected obstacle. To assist human drivers react in more
complex situations, future ADAS will require a more thorough
understanding of common human driver behavior, as well as
the ability to interpret human driver intent, necessitating a
more comprehensive investigation of human driver models.
Researchers have investigated human driver modeling for
many decades, dating back to 1938 with the pioneering
research by Gibson and Crooks [1]. See [2] for a recent
overview. More relevant to the work in this paper is the model
by Salvucci and Gray [3] who proposed the so-called twopoint visual driver model, depicted in Fig. 1. This model
assumes that a human driver processes visual information by
concentrating her gaze on two points, namely, the so-called
“close ahead” point and the “far ahead” point while driving.
Sentouh et al. [4] further developed this model, and incorporated human sensorimotor activity. Using this two-point visual
model, the authors in [5] evaluated the performance of an
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Abstract—Many driver models assume that a human driver
can be modeled as a linear time-invariant system. Although
during specific execution tasks this can be a reasonably good
model, in general, this is an unrealistic and quite restrictive
assumption for most real-life situations where more complex cognitive functions need to be evoked, such as long-term, deliberative
planning, prioritization among several possible alternatives, etc.
In this paper we model a human driver as a hybrid controller that
switches between long-term, discrete planning tasks and shortterm, continuous trajectory tracking tasks. The new driver model
is based on the well-known two-point visual driver model, and it
uses a model predictive control (MPC) module in the anticipatory
control channel to better predict deliberative, human driver
actions. We evaluate this model’s performance, and compare it
with other driver models using numerical simulations. The results
show that the proposed new driver model reacts to the variation
of the direction angle in the same way as most human drivers
do, and outperforms previous similar driver models.
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Fig. 1: Two-Point Visual Driver Model

ADAS, while in [6] a steering assist system was designed
for lane-keeping tasks.
Many of existing driver models, including the two-point
visual model, use transfer functions to process the visual input
signal. However, transfer functions may not be suitable for
modeling certain human brain functions, in particular, high
level cognitive tasks. For example, it is commonly known that
humans respond to external stimuli in two distinct ways: unconsciously/involuntarily and deliberatively. Based on internal
models of the environment, humans have the ability to predict
the results of their actions in the near future [7]. In other words,
initiating an action often entails an element of optimization in
the human brain, especially in cases not encountered before,
where prior knowledge and experience may be of little help.
To implement this “optimal” control (re)action, in this paper
we incorporate model predictive control (MPC) into the sensorimotor two-point visual driver model [4]. In the proposed
model, the MPC controller operates only on the anticipatory
control channel of the control action, mimicking the human
brain activity that processes signals from the eyes, in order to
anticipate the vehicle trajectory in the near future and calculate
the corresponding control output. MPC is favorable for our
objective, because it can explicitly express the difference
between different driving styles. For example, when turning
along a curve, some people try to stay at the center of the
road, while others drive close to the inner edge. A plausible
explanation for this difference in driving style is the different
optimization criteria used between different drivers, different

optimization parameters or different optimization horizons.
Many researchers have investigated prediction of drivers’
behavior [8], [9], [10] and modeling and characterization of
drivers [11], [12] from sensory data. Previous research on
steering control using MPC includes [13], [14]. Wei et al.
[15] compared the performance of a driver model using MPC
with a driver model using an artificial neural network (ANN),
and showed superior performance of an ANN based-model
in reproducing a professional human driver’s control action
in a closed circuit. However, ANN training requires a large
amount of data. Also, it is in general hard to interpret resulting
structures of ANN, i.e., the number of hidden layers, the
weights and the biases of each node.
In this paper, we develop a driver model using MPC, but
contrary to similar prior MPC-based models, we use MPC
in an asynchronous matter, namely only for optimization to
generate periodically feedforward, anticipatory control actions.
As such, it is not necessary to re-optimize often; instead,
a compensatory control element ensures that good tracking
performance is maintained. The proposed driver model combines discrete deliberative action, provided by the anticipatory
channel of the two-point visual driver model, and continuous control action through the compensatory channel. The
resulting driver model is therefore a hybrid controller [16]
that combines a continuous transfer function-based controller
and a discrete-time optimization-based controller. This hybrid
nature of the model enables the reproduction of human driver
behavior in a realistic manner.
II. D RIVER M ODELING
The driver-vehicle system used in this work consists of
four subsystems, as shown in Fig. 2: the steering column, the
vehicle, the perception and vision kinematics, and the driver.
The steering column and vehicle dynamics subsystems are the
same as the ones used in [5]. Specifically, a bicycle model
with linear tire friction dynamics is used as the vehicle model,
and a first order model with damping is used to model the
interface between the driver and the vehicle, including the
alignment torque from the vehicle as shown in Fig. 2. The
visual perception and driver subsystems are less standard and
are described in greater detail below.
Driver

turning radius Rr , and the road width w. The outputs are the
visual perception signals of the driver, namely, the angles θnear
and θfar . According to [17], when humans steer, they look at
a point tangent to the inner edge of the curve. We represent
this with
p the “Line of Sight, far” in Fig. 1. From the geometry,
Ls = Rr2 − (Rr − w/2)2 , and we can calculate the far away
gaze direction angle as θfar = ∆ψ + arcsin(Ls /Rr ), where
∆ψ is the angle between the nominal and actual vehicle yaw
angle ∆ψ = ψn −ψ. Fig. 1 also shows θnear , the angle between
the “Line-of-Sight, near” vector and the longitudinal axis of
the vehicle. We assume that the length `s is a constant. Since
θnear is small, θnear ≈ (∆y/`s ), where ∆y is governed by
∆ẏ = −Vx (β − ∆ψ) − `s r + Vx `s /Rr .
B. Driver
The inputs of the driver subsystem are the visual cues
of the road from the vision kinematics, θnear and θfar , the
steering angle δ and steering angle rate ωs , and the vehicle
yaw rate r. The output is the driver steering torque Tdr .
Fig. 3 shows the four main components of this model: the
neuromuscular subsystem, the delay, the compensatory control
subsystem, and the anticipatory control subsystem. The gate
before the anticipatory control explicitly represents the fact
that the anticipatory control block can acquire observation
information only at a certain time intervals. The neuromuscular
subsystem models the human arm movement as a transfer
function Gnm (s) = 1/(TN s + 1), where TN is a constant.
The delay captures the time lag of human brain’s sensory
signal processing and is given by GL (s) = e−tp s , where
tp is a constant. The compensatory control generates the
correction torque Tcomp , based on the input near-angle θnear .
Gc (s) = Kc (TL s + 1)/(TI s + 1), where TL > TI , and Kc is
a gain. For a detailed description of these blocks, the reader
is referred to [4] and [5].
Continuous System
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Fig. 3: Description of the driver model
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Fig. 2: Vehicle Driver Interaction
A. Visual Perception Model
The perception and vision kinematics subsystem describes
how human drivers perceive visual cues from the road geometry. As shown in Fig. 2, the inputs are the yaw rate r, the

The compensatory control subsystem corresponds to the
unconscious response by the nervous system. The anticipatory
control subsystem generates and tracks the reference trajectory
at a distant future time instant. We hypothesize that this corresponds to brain activity, by which the brain processes signals
from the sensory organs, anticipates the future, and sends
signals to muscles. In [4], the authors used a transfer function
to model this anticipatory control. This work assumes that the

anticipatory control can be better modeled by incorporating a
periodic optimal control action.
The sensori-motor driver model has a compensatory control
Tcomp element and an anticipatory control Tant element, which
are combined to produce the driver’s steering torque Tdr as
Tdr = Gnm GL (Tcomp + Tant ).

(1)

Note that both Tant and Tcomp are state-feed back controllers,
but while Tcomp is a continuous-time control input, Tant is a
discrete-time control input calculated at every pre-determined
sampling time step, and that in this time interval, Tant is
assumed to be constant.
C. Two-Point Driver Model as a Hybrid System
In this section, we propose a driver model using a hybrid
system modeling framework [16]. A hybrid system is defined
by
(
ẋ = F (x),
x ∈ C,
(2)
+
x = G(x), x ∈ D,
where C ⊆ Rn is the flow set, F : Rn → Rn is the flow
map, D ⊆ Rn is the jump set, and G : Rn → Rn is the jump
map. In (2) ẋ and x+ represent the derivative of x, and the
value of x after an instantaneous change, respectively. The
state x ∈ Rn is governed by F when x ∈ C, and “jumps”
when x ∈ D according to G.
Suppose the steering column, vehicle, and perception and
vision kinematics subsystems, combined with the road, vehicle, steering column, vision, neuromuscular activity, signal
processing delay, and compensatory control subsystems can
be represented using the equations
ż = f (z, Tant )
y = g(z, Tant )

(3)
(4)

nz

where z ∈ R
is the state of the system, and y =
(θnear , δ, ωs , r) is the output (see also Fig. 3).
The gate subsystem in Fig. 3 passes the observation signal
only when the inner variable τ reaches a pre-specified time
determined by the gate sampling rate ts . The variable τ
evolves as τ̇ = 1. Let the overall state variable be defined
by x = (z, Tant , τ ). We can then formulate the problem as
a hybrid system as follows: Flow occurs when τ ∈ [0, ts ).
During flow Tant remains constant, τ keeps track of elapsed
time, and the state z evolves based on the dynamics ż =
f (z, Tant ). Consequently, the flow set is C = Rnz ×R×[0, ts )
T
and the flow map is F (x) = (f (z, Tant )T , 0, 1) At jumps,
the anticipatory control Tant is updated based on a receding
horizon optimization, as explained in Section III. We denote
∗
this new anticipatory control input as Tant
. Note that at jumps,
the gate’s inner variable τ is reset to 0, and the state z does
not change. Therefore, the jump set is D = Rnz × R × {ts }
T
∗
and the jump map is G(x) = (z T , Tant
, 0) .
III. MPC D ESIGN
In the proposed driver model, we calculate Tant periodically
with MPC. MPC predicts the future state of the system
and calculates the control that minimizes the given objective

function. Let the current time be t0 = kts at the kth iteration
of the MPC algorithm. Also, let the time horizon be N ts . The
optimization problem to be solved is
find Tant (t),

t0 ≤ t ≤ th

(5)

to minimize
Z

th
2
(Qω ωs2 + RT Tant
) dt,

J=

(6)

t0

where th = (k+N )ts , subject to the prediction of the vehicle’s
movement, the internal signal processing architecture, and the
boundary condition so that the direction angle at the end of
the horizon ψ(th ) is the sum of θfar and the current direction
angle ψ(t0 ) (see Fig. 1):
ψ(th ) = ψ(t0 ) + θfar (t0 ).

(7)

In (6) the variables Qω and RT represent cost weights. We
use θfar (t0 ) in (7) to emphasize the fact that the driver has
access to θfar only when the gate opens. Note that since the
driver does not have access to the side-slip angle β, we assume
β(t0 ) ≈ 0. Without loss of generality, we may set ψ(t0 ) = 0
since we only care about the difference in the heading direction
ψ(t) − ψ(t0 ). This is equivalent to the fact that human drivers
do not change their steering action depending on the inertial
driving direction. Condition (7) encodes the hypothesis that
when human drivers see the “far-ahead” point, they infer the
desired/predicted vehicle direction angle at a future time.
Since MPC is a discrete-time control methodology, we
discretize the dynamics (3), which in our problem setting is
linear, with sampling period ts to obtain
xd (h + 1) = Ad xd (h) + B d ud (h)

(8)

where h is time step index, xd = (ωs , δ, β, r, ψ, xTdr )T ,
ud = Tant , and xdr is internal state vector of the driver.
Consequently, we formulate the MPC problem as follows
J = Pψ (ψ(N ) − ψ(0) − θfar (t0 ))2
+

N
−1
X



Qω ωs (h)2 + RT Tant (h)2 ,

(9)

h=0

subject to
xd (h + 1) = Ad xd (h) + B d ud (h),
umin ≤ u(h) ≤ umax , h = 0, . . . , Nu − 1
u(h) = 0, h = Nu , . . . , N − 1

(10)
(11)
(12)

where Pψ , Qω , and RT are given weights, UN (k) =
(u(0), . . . , u(N − 1)), N is the prediction horizon, and Nu
is the control constraint horizon. The first term in (9) is the
discretized boundary condition (7), and the ωs term is to
reduce oscillation in the solution. While t0 ≤ t ≤ t0 + ts ,
Tant is a constant, and when t = t0 + ts , Tant is updated. The
resulting output from the driver subsystem, Tdr is calculated
as in (1).

Parameter, Unit
Mass, kg
Distance from C.G. to the Front Axis, m
Distance from C.G. to the Rear Axis, m
Moment of Inertia, kg · m2
Front Tires Cornering Power, N/rad
Rear Tires Cornering Power, N/rad
Width of the Tire Contact, m
Steering System Axis Inertia, kg · m2
Steering Gear Friction, N · m/rad/s
Manual Steering Column Coefficient

Notation
m
lf
lr
Iz
Cf
Cr
nt
Js
Bs
Kp

Value
1,653
1.402
1.646
2,765
42,000
81,000
0.225
0.11
0.57
0.038

and 7◦ of steering angle to correct 1◦ , the first reaction of all
the cases took around 1 sec.
35
1
1.5
2
2.5
3

30
25

Steering Wheel Angle (deg)

TABLE I: The vehicle and the steering system parameters.
(C.G.: The vehicle’s center of gravity.)

20
15
10
5
0
-5

A. Straight Road
First, we examined the proposed driver model’s corrective
behavior while driving straight. Hildreth et al. [20] conducted
several experiments to reveal the characteristics of human
drivers. Salvucci and Gray successfully reproduced these characteristics in their driver model using numerical simulations
[3]. Here, we show that the proposed model can also exhibit
the same tendency of human drivers. This simulation consists
of two numerical experiments. The first experiment assesses
the effect of the initial heading angle deflection. We investigate
the model behavior subject to various initial settings of the
heading angle. In the second experiment, we fix the initial
heading angle of the vehicle and investigate the difference of
steering behavior with changing vehicle speed.
1) Effect of Initial Heading Angle Deviation: The first
experiment investigates the effect of the vehicle heading on
the steering wheel angle profiles. We fix the vehicle speed
to 25 m/s, change the initial direction angle, and observe
the driver’s steering column angle profile. The settings of the
initial heading angle are 1.0◦ , 1.5◦ , 2.0◦ , 2.5◦ , and 3.0◦ . Fig. 4
shows the time history of the steering wheel angle. We set the
sampling period as ts = 0.5 sec, and after each time step,
MPC re-calculates the optimal control. Also, we set N = 4
and Nu = 2. Therefore, MPC calculates the trajectory of the
system over the next 2 sec. In [20], Hildreth et al. revealed
that humans use larger steering wheel angle magnitude when
the initial vehicle heading angle is larger, but the time spent
for correction does not change much. Our results successfully
reproduced this tendency: Although the driver took around 32◦
of steering wheel angle magnitude to correct the 3◦ deflection

-10

0

0.5

1

1.5

2

2.5

3

3.5

Time (s)

Fig. 4: Corrective steering angle profile varying the initial
heading of the vehicle.
2) Effect of Speed: In the second numerical experiment, we
investigated the effect of speed over the steering action. Here,
we fix the vehicle’s initial heading angle deflection at 2.0◦ , and
changed the vehicle speed. We employed the following five
speed settings: 17.5, 20.0, 22.5, 25.0 and 27.5 m/s. According
to [20] human drivers tend to complete a corrective maneuver
in shorter time when the vehicle speed is faster, but the
magnitude of steering does not change much. The original
two-point visual driver model succeeded in capturing this
tendency. Fig. 5 shows that the model successfully captured
this tendency as well: In all the settings, the magnitude of the
first reaction was around 17◦ , but when the speed was 27.5 m/s
the driver model took the shortest time, and when the speed
was 17.5 m/s the driver took the longest time.
20
17.5
20.0
22.5
25.0
27.5

15

Steering Wheel Angle (deg)

IV. N UMERICAL S IMULATIONS
In this section, we evaluate the performance of the proposed
driver model using numerical simulations. We conducted
simulations with Simulink, used the Hybrid Toolbox [18]
to implement MPC, and employed CarSim [19] to reproduce the dynamic motion of a vehicle. Note that although
we used the simplified bicycle model for controller design,
we evaluated the performance using CarSim’s internal highfidelity vehicle model. Table I shows the vehicle and the
steering subsystem parameters. Also, the driver parameters
are TN = 0.12, tp = 0.04, Kc = 18, TL = 2.8, and
TI = 0.18. In all the simulations, we set the cost weights
in (9) as Pψ = 2.7 × 103 , Qω = 2.0, and RT = 1.0.
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Fig. 5: Corrective steering angle profile varying the speed of
the vehicle.
B. Closed Circuit
In the previous scenario, we observed that the proposed
driver model can reproduce the tendency of human drivers
to correct the direction angle deflection. Next, we evaluate
and compare the performance of the proposed driver model
with other models. We denote the proposed driver model
DRV1. We also employ another MPC-based driver model
that does not have the compensatory control part. Instead,

DRV2 calculates the optimal control action sequence at higher
frequency, namely, 100 Hz. We call this model DRV2. In order
to follow the center of the course, we set the cost function for
DRV2 as follows
J2 = Pψ (ψ(N ) − ψ(0) − θfar (t0 ))2
+

N
−1
X

(13)



Qω ωs (h)2 + Q∆y ∆y(h)2 + RT Tant (h)2 .

(another MPC-based driver model) while optimizing less frequently (DRV1: 2 Hz, DRV2:100 Hz). The high optimization
frequency of DRV2 is, however, unrealistic for human drivers.
We note that DRV2 could not stay in course when the optimization frequency was reduced to 2 Hz. These results show
that implementing a hybrid dynamical system of MPC and
a continuous transfer function-based controller is a realistic
methodology to reproduce human drivers’ steering behavior.

h=0

150

Y coordinate (m)

100
50
Start/Goal

0
-50
-100
-150
-200
-200

-100

0

100

200

300

X coordinate (m)

Fig. 6: Course used for simulation.
Fig. 7 shows the root mean square (RMS) of each driver
model’s deviation after one lap. The smaller the value, the
better the performance. One can easily see the poor performance of DRV4, which had difficulty following the path.
DRV1, DRV2, and DRV3 exhibited almost the same amount
of RMS deviation. But at steep turns both the DRV1 and
DRV2 outperformed DRV3. Furthermore, thanks to its hybrid
nature, DRV1 could exhibit equivalent performance to DRV2

0.7
0.6

Lateral Error (m)

We select the cost weights as Pψ = 2.7 × 103 , Qω =
2.0, Q∆y = 1.0 × 103 , and RT = 1.0. Since the optimal
control is calculated at 100 Hz, the sampling period is set to
be 0.01 sec. Therefore, for DRV2 we choose N = 200 and
Nc = 100 to have the same prediction horizon: 2 sec.
Furthermore, we employ a transfer function-based sensorimotor two-point visual driver model. We call this model
DRV3. All the parameters are the same as before, except
for the anticipatory control, for which DRV3 employs the
following function: Tant = Ka θfar (t), where Ka = 28. Note
that θfar is a function of t, not t0 , since this anticipatory control
is not a discrete-time controller.
Finally, we employ a sensorimotor driver model in which
the driver does not use θfar for steering (Ka = 0). This results
in a one-point visual driver model that lacks the anticipatory
control component. We call this driver DRV4.
The numerical tests were conducted using one of CarSim’s
built-in closed circuits, whose length is 2.2 km, shown in
Fig. 6. During the simulation the vehicle speed is kept constant
at 50 km/h ≈13.89 m/s, while the driver tries to follow the
center of the road. This scenario is rather challenging because
the path consists of both right and left corners having various
turning radii and straight lines, which the drivers have to deal
with. as they drive at high speed along the course.

0.5
0.4
0.3
0.2
0.1
0

DRV1 DRV2 DRV3 DRV4

Fig. 7: RMS of lateral error from the center line of the road.
C. Parameter Study
In this section, we perform several parameter studies of
the proposed driver in order to investigate the effect of the
sampling period ts and the optimization horizon th . For
simplicity, we let t0 = 0 and denote the time horizon as
th in this discussion. Experienced drivers, presumably, have
the ability to cope with the changes of the environment more
quickly and to predict longer future than novice drivers. The
sampling period corresponds to how often the human driver
re-computes the steering torque while driving. The smaller the
value, the more often the driver recalculates the future steering
output. Larger values of th correspond to human drivers who
can predict the future vehicle trajectory longer. Therefore,
intuitively, driver models should have better performance when
ts is short, and th is long.
Fig. 8a shows the time history of lateral error of four driver
models with different settings of ts = 0.1, 0.5, 1.0, and
2.0 sec. The time horizon th is fixed to be 2 sec in all cases.
For simplicity, we abbreviate t0 and denote the time horizon
as th in this discussion. Fig. 8b depicts the lateral error profile
during one lap with the following four different settings:
th = 1.0, 2.0, 3.0, and 5.0 sec. The sampling period is fixed
at ts = 0.5 sec. These results show that the performance of the
overall model does not necessarily increase by increasing the
optimization frequency or increasing the time-horizon. This is
owing to the fact that we have formulated the problem such
that the anticipatory (MPC) control objective and the compensatory control objective are not quite aligned. Specifically,
as shown in (9), the anticipatory control subsystem does not
take into account θnear , the measure for the lateral error. Also,
the MPC objective function penalizes ωs whereas Tcomp tries
to reduce the lateral offset from the center line, which leads
to larger values of ωs . It looks like there are specific, optimal

values for ts and th to achieve good performance. For our case,
these are ts = 0.5 sec, and th = 2.0 sec, which correspond
very well to normal human driver response and prediction
times.
Another way to interpret the results of Fig. 8 is to observe
that if the optimization frequency is high, Tant can prevent
ωs from decreasing. If the optimization frequency is low,
there is enough time for Tcomp to reduce ωs . However, if
the optimization frequency is too low the driver cannot cope
with the changes of the environment well. This corresponds
to the result of the model with ts = 2 sec in Fig. 8a. Also,
the reason why longer th does not necessarily result in better
performance is that the model tries to satisfy the boundary
condition (7) just at th , but the ωs term in the objective
function (9) reduces the changing rate of the vehicle heading
angle. Thus, the greater th , the longer time the controller takes
to achieve the boundary condition. This leads to a driver model
that may stay away from the center line if the compensatory
part is not very effective.
2
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Fig. 8: The history of lateral error with different settings of ts
with fixed th = 2.0 sec (left) and with different settings of th
with fixed ts = 0.5 sec (right).
V. C ONCLUSION
This paper proposes a new driver model with the aim of
improving current transfer function-based driver models. The
new model is based on the sensorimotor two-point visual
driver model, and incorporates MPC in its anticipatory control
channel. The resulting system is a hybrid of a discrete-time
controller and a continuous-time controller.
We designed this model to overcome difficulties of previous
models, namely, explicitly representing the human’s anticipating behavior in previous driver models. In order to evaluate
the performance of this new model, we conducted several
numerical simulations. The proposed model succeeded in a)
reproducing the tendency human drivers have, and b) showing
equivalent performance to a fully MPC-based model with
much less optimization frequency. Parametric studies were
conducted to investigate the effect of the sampling period
and the prediction horizon to the performance of the overall
system. In the future, we plan to investigate the behavior
of this model for other driving tasks, such as lane-changing
maneuvers.
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