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Abstract

An extension of the LuGre dynamic friction model
from longitudinal motion to longitudinal/lateral mo-
tion is developed. Applying this model to the mo-
tion of a tire we derive a model for tire-road contact
forces and moments. A comparison of the steady-
state behaviour of the dynamic model with existing
static tire friction models is also presented. This
comparison allows one to determine the values of the
parameters for the new model. Introducing a set of
mean states we reduce the order of the system and
derive a model in lumped form which is useful for
control purposes.

1 Introduction

In this paper we extend the longitudinal LuGre fric-
tion model for tire-road contact, presented in [1] and
finalized in [2] and [3], to the longitudinal/lateral
motion of a wheeled vehicle. Such an extension
has also been attempted in [4] and [5]. In [4], the
coupling of the forces in different directions was ne-
glected, resulting into a set of two independent ode’s
describing the deflection of the bristles at the contact
patch in longitudinal and lateral directions. In [5],
the coupling of the forces in different directions was
taken into consideration in accordance to an exten-
sion of a static friction model to longitudinal/lateral
motion [6]. In [5], the anisotropy of the friction

characteristics in steady-state, and the rotation of the
wheel rim were neglected.
A more complete dynamic model was presented in
[7], which took into consideration both the coupling
of the friction forces in different directions and the
anisotropy of the friction characteristics in steady-
state, as well as the effects of the wheel rim ro-
tation. The model in [7], however, is missing the
major advantage of the LuGre model which is its
lumped form. That is, a model using mean states
along the contact patch described by one ode instead
of a distributed model of infinite number of states or
a discretized distributed model of a large number of
states.
In this paper we extend the LuGre model taking into
account all aspects neglected in [4] and [5] and, in
addition, we derive a lumped model useful for con-
trol purposes. The extension given in this paper is
based on physical properties of the friction forces
such as dissipativity and at least local maximality of
the dissipation rate [8].
In the first part of the paper we present a methodol-
ogy that allows one to derive a static friction model
for 2D motion. Using this methodology we derive a
whole class of dynamic friction models. As a special
case, we derive a LuGre friction model for 2D mo-
tion which reduces nicely to the longitudinal motion
model in the 1D case. In the second part of the paper,
using the same approach as in [1], [2] and [3], we
derive a distributed tire friction model for the longi-
tudinal/lateral motion of the tire. We also look at the
steady-state behaviour of the new model and com-



pare it to the Pacejka tire model [6], to determine
a set of realistic parameters for the former. Again,
following the same approach as in the longitudinal
motion model, we define a set of mean states and
derive a reduced order lumped model. Finally, we
include the effect of the wheel rim rotation to both
the distributed and lumped models.

2 A Two-Dimensional Coulomb Fric-
tion Model

Recall the Coulomb friction model for longitudinal
motion of a body, with linear velocity v. In this
model the friction force coefficient is given by

µ(v) =




µk for v > 0,
[−µs, µs] for v = 0,
−µk for v < 0

(1)

where µk is the kinetic and µs is the static friction
coefficient. The friction force is F = µFn where Fn

is the normal load. Typically, µs ≥ µk > 0.
Consider now the case where µs = µk. We can de-
rive the same model as in (1) by applying the Max-
imal Dissipation Rate Principle [8] to the following
set of admissible friction coefficients

C = {µ ∈ R : |µ−1
k µ| ≤ 1} (2)

The friction force will be ‘admissible’ if it maxi-
mizes the dissipation rate, i.e.,

µ∗ = argmaxµ∈C(−µFnv(t)), ∀v,∀t > 0 (3)

It is easy to prove ([7], [8]) that the solution to (2),
(3) is given by

µ∗ = −sign(v)µk (4)

Now consider the case of 2D motion. Let Mk =[
µkx 0
0 µky

]
> 0 be the matrix of friction coef-

ficients, with µkx and µky the friction coefficients
for longitudinal motion along the x and y direc-
tions respectively. The two coefficients could be
the same for a completely symmetric situation but,
in general, are different since friction characteristics
change with the direction of motion.
The set of admissible coefficients is now defined as

C = {µ ∈ R
2 : ‖M−1

k µ‖ ≤ 1} (5)

The friction force will again be ‘admissible’ if it
maximizes the dissipation rate. Thus,

µ∗ = argmaxµ∈C(−Fnµ
Tv(t)), ∀v,∀t > 0 (6)

The solution to (5), (6) is given by ([7], [8])

µ∗ = − M2
kv

‖Mkv‖ (7)

Observe that µ ∈ C does not imply dissipativity of
the friction force. Actually, µ ∈ C implies −µ ∈ C
and if Fnµ

Tv ≥ 0 then −Fnµ
Tv ≤ 0. On the other

hand, conditions (2), (3) or (5), (6) together imply
dissipativity of the friction force. Since 0 ∈ C, it
follows that Fnµ

∗Tv ≤ 0. The set C provides bounds
for the friction forces and also a coupling between
the forces in different directions (Fig. 1). Finally,
observe that the maximization of the dissipation rate
was done for the case where v = 0. Obviously when
v = 0 the dissipation rate D(v) = 0. In this case the
friction coefficient is bounded by the static friction
coefficients µ∗ ∈ [−µs, µs].
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Figure 1: Set C of admissible coefficients for the 2D
Coulomb case

3 A Class of Two-Dimensional Dy-
namic Friction Models

Using a set C of admissible friction coefficients and
the Maximal Dissipation Rate Principle, a similar
approach is followed in [7] and [8] in order to de-
rive dynamic friction models for the 2D motion of

a body. Let Mk =

[
µkx 0
0 µky

]
> 0 be the



matrix of asymptotic friction coefficients and K =

Fn

[
σ0x 0
0 σ0y

]
> 0 be the matrix of transient stiff-

nesses. Denote by u the relative deformation of the
contact area of the body and by FD = µDFn the as-
sociated stress. Consider the elastic and plastic de-
formations ue = FnK

−1µD and up = u−ue respec-
tively. Then, D(u̇p) = −Fnµ

T
Du̇p is the dissipation

rate that must be positive and maximal.
In the case of dynamic friction models, the maxi-
mization of the dissipation rate is done locally, with
respect to a neighborhood of each friction force can-
didate. The friction coefficient µ∗ is given by the
following Quasi Variational Inequality

−(u̇− FnK
−1µ̇∗)T (µ∗ − µ) ≥ 0

∀µ ∈ C = {µ ∈ R
2 : ‖M−1

k µ‖ ≤ ‖M−1
k µ∗‖} (8)

The above QVI has many solutions. In [7] and [8]
a class of solutions is proposed generating a class of
dynamic friction models. It is proven in [7], [8] that
any solution µ∗ of

−FnK
−1µ̇∗ − λ(u, u̇, µ∗)M−2

k µ∗ = u̇ (9)

where µ∗(0) = µ0, satisfies (8) for all λ(u, u̇, µ∗) ≥
0. Several multi-dimensional dynamic friction mod-
els can be derived using (9) by choosing different
scalar functions λ(u, u̇, µ∗). The LuGre model is
given for

λ(u, u̇, µ∗) = λ(u̇) =
‖M2

k u̇‖
g(u̇)

(10)

with

g(u̇) =
‖M2

k u̇‖
‖Mku̇‖ + g̃(‖Mku̇‖) (11)

where g̃(‖Mku̇‖) → 0 when u̇ → +∞. Note that
we wish to derive a model which asymptotically (as
u̇ → +∞) approaches the Coulomb model (7) pre-
sented in the previous section. Notice that the func-
tion g(u̇) characterizes the steady-state (static por-
tion) of our dynamic model. This justifies the choice
of the particular λ(u, u̇, µ∗) in (10).

4 LuGre Friction Model for 2D Motion

The LuGre type friction model proposed in the pre-
vious section assumes that the friction is propor-
tional only to the deflection of the bristles at the

contact point z. In fact, it is assumed that µ =
−(K/Fn)z and thus µ̇ = −(K/Fn)ż. In order to
include the dependence of the friction on the rate of
z and the relative velocity at the point of contact u̇,
we rewrite equation (9) in terms of the internal fric-
tion state z. We then have [9]

ż = u̇− λ(u, u̇, z)M−2
k

K

Fn

z (12)

Recall that the function λ(u, u̇, z) proposed for the
LuGre model is given in (10). Finally, we choose
g(u̇) and g̃(u̇) to be able to recover the LuGre fric-
tion model of [9] for longitudinal motion. To this
end, we choose

g(u̇) =
‖M2

k u̇‖
‖Mku̇‖ +

(‖M2
s u̇‖

‖Msu̇‖ − ‖M2
k u̇‖

‖Mku̇‖
)
e(

‖u̇‖
vs

)
α

(13)

where Ms =

[
µsx 0
0 µsy

]
is the matrix of static

friction coefficients. Finally, the friction coefficient
vector is given by

µ = −
[

σ0x 0
0 σ0y

]
z −

[
σ1x 0
0 σ1y

]
ż

−
[

σ2x 0
0 σ2y

]
u̇ (14)

Equations (10),(12), (13) and (14) represent the Lu-
Gre friction model for longitudinal/lateral motion of
a body. The model reduces nicely to the longitudinal
motion model of [9] in the 1D case.
The equations above are written in vector form. We
next rewrite the equations in terms of the x and y

components. Let z =

[
zx

zy

]
, µ =

[
µx

µy

]
and

u̇ = vr =

[
vrx

vry

]
. The friction model is then writ-

ten as follows

żi = vri − C0i(vr)zi

µi = −σ0izi − σ1iżi − σ2ivri (15)

where

C0i(vr) =
λ(vr)σ0i

µ2
ki

, i = x, y (16)

The scalar function λ(vr) is given by (10) and the
function g(vr) by (13). Observe that the forces in the



x and y directions are coupled which is consistent
with the property of the two-dimensional Coulomb
friction model (7) presented earlier in the paper. The
coupling term is λ(vr).

5 Two-Dimensional LuGre Tire Fric-
tion Model

5.1 Distributed Model

In this section we apply the LuGre friction model
for 2D motion, to the motion of a tire in order to
derive a model for tire-road contact forces and mo-
ments. We follow an approach similar to that in [1]
and [3]. We assume that the contact patch of the tire,
at the area of contact with the road, is a rectangular
area (Fig. 2), divided into infinitesimal elements. For
each element we apply the point LuGre model for
2D motion. In order to find the total forces and mo-
ments we integrate the forces of each element along
the patch. To this end, let v denote the velocity of
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Figure 2: Frames of reference and velocities at the
contact patch

the vehicle and ω the angular velocity of the wheel.
The wheel has radius r. Let α be the angle of slip
of the wheel, that is, the angle between the velocity
vector and the x (longitudinal) body axis of the tire.
Let us also assume for the time being, that the wheel
rim is not rotating, i.e., the steering angle is constant.
The relative velocity components of the wheel with
respect to the ground are

vrx = ωr − v cos(α) (17a)

vry = −v sin(α) (17b)

In general, the velocity of the tire has components in
both x and y axes with respect to the inertial frame.
Considering a frame fixed on the contact patch, we
observe that the tire elements move only along the
length of the patch (ζ direction). For each tire ele-
ment on the patch we can compute the friction using
the LuGre model of the previous section. If we look
at a fixed area on the patch then the internal friction
states zi become functions of both t and ζ.
Let zi(t, ζ) denote the deflections of the patch ele-
ment along x and y directions located at the point
ζ along the patch at a certain time t (element b in
Fig. 2). Consider the total deflections of this ele-
ment between two time instances t and t+ dt. Since
the time interval dt the element has moved to the lo-
cation ζ + dζ, and using (15) we have that the total
deflection dz is

dzi = zi(t + dt, ζ + dζ) − zi(t, ζ)

= (vri − C0i(vr)zi(t, ζ))dt, i = x, y

Since dz = ∂z
∂ζ
dζ + ∂z

∂t
dt and using the fact that

dζ/dt = |ωr| the friction model is summarized by
the following equations

dzi(t, ζ)

dt
=

∂zi(t, ζ)

∂t
+

∂zi(t, ζ)

∂ζ
|ωr|

= vri − C0i(vr)zi

µi(t, ζ) = −σ0izi(t, ζ) − σ1i
∂zi(t, ζ)

∂t
− σ2ivri, (18)

where i = x, y. The total forces along the x and y
directions are

Fi(t) =

∫ L

0

µi(t, ζ)fn(ζ)dζ, i = x, y (19)

where fn(ζ) is the normal load distribution along the
contact patch. The force distribution along the y di-
rection results into a moment about the center of the
patch (aligning torque) given by

Mz(t) = −
∫ L

0

µy(t, ζ)fn(ζ)

(
L

2
− ζ

)
dζ (20)

Next, we evaluate our distributed model by compar-
ing it to other tire models. In particular, we compare
it to Pacejka’s Magic Formula [6] which is widely



used in the automotive industry and captures real-
ity accurately under steady-state conditions (i.e., for
constant vehicle speed and wheel angular speed). In
what follows, we examine the forces predicted by
our distributed model under such steady-state condi-
tions.

5.2 Steady-State Conditions

As seen in [1], [2] and [3] the steady-state time char-
acteristics of the model (18) are obtained by setting
∂z(t,ζ)

∂t
= 0, and imposing that the velocities v and ω

are constant. In this case, the pde in (18) becomes

∂zi(t, ζ)

∂ζ
=

1

|ωr| (vri − C0i(vr)zi) , i = x, y

Enforcing the boundary condition z(t, 0) = 0 and
the steady-state conditions of constant v and ω we
integrate (21) to obtain

zss
i (ζ) = C1i

(
1 − e

− ζ
C2i

)
, i = x, y (21)

where

C1i =
vriµ

2
ki

λ(vr)σ0i

, C2i =
|ωr|
C0i

, i = x, y (22)

We can now compute the steady-state expressions
for the forces and the alignment torque using (19)
and (20). In particular, we have

F ss
i =−

∫ L

0

(σ0iz
ss
i + σ2ivri) fn(ζ)dζ (23)

M ss
z =

∫ L

0

(
σ0yz

ss
y + σ2yvry

)
fn(ζ)

(
L

2
− ζ

)
dζ

(24)

where i = x, y. Before we proceed with the calcula-
tions, a few words about the normal load distribution
fn are in order. We are tempted to assume uniform
load distribution i.e. fn = const. This is not a real-
istic assumption, because the uniform load distribu-
tion does not satisfy the natural boundary conditions
of zero normal load at the edges of the patch. In ad-
dition, the uniform load distribution would lead to an
aligning torque that is not changing sign for higher
lateral slip angles as observed in practice. To this
end, we adopt a more realistic but still quite simple

to integrate load distribution, namely, the trapezoidal
distribution, as proposed by Deur et. al. in [5]. In
this case, the function fn is given by

fn(ζ) =




α1ζ for 0 ≤ ζ ≤ ζL,
fmax for ζL ≤ ζ ≤ ζR,
α2ζ + β2 for ζR ≤ ζ ≤ L

(25)

with fmax the maximum value of the normal load dis-
tribution. ζL and ζR are parameters which determine
where the distribution is linear and where it is con-
stant, and

α1 =
fmax

ζL

, α2 = − fmax

L− ζR

, β2 =
Lfmax

L− ζR

(26)

The normal force on the wheel shaft is therefore,

Fn =

∫ L

0

fn(ζ)dζ =
L + ζR − ζL

2
fmax (27)

This normal load distribution (Fig. 3), is certainly
closer to reality and satisfies the natural boundary
conditions. It finally allows one to tune the point
where the total forces act, thus overcoming the prob-
lem of the aligning torque sign reversal. Next, we
calculate the expressions (23) and (24). Using the
definitions of longitudinal slip, for the braking and
accelerating cases [4]

s =




vrx

ωr
for v cos(α) < ωr,

− vrx

v cos(α)
for ωr ≤ v cos(α)

(28)

we construct the steady-state s−Fx, Fy and α−Mz

plots (Fig. 4). Observe that they have the desired
shape when compared to Pacejka’s Magic Formula
[6].

5.3 Parameter Fitting

In this section, and in order to obtain a set of real-
istic parameters for our tire model, we compare the
steady-state expressions derived in the previous sec-
tion with the Pacejka tire model [6]. The Pacejka
model consists of a mathematical formula (the so
called ‘magic’ formula) with parameters chosen to
fit experimental data. The same formula, with dif-
ferent sets of parameters, can be used to generate the
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Figure 3: Trapezoidal Load Distribution
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plots of the longitudinal friction force Fx vs longitu-
dinal slip s, the lateral friction force Fy vs slip angle
α and the aligning torque Mz vs slip angle. Pacejka’s
formula is as follows

Y = Dsin(Carctan(Bφ))

with φ = (1 − E)X + (E/B)arctan(BX)

where X is either s or α and Y being Fx, Fy or Mz.
We have chosen three sets of parameters B,C,D and
E for the three different plots taken from [6]. The
Fx plot is for pure braking i.e., longitudinal motion
with α = 0 and vehicle speed 60 km/h. The Fy and
Mz plots are for pure cornering i.e., s = 0 and vehi-
cle speed 70 km/h. In all cases the normal load was
Fn = 2000Nt. The parameters for the three plots are
given in the following table. The identification of the

Table 1: Pacejka Parameters
Parameters B C D E

Fx 0.178 1.55 2193 0.432
Fy 0.244 1.5 1936 −0.132
Mz 0.247 2.56 −15.53 −3.92

LuGre tire model parameters was done by fitting the

plots generated by the steady-states (23) and (24) to
the Pacejka plots using the parameters above. The
identified parameters are given in the following ta-
ble and the results of the curve fitting are shown in
Fig. 5.

Table 2: Identified Parameters
σ0x(1/m) µkx µsx σ2x,y(sec/m)

247 0.75 1.24 0
σ0y(1/m) µky µsy α

211 0.79 1.18 1
L(m) rl rr vs(m/sec)
0.3 0.4 0.47 4.02

5.4 Average Lumped Model

Recall the expression for the total forces on the con-
tact patch. According to (19) we have

Fi(t) = −
∫ L

0

(
σ0izi + σ1i

∂zi

∂t
+ σ2ivri

)
fn(ζ)dζ

where i = x, y. Define now, as in [3], the mean
internal friction state z̄ as follows

z̄i(t) =
1

Fn

∫ L

0

zi(t, ζ)fn(ζ)dζ, i = x, y (29)

and thus we also have

dz̄i(t)

dt
=

1

Fn

∫ L

0

∂zi(t, ζ)

∂t
fn(ζ)dζ, i = x, y (30)

The total friction force can then be written in terms
of the mean state z̄ as follows,

Fi(t) = −Fn (σ0iz̄i(t) + σ1i ˙̄zi(t) + σ2ivri) (31)

Finally, we need to find the dynamics of the mean
state. To this end, from (29) we have

˙̄zi(t) =
1

Fn

∫ L

0

(
vri − C0i(vr)zi − ∂zi

∂ζ
|ωr|

)
fndζ

= vri − C0i(vr)z̄i − |ωr|
Fn

[zi(t, ζ)fn(ζ)]L0

+
|ωr|
Fn

∫ L

0

zi
∂fn

∂ζ
dζ

= vri − C0i(vr)z̄i − κi(t)|ωr|z̄i, i = x, y (32)
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Figure 5: LuGre - Pacejka comparison

where,

κi(t) = −
∫ L

0
zi

∂fn

∂ζ
dζ∫ L

0
zifndζ

, i = x, y (33)

Obviously (|ωr|/Fn)[zi(t, ζ)fn(ζ)]L0 = 0 because of
the assumed normal load distribution in (25).
The κi(t) term in (33) was introduced in order to
write the last term of the equation (32) in terms of
the mean state z̄i. The κi(t) term is difficult to com-
pute using (33). To this end, we choose to approxi-
mate κi(t) in a way that the steady-state solution of
the lumped model is the same with the one of the
distributed model, as it was done in [2] and [5]. The

steady-state of the lumped model is found by setting
˙̄zi(t) = 0. Hence,

z̄ss
i =

vri

C0i(vr) + κi|ωr| , i = x, y (34)

In order for the distributed and the lumped models
to produce the same steady-state forces, we enforce
F ss

i ≡ F̄ ss
i , which implies zss

i ≡ z̄ss
i . Solving for κi

we get that

κi =
1

|ωr|
(
vri

zss
i

− C0i

)
, i = x, y (35)

where zss
i is given by (21).

Next, recall the expression for the total aligning
torque along the contact patch

Mz(t) =
L

2
(σ0yz̄y(t) + σ1y ˙̄zy(t) + σ2yvry) −

−σ0y

∫ L

0

zyfnζdζ + σ1y

∫ L

0

∂zy

∂t
fnζdζ

+σ2yvry

∫ L

0

fnζdζ (36)

and define the mean internal state ẑy as follows

ẑy(t) =
1

FnL

∫ L

0

zy(t, ζ)fn(ζ)ζdζ (37)

Thus,

dẑy(t)

dt
=

1

FnL

∫ L

0

∂zy(t, ζ)

∂t
fn(ζ)ζdζ (38)

The total aligning torque can then be written in terms
of the mean states z̄y and ẑy, as follows

Mz(t)

FnL
= σ0y

(
1

2
z̄y(t) − ẑy(t)

)

+σ1y

(
1

2
˙̄zy(t) − ˙̂zy(t)

)
+ σ2y

(
1

2
vry − η

FnL

)

where,

η =

∫ L

0

fn(ζ)ζdζ

=
α1

3
ζ3
L +

fmax

2

(
ζ2
R − ζ2

L

)
+

α2

3

(
L3 − ζ3

R

)
+

β

2

(
L2 − ζ2

R

)
(39)



in case of a trapezoidal normal load distribution as
in (25). Finally, we need to find the dynamics of the
mean state. Using (37) we have that

˙̂zy(t) =
1

FnL

∫ L

0

∂zy

∂t
fnζdζ =

η

FnL
vry − C0y(vr)ẑy − κ̂(t)|ωr|ẑy +

|ωr|
L

z̄y (40)

where,

κ̂(t) = −
∫ L

0
zy

∂fn

∂ζ
ζdζ∫ L

0
zyfnζdζ

(41)

Obviously (|ωr|/(FnL))[zi(t, ζ)fn(ζ)ζ]L0 = 0 be-
cause of the assumption for the normal load distri-
bution in (25).
Following the same reasoning as in the case of the
lumped model forces, we compute the κ̂ term by
requiring that the steady-state aligning torque pre-
dicted by the lumped model M̂ ss

z is the same with
the one predicted by the distributed model M ss

z .
The steady-state of the lumped model is found for
˙̂zy = 0, z̄y = 0. This requirement leads to the desir-
able steady-state of ẑy, as follows

ẑss
y =

1

2σ0y

(σ0yz̄y + σ2vry) − M ss
z

FnLσ0y

− ησ2vry

σ0y

To compute κ̂ we set ˙̂zy = 0 in (40). We then have

κ̂ =
1

|ωr|
(

1

ẑSSy

(
ηvry

FnL
+

|ωr|z̄ss
y

L

)
− C0y

)
(42)

where z̄ss
y from (34).

5.5 Rotation of the wheel rim

So far, we have derived a model that predicts the fric-
tion forces and moments at the contact patch of the
wheel when there is some lateral slip α, but the steer-
ing angle of the wheel φ remains constant. In order
to include the effect of the angular velocity of the
wheel rim, we first need to rewrite the expression for
the relative velocity at the contact patch. We thus
have

vrx =ωr − v cos(α) (43a)

vry(ζ) =−v sin(α) −
(
L

2
− ζ

)
φ̇ (43b)

Observe that in this case the relative velocity vry is
a function of the position on the contact patch ζ.
This does not affect the way we compute the forces
and moments using the distributed model (18)-(20).
However, there is a problem with the lumped model.
Since vry depends on ζ we cannot use definition (29)
and the approach of (32) to reduce the distributed
model to a lumped form, because the term C0i(vr)
depends on ζ.
At this point, let us consider the torsional deflec-
tion of the contact patch, not as a result of the lat-
eral force distribution along with torsional deflec-
tion of the bristles as was done in [7], but as a re-
sult of the lateral force distribution only. That is,
we consider the total moment about vertical axis to
have two components. One (Mz) is due to the lateral
forces in the presence of some lateral slip α and it is
computed by (39) and (40), considering (17b) as the
definition of the relative velocity. The second com-
ponent (Mz−tor) is due to the torsional deflection of
the contact patch in the presence of wheel rim rota-
tion. Since this component is not the result of tor-
sional deflection of the bristles, a lumped model is
sufficient to describe the dynamics of this part of the
moment. We assume that the dynamics of this com-
ponent have the general form of the LuGre friction
model. We thus postulate

żz(t) = φ̇− σ0z|φ̇|
gz(φ̇)

zz(t) (44)

gz(φ̇) =µkz + (µsz − µkz) e
−
(

φ̇

φ̇s

)β

(45)

Mz−tor =−FnL
(
σ0zzz + σ1z żz + σ2zφ̇

)
(46)

The total moment predicted by the lumped model
will then be the summation of Mz−tor and the com-
ponent given by (39) considering (17)

Mz−total = Mz + Mz−tor (47)

There is one final point that needs to be clarified. It
is not only the aligning torque that needs adjustment
when we include the effects of the wheel rim rota-
tion. Since the expression of vry is changing, there
should be some adjustment for the lateral forces as



well. To simplify the model, we assume that the ro-
tation of the rim does not affect the friction forces
and that the definition (17) can be used for the rel-
ative velocity. This is a realistic assumption, since
in relatively high speeds the term

(
L
2
− ζ
)
φ̇ is much

smaller compared to v sin(α) due to the small length
of the patch and the relatively small steering velocity
φ̇. In smaller vehicle velocities the above might not
be true, but in this case the normal load distribution
is closer to a uniform one, resulting in cancellation
of the lateral forces due to wheel rim rotation.
Concluding, we emphasize that the introduction of
equations (44)-(46) was done artificially, because the
total forces and moments were computed consider-
ing only the longitudinal and lateral deflection of the
bristles. In other words, the coefficients of (44)-(46)
are related to the friction characteristics of the dis-
tributed model. Next, we propose a steady-state sce-
nario (v = 0, ω = 0 and φ̇ = 0) in order to predict
the aligning torque of the distributed model, and then
identify the remaining coefficients in a way such that
the behavior of the lumped model captures the be-
havior of the distributed one at steady-state.

5.6 Identification of the Torsional Equation Pa-
rameters

In this section we identify the parameters of the tor-
sional equations (44)-(46) of the average lumped
model by comparing it with the distributed model
using a special steady-state case scenario.
In particular, consider the case where ω, v = 0 and
φ̇ = const. The relative velocity vr is then

vrx = 0

vry =−φ̇

(
L

2
− ζ

)
(48)

In this particular case, and since ω = 0, the equa-
tions of the internal friction states become

∂zi

∂t
+

∂zi

∂ζ
|ωr| =

∂zi

∂t
= vri − C0i(vr)zi (49)

where i = x, y. Also, in steady-state, we have ∂zi

∂t
=

0 which leads to the following value for the steady-
state internal friction state

zss
i =

vri

C0i(vr)
, i = x, y (50)

Obviously, and since vrx = 0, we have zss
x = 0 and

the steady-state longitudinal force is F ss
x = 0.

As far as the value of zss
y is concerned, we have

zss
y = sign(vry)

g(vr)

σ0y

(51)

Now observe that for vrx = 0 and α = 1 (as iden-
tified in a previous section) the function g(vr) be-
comes

g = µky + (µsy − µky)e
−µky |φ̇‖L/2−ζ|

vs (52)

At this point we make one final assumption. Since
v = 0, it is necessary to assume a symmetric nor-
mal load distribution that will impose symmetry in
the friction forces. For simplicity, we choose fn =
Fn/L = const. Recall that

µss
y = −σ0yz

ss
y − σ2yvry (53)

Since zss
y is symmetric with respect to the center of

the patch (Fig. 6), and assuming a uniform load dis-
tribution, we conclude that the lateral forces cancel
each other resulting to F ss

y = 0. Using (20) we com-
pute

M ss
z =−2(µsy + µky)fn

(
vs

φ̇µky

)2(
1 − e−

Lφ̇µky
2vs

)

+ (µsy − µky)fn

(
vs

φ̇µky

)
Le−

Lφ̇µky
2vs

− 1

12
σ2φ̇fnL

3 (54)

The equation above is what the distributed model
predicts in the case where ω, v = 0 and φ̇ = const.
(i.e., in steady-state). We will compare this with the
torsional component of the lumped model (44)-(46)
in steady-state. We have

zss
z = sign(φ̇)

gz(φ̇)

σ0z

M ss
z−tor =−FnL

(
σ0zz

ss
z + σ2zφ̇

)
(55)

For different values of φ̇ we have identified the pa-
rameters µsz, µkz, φ̇s, σ2z and β by comparing the
plots generated by (54) and (55). The parameters
identified using the steady states are shown at the
following table and the result of the curve fitting is
shown in Fig. 6.



Table 3: Identified Parameters
µkz µsz σ2z φ̇s β

0.0078 0.0975 0 37 1

0 0.15 0.3
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6
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Figure 6: zss
y distribution and M ss

z−tor term fitting

6 Conclusion

An extension of the LuGre dynamic tire friction
model from the longitudinal to the combined longi-
tudinal/lateral motion has been presented. Contrary
to previous results in the literature, where this exten-
sion was performed in an ad hoc manner, directly
from the longitudinal LuGre tire friction model,
here we derive the 2D model, from first principles,
by applying the LuGre point friction model to the
tire/ground interface. The model proposed also cap-
tures the anisotropy of the static friction characteris-
tics. In fact, the model agrees with the one presented
in [5] for µkx = µky and µsx = µsy. Finally, the
effects of the wheel rim rotation were taken into ac-
count.
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