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The problem of the time evolution of the angular velocity of a spinning rigid
body, subject to torques about three axes, is considered. An analytic solution
s derived that remains valid when no symmetry assumption can be made.
The solution is expressed as a first-order correction to a previous solution,
which required a symmetry or near-symmetry assumption. Another advan-
tage of the new solution (over the former) is that it remains valid for large
initial conditions of the transverse angular velocities.

1 Introduction

In recent years a considerable amount of effort has been devoted to the development of
a comprehensive theory that will allow a better understanding of the complex dynamic
behavior associated with the motion of rotating bodies. A cornerstone in this effort is the
development of analytic solutions that can describe — at least qualitatively — the problem
dynamics. The system of the associated equations, the celebrated Euler’s equations of
motion for a rigid body, consists of three nonlinear, coupled differential equations, the
complete, general, solution of which is still unknown. Special cases for which solutions have
been found include the torque-free rigid body and the forced symmetric case. Solutions
for these two particular cases were known for some time and have been reported in the
literature (Golubev, 1953; Leimanis, 1965; Greenwood, 1988). The discovery of complete
solutions for those and other special cases, initially gave rise to optimism that a general
solution was in sight; however, since then progress has been remarkably slow. The conjecture
that studying several special cases would eventually lead to a comprehensive theory of the
problem proved to be false. In fact, a complete characterization of the motion of a rotating
solid body quickly turned out to be a formidable task, eluding the wit of some of the most
prominent mathematicians of our time; see for example Leimanis (1965) and Golubev (1953)
and the references therein. Even today, it is still not clear that a complete solution even
exists. (It is well known, however, that for the closely related problem of a heavy rigid body
rotating about a fixed point, integrability is possible for only four special cases (Golubev,

1953).)
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Most attempts to generalize the previous results were confined to some kind of pertur-
bation approach of the known and well understood integrable, torque-free, and/or sym-
metry cases (Kraige and Junkins, 1976; van der Ha, 1984; Kane and Levinson, 1987; Or,
1992). Recently, significant results made it possible to extend the existing theory to in-
clude the attitude motion of a near-symmetric spinning rigid body under the influence of
constant (Longuski, 1991; Tsiotras and Longuski, 1991) and time-varying torques (Tsiotras
and Longuski, 1991,1993; Longuski and Tsiotras, 1993). The purpose of the present work
is to extend these results to a spinning body with large asymmetries, subject to large initial
angular velocities.

2 Equations and Assumptions

We are mainly interested in the problem of spin-up maneuvers of a non-symmetric spinning
body in space, subject to constant torques and nonzero initial conditions. To this end, let
My, My and M3 denote the torques (in the body-fixed frame) acting on a rigid body, and
let wy, we and ws denote the angular velocity components in the same frame. Then Euler’s
equations of motion for a rotating rigid body with principal axes at the center of mass are

written as:
W = ]\I/[_ll + L I_l ISwgwg (la)
Wy = ]\I/[_; + 13;211 wawy (1b)
W3 = A;[—; + L ;SIZculwg (1)

These equations describe the evolution in time of the angular velocity components wq, wy,
w3 in the body-fixed frame. For consistency we will assume that the spin axis is the 3-axis,
corresponding to the maximum moment of inertia, and also that the ordering of the other
principal moments of inertia is given by the inequalities Is > I; > I5.

We henceforth define the spin-up problem of a rigid body rotating about its 3-axis, when
the following conditions are satisfied:

MY+ M7 < Mg and - I{wi(0) + Lwj(0) < I5w3(0) (2)

along with the condition that sgn(Ms) = sgn(ws(0)). (Here sgn denotes the signum function
defined as usual by sgn(z) = +1 for @ > 0 and sgn(z) = —1 for « < 0.) This last
condition simply states the requirement for spin-up, whereas the inequalities in (2) restrict
the angles of the torque vector and the angular momentum vector at time ¢t = 0 to be less
than or equal to 45 deg from the body 3-axis. This, according to the previous discussion,
implies that the transverse torques My, Mz, as well as the initial conditions wq(0),wz(0), are
considered as undesired deviations or perturbations from the pure spin case, namely when
My = My = wy = wy = 0. In practical problems these unwanted deviations tend to remain
indeed small throughout the maneuver.

One more parameter needs to be introduced in order to describe the “relative effect” of
the two inequalities (2) in the solution. This parameter, defined by
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describes the angle of departure of the angular momentum vector from its initial state (the
angular momentum vector bias). During a spin-up maneuver (Longuski et. al, 1989), the
angular momentum vector traces out a spiral path about a line in inertial space having
an angle pg from the inertial 3-axis (see Fig. 1). The angle pg is small for cases where
the transverse torques are “small” compared with the quantity I3w3(0). The formula for
po applies even for asymmetric bodies as long as the angle of departure is small and the
body is spinning about a stable principal axis. Throughout this work we assume that pg is
relatively small, an assumption that is usually true for most satellite applications.

3 Analytic Solution

3.1 Assumptions

If we assume a near-symmetric (or symmetric) spinning rigid body with the spin axis being
its axis of near-symmetry (or symmetry), then the near-symmetry assumption (I3 = I3)
allows one to neglect the second term on the right-hand side of (1c) and therefore safely
assume that the solution of ws is approximated very closely by

W5(t) = (Ms/Is) t + ws(0) (3)

This allows the decoupling and complete integration of equations(1). The use of complex
notation facilitates the analysis (Tsiotras and Longuski, 1991,1992,1993; Longuski and Tsio-

. . . . . A
tras, 1993). Also introducing, for convenience, the new independent variable 7 = w{(¢), one
then writes the differential equation for the transverse angular velocities wy and wy as

Q+iprQ=F (4)

where prime denotes differentiation with respect to 7, ¢ = v/—1 and where (Tsiotras and
Longuski, 1993)

e wivks + 1 wovEr (Ha)
F & (My /1)) Ms)V/F + i (Maf1)( s/ Ms)V/Ey (5D)
pék(lg/Mg), kl é([g—]z)/ll, kgé(lg—ll)/lg, k

(1>

Integrating (4) one obtains the solution for w; and w, from

Qr) = Qoexp(i§72)—|—exp(i§72)F/ exp(—ifu?)du
70

Qo exp(i%rz) + exp(i%rz) Fﬁ{sgn(r)E(U) — sgn(to)E(09)} (6)

where 79 = w3(0) and Qg 2 Q7o) exp(—i475) and where Q(7g) is the initial condition at
7 =179 (t = 0). The function F(-) in (6) represents the complex Fresnel integral of the first
kind (Abramowitz and Stegun, 1972; Tsiotras and Longuski, 1993), defined by

T

E(z)= /090 exp(—z§u ) du



The parameter o is defined by o 2 7v/p/m. (Here we obviously assume M3 > 0, so that
p > 0; the case when p < 0 can be treated similarly (Tsiotras and Longuski, 1993).)
Equation (6) gives the complete solution for the transverse components of the angular
velocity wy and wy in the body-fixed frame, and for the symmetric case it provides the
ezact solution. For the nonsymmetric case, the accuracy of solution (6) depends on the
“smallness” of the product wywq, which will be discussed next.

3.2 The Effect of Asymmetry

In order to have a measure of the body asymmetry, we introduce the following asymmetry
parameter

A L -1

=7

Because of the well-known relationship I3+ I3 > I between the moments of inertia (Green-
wood, 1988) — for the assumed ordering of the principal axes — the parameter e takes

€

values in the range 0 < e < 1. The case of e = 0 corresponds to complete symmetry
(about the 3-axis), whereas the extreme case of e = 1 (not considered here) corresponds to
complete asymmetry (about the 3-axis). For the latter case one has I3 = I; and Iy = 0,
i.e. the body resembles a thin rod along the 2-axis. (In the current work when we discuss a
non-symmetric problem we have in mind values of e greater than 0.1 and perhaps as high
as about 0.7.)

We note in passing, that the validity of solution (6) is not confined to near-symmetry
cases. To understand this point, notice that the neglected term

L -0

9(t) = == @r()wa(t) (7)

in equation (1c) is small not only for the near-symmetry case, i.e. when Iy = I3, but also
when the transverse angular velocity components wy and wo are small. This is indeed the
case, for example, for a spin-stabilized vehicle (spinning about its 3-axis), when w; and w,
tend to remain small for all times. For the pure spin case of a symmetric body we have of
course that wy = wy = 0. This fact justifies the often used terminology in the spacecraft
dynamics literature which refers to wy and ws as the angular velocity error components.
The previous assumption about the smallness of the term in equation (7) however does not
incorporate the case where the initial conditions w;(0) and wy(0) are large (compared to
the initial spin rate w3(0)). As can be easily verified in such cases, the initial error
_h-D

9(0) = S w1 (0)n(0)

propagates quickly and renders the analytic solution inaccurate after a short time interval.
On the other hand, as can also be easily verified through numerical simulations, analytic
solutions based on the near-symmetry assumption remain insensitive to large inertia dif-
ferences, as long as the initial conditions for wy; and w, are zero. Therefore, the intent of
this paper is to extend the analytic solutions for a near-symmetric rigid body subject to
constant torques (Tsiotras and Longuski, 1991), when both large asymmetries and nonzero
initial conditions for the transverse angular velocities are considered at the same time. In
such a case, the neglected term (7) may not be negligible and the exact solution for ws may
depart significantly from the linear solution (3) for ws.



3.3 General Theory
A first correction to the linear zero-order solution w3(-) is obtained as follows. Using solution

(6), the differential equation for ws can be approximated by
W3 = M3/Iz + ewdwl (8)

where the superscript zero denotes the zero-order solution of (1) (i.e. the solution with the
term (7) in (1c) neglected). From (6) we can equivalently replace equation (8) with

Wy = 1+ ¢ Im[(Q%)?] (9)

where € 2 (I — I5)/2M3k and Q° = W9/ks + ¢ wd\/k1, prime again denotes differentiation
with respect to the independent variable 7 = w3 and I'm(-) denotes the imaginary part of a
complex number. Under these assumptions and integrating (9) with respect to 7, one gets
for the first-order correction for ws:

wa(r) =T+ e Im/ [9°(w)]?du (10)

70
The first-order solution for wy and wy is then given by the solution of the differential equation
QA +ipws(r)Q=F (11)

Integrating, one obtains
Qr) = Qmn) exp[ip/ wa(u) du]

70
+ exp[ip/ wa(u) du]F/ exp[—ip/ ws(v) dv] du (12)
70 70 70
Notice that this expression provides the general exact solution for (-) if knowledge of the
time history of ws is available a priori. Of course, this is not possible, in general, because
of the coupled character of equations (1). However, we will assume that equation (10) gives
a very accurate approximation of the exact ws, which can be used in (12).
The zero-order solution Q°(-) required in (10) is given in (6). From the asymptotic
expansion of the complex Fresnel integral one has that (Abramowitz and Stegun, 1972)

1—14 exp(—iﬂw2/2){1 1 1-3

2 it ira? ' (ima?)?

E(r) = ) (13)

Thus, the Fresnel integral appearing in (6) can be approximated by

. . 5 . )
TeXp(_i —pu2) du ~ 1 [e F( ¢ /2)7 ) eXp(—Z _/2)7-0)]
2

T0 p - -

Substituting this expression in (6) and carrying out the algebraic manipulations, one ap-
proximates [Q°(+)]? by

. T exp iBTz
[Q0(7))? = roexp(ipr?) + T_12 . TQM



where 7; (j = 0,1,2) are complex constants given by

A . F . 2
ro = |Qo—i—exp —2372]
’ [ 0 oy R(=1870)

N
rn = ——

2

A F[ F .
ry = 24— |Qp—1—exp —2372]
’ P ’ PTo (=i%m)

The integral of [Q°(+)]? is then given by

T 2
/ [Qo(u)] du = roho(70, 75 p) + r1h1(70, 7) + 72h2(T0, T3 p)

0

where
A T . T = =
ro(ro.mip) 2 [ explipn) du = [ sanim)Eryf2p/m) = sgn(m) E(roy/20/7)
T0
A 7 du 1 1
hi(ro,7) = . ﬁ—T—O—;
T P2 1
maroorip) £ [P gy = D miend) - mitge)
T0

where bar denotes the complex conjugate and where

Ez(w):/  du
s U

is called the exponential integral (Abramowitz and Stegun, 1972). The integrals of h;

(j =0,1,2) can be then computed as follows

Ho(ro.7:p) 2 [ oo p)du = = [ sgn(m) By 20/) (7 = 7)
+ Esgn(ro) /: E(uy/2p/7) du

0

where the last integral is given by

/E(T\/Qp/ﬂ') dr = 1E(t4/2p/7) + \/io_ﬂexp(iqu)

Similarly,
Hy(mo,7) = /T hi(mo,u) du = T-70_ In (L)
70 o 0
and
a0, 70) 2 [ halro,us p)du =SB (r = o) = 5 [ Bil4a?)du
T0 70

where the last integral can be evaluated using
/Ei(%TQ) dr = TEi(57%) + 2/exp(i§u2) du

6



We therefore have that the integral of ws(-) required in (12)is given by

T T2 7_2 2
du=—— L2 4¢I H; 18
[ esman=T - P+ (i) (1)
Equation (18) gives the final expression for the integral of ws(+) required in (12).

In order to proceed with our analysis, we need to calculate the last integral in (12). Any
attempt to evaluate this integral by direct substitution of (18) into

L(ro.rip) = [

70

T

exp[—ip/j ws(v) dv] du (19)

is futile. Notice however, that because of the oscillatory behavior of the kernel of the
integral (19) one needs to know only the secular behavior of (18) in order to capture the
essential contribution of (19). Thus, we next compute the secular effect due to the integrals
Ho(7o,7;p) and Hy(7o, 7;p). The integral Hy(7o,7) already has the required form.

From (14) and (15) and the asymptotic approximation of the Fresnel integral (13) one
can immediately verify that, within a first order approximation, the integral Ho(ro,7;p)
behaves as

Ho(7o,75p) ~ Ag+ Ap T (20)
where ] L4
A 1 . A T 2 —
AJ = ~3, exp(ip7s), AY = /% [ 5~ sgn(TO)E(Tm/Qp/ﬂ)]

Similarly, using (16) and (17) and the fact that lim,_., Ei(2) = 0, one can show that the
integral Ha(7o, T;p) behaves, to a first order approximation, as

Hara, 7ip) ~ A3 + Abr

A T [1+4+1 — al .
A9 = —ﬁ[ 5~ sgn(To)E(TO\/P/W)] ; A = §E’(§73)

Also writing the integral Hy(7p,7) in the form

where

Hy(r0,7) = A} + Al7 —In(7) (21)

where

T L
/ wg(u) du = 7 — 7 + bo + b17 + by 111(7’) (22)
T0
where
bo 2 eIm(roAd+ 11 A% + 1rpA9)
by = €Im(7‘0A(1) + rlA% + TQA%)
by 2 . Im(rq)



Unfortunately, the logarithmic term in (22) leads to an intractable form when substituted
into (19) and we therefore approximate the former expression by

T 72 2
/ wy(u)du~ — — 2L 4 by 4 by7 (23)
. 2 2
where b3 = € Im(rgAY — r1 + rA9). This approximation amounts to the assumption that
In(7/70) ~ 0 in equation (21). Since the logarithmic function is dominated everywhere by
any polynomial, we expect the error committed in passing from (22) to (23) to be relatively
small, at least as 7 — oo. Using (23) in (19) we can finally write

T

/ exp[—ip/ ws(v) dv] du =~ exp(ig’yo)/ exp[—ig(u—l—bl)z] du
T T0

0 70

_ exp(ig’yo)ﬁ[sgn(f')E(ﬁ) — sgn(7) E(50)]

where vq 2 7o+ b3 —2b3, F =7+ by and 5 = 7/p/7.

3.4 Simplified Analysis

The analysis of the previous subsection allows for a direct calculation of the solution €(-)
from (12). In most cases encountered in practice, however, a simplified version of the
previous procedure is often adequate. For example, for the case when pg < 1 (see Fig. 1)
the initial conditions have a more profound effect than the acting torques in solution (6),
and we can take just the asymptotic contribution of the non-homogeneous part of (6) to
approximate the zero-order solution Q°(-). Writing

Q1) ~ {98 + Fﬁsgn(m)[(l —1)/2 - E(go)]} eXp(igrz) 4 By eXp(igTQ),

substituting this expression into (10), and approximating F(-) by its asymptotic limit
E(o0) =(1-1)/2,as @ — 00, we get for w3(-) that

ws(T) =T+ ag

where ag is the constant

ag 2 e\/7/2p sgn(mo) Im {Bg[%(l +1i)— E(Tg\/Qp/ﬂ')]}

We can therefore write for the first-order solution (11) of the transverse angular velocities
0(r) = Qb expliph(r)] + expliph(r)IF | expl-iph(u)] du (24)
7o

where
A T2

h(T) 5 + agT
and Q9 2 Q7o) exp[—iph(7o)]. From equations (6),(12) and (24) it is seen that the first-

order solution for the transverse angular velocities wy and wy may be obtained in the same



form as the zero-order solution; the initial condition of 7, however, has to be modified to
include ag. In other words, (24) can also be written in the more explicit form

Or) = Qexpl(i57) + exp(iG7)F [ (sgn(7)E(3) - sgn(Fo) E@0))  (29)

~0 A Lo~ ~ ~ A . .
where now Qf = Q(7g) exp(—i575), 7 = T+ ag and & = 7/p/x. It is interesting to compare
equation (25) with (6). We see that the two equations have exactly the same form, but that
equation (25) has a frequency shift which depends directly on e.

4 A Formula for the Error

In this section we derive an error formula for the zeroth order solution derived in (6), that
is, we seek an expression for the difference between the exact solution and the approximate
solution for the angular velocities, obtained by omitting the term (/; — I3 )wiwz /I3 in equa-
tion (1c). Throughout this section, for notational convenience, we rewrite equations (1) in
the form

il = A1T2x3 + U1 (26&)
ig = AT3%1 + Uy (26b)
ig = aA3T1x2 + Us (26C)

where a;,z; and u; (j = 1,2,3) are defined by

1 é Ilwl, i) é IQWQ, T3 é Igw:g (27&)

(751 é Ml, (15) é MQ, Uus é M3 (27b)

0 2 LIy a als—h a ah-1ly (27c)
S Y Y Y Y

We also rewrite the equations that describe the reduced (zeroth order) system in the form

i) = @292 4+ wy (28a)
i = ayxda) + uy (28b)
i = u (28¢)

Given any positive number 7" € [0, o0), our aim is to compute the error between the solutions
of (26) and (28) over the time interval 0 < ¢ < 7T. We can rewrite equations (26) and (28)
in the compact form

&= flx)+g(x) (29)
i = f(2% (30)

where @ = (71,29,23),2° = (29,29,29) and f : R® — IR® and ¢ : R® — RR” are the

functions defined by

A aA1T2T3 + (751 A 0
f(x) = | axzazy +ug |, g(z) = 0 (31)
U3 A3xL1L2



We also assume that (29) and (30) are subject to the same initial conditions, that is,
z(0) = 2°(0). Throughout the following discussion || - || will denote the usual Euclidean

A
norm (or 2-norm) on IR3, namely, ||z|| = (23 + 23 + 22)1/2.

Lemma 4.1 The solution of the exact system (26), satisfies the inequality
AN
eI < [[ul| T+ [|2(0)]| = B
for all0 <t < T, where u = (uq, uz, us).

Proof. Multiplying equation (26a) by z1, equation (26b) by 22 and equation (26¢) by z3
and adding, and since ay 4+ a3 + a3 = 0, one gets that

T1T1 + T2 4+ T3T3 = U121 + ugx2 + u3x3

In other words,
1d 9
" =<u,z> (32)

. A .
where < .,. > denotes the usual inner product on IR?, namely < z,y >= 2?21 x;y;. Using
the Cauchy-Schwarz inequality (32) gives

1d
2 a2 < Yl o (33)
The 2-norm || - || is a differentiable function on IR?, so the differential inequality (33) can

be solved for ||z(+)|| (here u is constant) to obtain
@I < [[ull 2+ {l2(0)]], 0<1<T (34)
In particular, [|z(t)|] < supgc,<r |[ull € + [|2(0)]| = B, as claimed. 0

This result should not be surprising. If one looks carefully, ones sees that the vector
z defined in equation (27a) is the angular momentum vector I:i, which obeys the equation
dﬁ/dt = M. This differential equation for H requires that both H and M be expressed
in the same coordinate system and that differentiation be carried out with respect to an
inertial reference frame. In general, given the components My, My, M3 of M in the body-
fixed system, does not provide any immediate information about the components of M
with respect to another (inertial) coordinate system. However the magnitude of M is
independent of the coordinate system. Equation (34) simply states the relationship between
the magnitude of the acting torques and the time history of the magnitude of the angular
momentum vector H. With this observation in mind, one can easily re-derive (34) starting
from Fuler’s equation dﬁ/dt =M.

Lemma 4.2 Given a fized positive number T, there exist positive constants M and L, such
that the following conditions hold for all0 <t <T.

lg(z(O)I] < M (35a)
1f(2(1) = f(@®()I] < L |Ja(t) = 2°(1)]] (35b)

10



Proof. From Lemma 4.1 we have that for ¢ € [0, 7] all solutions of (26) satisfy ||z(?)|| < B.
In particular, |2;(¢)] < B, j = 1,2,3, for all ¢t € [0,T], where | - | denotes absolute value.
Clearly,

g(z() = las| |v1 (1) |v2(2)] < |as| B =Y

Now let By 2 maxo<i<7{|29(t)], [2(¢)|,|25(¢)|}. This number can be computed immedi-

ately, since the solution z°(-) of the system (28) is known. If we define By 2 max{B, By},
then we have that all solutions of (29) and (30) are confined inside the region {z € IR”:
||z|] < Bo} for all 0 < ¢ < T. The partial derivatives of f are then bounded by

0fi/0z;| < R, 1<4,7<3, 0<t<T, [Jlz]|<Bo
where R 2 max{|ai],|az|} Bo and by the Mean Value Theorem (Boothby, 1986), we have
1/ (2(1)) = F°D)I] < 3 Rl (t) = 2°(1)]]

for all 0 <t < T, and therefore (35b) is satisfied with L 2 3 R. This completes the proof.
O

Lemma 4.2 implies that over the time interval 0 < ¢t < T the function ¢ is bounded
by M and the function f is Lipschitz continuous with Lipschitz constant L. These two
results allow us, as the next theorem states, to find an explicit bound for the error of the
approximate solution.

Theorem 4.1 Let T be a given positive number and let M, L as in Lemma 4.2. Then, for
z(0) = 2°(0), the error between the solutions x(-) and z°(-) over the time interval 0 <t < T
s given by

ot~ a2l < T, << T
Proof. Subtract (30) from (29) to obtain
& - = f(z) = f(2°) +g(2) (36)
By integrating (36) and considering norms, we obtain the following estimate
o)) = (0l < [ 15D = S ds+ [ lgta(s)lds
Now, use of Lemma 4.2 implies that
o) =20l < £ [ lle(o) = (o)l s+ M (37)

Now, applying Gronwall’s Lemma (Hille, 1969) to (37) gives finally that

0 M t
la(t) = (1) < -t (33)

This completes the proof. a

11



This error formula, involves only known quantities of the problem (time duration 7" of the
maneuver, inertias Iy, I3, I, acting torques My, My, M3 and initial conditions z1(0), z5(0)
and z3(0)) and can be computed immediately once these data are given. For most of the
applications encountered in spacecraft problems it turns out however, that (38) provides a
very conservative estimate of the true error, but usually this is the most one can expect,
without resorting to the numerical solution of (1).

Having established an error formula for the angular momentum, it is an easy exercise to
find a corresponding error formula for the angular velocity vector, using the simple relation
between the two. Thus, the following corollary holds.

Corollary 4.1 Let K 2 max{1/Ily,1/15,1/I3}. The error between the exact and the zeroth
order solutions of the angular velocities over the time interval 0 <t < T is given by

KM
() = wO(B)]] < =€ (39)

Proof. It follows immediately from the fact that

W 1/[1 0 0 1

Wo = 0 1/[2 0 i)

w3 0 0 1/I3 z3
and therefore that

()] < max{1/1y,1/13,1/Is} ||x(t)]| = K |Ja(1)]]

forall 0 <t <T. a

5 Numerical Example

The analytic solution of Euler’s equations of motion for an asymmetric rigid body is applied
to a numerical example. The mass properties of the spinning body are chosen as I; =
3500 kg - m?, Iy = 1000 kg - m? and I3 = 4200 kg - m?. The constant torques are assumed
tobe My = 12 N-m, My =15 N -m, M3 = 13.5 N -m and the initial conditions are set
tow1(0) = 0.1 r/s, we(0) = —0.2 r/s and ws(0) = 0.33 r/s. Figure 2 shows the zero-order
solution versus the exact solution for wq. Figure 3 shows the first-order solution versus
the exact solution for w;. Notice the dramatic improvement of the first-order solution over
the zero-order solution for this problem, where the asymmetry parameter, e, is 60%. The
results for the wy component of the angular velocity are similar. Finally, Fig. 4 presents
the zero-order and the first-order solutions (given by (3) and (10) respectively) versus the
exact solution for ws. Note the bias between the zero-order and the first-order secular terms
(which is responsible for the frequency shift between Fig. 2 and Fig. 3). We mention at this
point, although not demonstrated here, that the solution also remains valid for spin-down
maneuvers, as long as the initial conditions w;(0) and wy(0) are small and as long as the
spin rate ws does not pass through zero. These observations are in agreement with the
previous results of Tsiotras and Longuski (1991).
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6 Conclusions

Analytic solutions are derived for the angular velocity of a non-symmetric spinning body
subject to external torques about three axes. The solution is developed as a first-order
correction to previously reported solutions for a near-symmetric rigid body. The near-
symmetric solution provides accurate results even when the asymmetry is large, provided
the initial condition for the transverse angular velocity is near zero. The problem of the
asymmetry becomes apparent when the initial transverse angular velocities are not small.
It is shown that the first-order solution for the angular velocity takes a simple form and is
very accurate, at least for the cases when the effect of the transverse torques is not too large
compared with the effect of the initial conditions. The formulation of the problem therefore
allows for nonzero initial conditions in the transverse angular velocities, in conjunction
with large asymmetries. Finally, an explicit formula for the bound of the error of the
approximate solution is derived and a numerical example demonstrates the accuracy of the
proposed analytic solution.
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Figure 1: Angular momentum behavior during spin-up (Longuski et. al, 1989)
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Figure 2: Zero-order vs. exact solutions for wy
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