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In this paper, the complete stability domain for both single- and multi-parameter dependent
LTI systems is synthesized by extending existing results in the literature. This domain is cal-
culated through a guardian map which involves the determinant of the Kronecker sum of a
matrix with itself. The single parameter case is easily computable, whereas the multi-parameter
case is more involved. The determinant of the bialternate sum of a matrix with itself is also
exploited to reduce the computational complexity of the results presented in this paper.

1. Introduction

In this paper we study the stability of linear time
invariant parameter-dependent (LTIPD) systems. The
need to determine the bounds on the parameters that
guarantee stability of a system perturbed by these
parameters has been the subject of intensive research
in the past. Methods based on Lyapunov function
theory have been proposed. Specifically, several
parameter-dependent Lyapunov functions have been
suggested in the literature to find such bounds
(Khargonekar and Rotea 1988, Bernstein and Haddad
1990, Haddad and Bernstein 1995, Helmersson 1999,
Iwasaki and Shibata 1999, Neto 1999). The use of
Lyapunov function methods typically gives rise to
stability conditions that are sufficient but not necessary.
Chilali and Gahinet (1996) and Chilali et al. (1999)
studied quadratic §-Hurwitz and D-stability and gave
robust stability conditions for parametric uncertainty.
For quadratic stability, Amato et al. (1996) and Lee
et al. (1996) gave necessary and sufficient conditions,
which are valid even for time-varying linear systems.
However, quadratic stability is, in general, more
conservative than robust stability (Rern et al. 1994,
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Chilali ez al. 1999). Saydy et al. (1988, 1990) defined a
particular guardian map and used it to study the
stability of LTIPD systems of the form:

m

X=A(p)x, Alp)=Y_ pA; (1)
i=0
and
i1 +ip=m o
X=A(pr.p)x, Alpr.p2) = > piof i (2)
il,iZ:O

The guardian map in Saydy er al. (1988) is the
determinant of the Kronecker sum of a matrix with
itself. Using this guardian map, they gave necessary
and sufficient stability conditions with respect to a
given parameter domain for the particular LTIPD
systems in (1) and (2). This method was later extended
in Barmish (1994) and Rern et al. (1994) to LTI systems
with many parameters of the form:

b IOITI)‘X’

m
A(p1, P25 -5 pm) = Ao + ZpiAi~ (3)
P

X = A(p1,p2, . ..
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However, the stability conditions in Barmish (1994) and
Rern et al. (1994) are only sufficient. Fu and Barmish
(1988) gave the maximal stability interval around the
origin for LTIPD systems of the form (3) with m=1
and Ao Hurwitz. Mustafa and Davidson (1995) studied
the robust stability problem of LTIPD systems using
the bialternate sum of matrices. The determinant
of the bialternate sum of a matrix 4 € R™" with itself
is not a guardian map. Nonetheless, it can be used in a
similar way (allowing for some minor changes) as the
Kronecker sum to guard Hurwitz matrices. The advan-
tage of the bialternate sum used by Mustafa and
Davidson is that it involves fewer calculations than the
Kronecker sum. This property is also explored in this
paper to reduce the computations required for the
derived stability tests.

The existing results, for example, Saydy et al. (1988,
1990) and Barmish (1994) give necessary and sufficient
stability conditions for an a priori given single- or
multi-parameter interval set. Furthermore, Rern et al.
(1994) provides a bounded interval, which is only
sufficient in guaranteeing the stability of LTIPD
systems. A question which arises naturally from this
research is how to find the entire stability domain for
single- or multi-parameter dependent systems. In many
cases, the complete stability domain may be composed
of one or several pieces of connected sets.

In this paper, we extend existing results in the litera-
ture to give the entire stability domain for single-para-
meter dependent LTI systems. We then generalize this
result to multi-parameter dependent LTI systems. In
order to reduce the computational complexity of the
derived stability conditions, the guardian map which
involves the determinant of the Kronecker sum of an
n x n matrix with itself is replaced by the determinant
of the bialternate sum of an n x n matrix with itself.
Specifically, the stability test requires the computation
of the eigenvalues of the inverse of an n’ x n?
matrix if the Kronecker sum is used. This reduces to
computing the eigenvalues of the inverse of an
In(n—1) x in(n — 1) matrix if the bialternate sum is
used.

It should be pointed out that the derived conditions
in this paper can also be used to determine the stability
of “slow” linear parameter varying (LPV) systems.
As shown in Guo and Rugh (1995), given the system

= (Ao + p(0)Ag)x, “)

where Ao, 4, € R™,  p(0) € [p, ], (1) € [p, f], and
p(1) € [p, p] for all 1> 0, with p, p, p, p being sufficient
small, then the following conditions are equivalent:

(i) The system (4) is asymptotically stable.
(i) Re[ri(Ao+ pAyx)] <0, Vpelp,pl, i=12,...n

This implies that stability of the “‘slowly-varying”
LPV system in (4) can be inferred from the stability of
the LTIPD system x = (4g + pA,)x where p is unknown
but constant in the interval [p, p].

The paper has eight sections and is arranged as
follows: §2 gives some preliminaries and the main
mathematical tools used in this paper. Section 3
introduces two methods for computing the maximal
open stability interval on [R which includes zero,
such that the single parameter-dependent system
matrix will be Hurwitz if the parameter is within
this interval. This result is the same as the one in
Fu and Barmish (1988) and is included here for
completeness, albeit with an alternate proof. The
methods in §3 have the limitation that the system
matrix must be Hurwitz when the parameter is zero.
The guardian map induced by the Kronecker sum
and the map induced by the bialternate sum are
then exploited to compute the maximal interval of
stability. Section 4 extends the results of §3 and
gives two algorithms for computing the complete
stability domain for a single parameter-dependent
system matrix. This domain may be an open interval
or a union of several open intervals. When the
parameter is zero, the system matrix is not required
to be Hurwitz in order to apply these
two algorithms. Section 5 generalizes these results to
multi-parameter dependent LTI systems. Section 6
gives some numerical examples. Some comments
on the numerical complexity of the proposed
algorithms are provided in §7, while §8 presents the
conclusions.

The notation used in this paper is as follows:

® & Kronecker product and sum
* Bialternate product

A{A)  ith eigenvalue of the matrix 4 € R™"

I, Identity matrix of dimension 7 x n
(also denoted 7 when the dimension
is clear from the context)
Interior of the set D
oD Boundary of the set D
A Set of Hurwitz matrices 4 € R
A A@A AeR™

A AxI,+1,*A=24x1,, A € R™"
Multispectrum of matrix 4 € R,
i.e. the set consisting of all the
eigenvalues of A, including repeated
eigenvalues
T, Index set {1,2,...,n}
7%  Index set {0,1,2,...,n}

U Ordered union of two sets, taking only
one occurrence of repeated members
D* Cardinality of the set D

det(A) or |A| Determinant of the matrix A
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2. Preliminaries

2.1 The guardian map

Our results rely heavily on the concept of a guardian
map for the set of Hurwitz matrices (Barmish 1994,
Rern et al. 1994, Saydy et al. 1988, 1990). A guardian
map transforms a matrix stability problem to a non-sin-
gularity problem of an associated matrix. The most
common guardian map is the one that involves the
Kronecker sum of a matrix with itself. The definitions
of the Kronecker product and Kronecker sum of two
matrices may be found in several standard references
(see Brewer (1978) for example).

The following mathematical results will be used in
this paper.
Lemma 1 (Zhou et al. 1996): Let A € R™" and B €
R™". Then mspec(4 @ B) = {X; + u;: A; € mspec(4),
wjemspec(B), i=1,2,...,nandj=1,2,...,m}.

Corollary 1: Given a matrix A eR"™,  define
A:=A® A. Assume that A is Hurwitz. Then

(i) 4 is Hurwitz.
(i1) det4 #0.

Proof: Follows directly from the definition of 4 and
Lemma 1. ]

The following definition is taken from Barmish (1994).

Definition 1 (Guardian Map): Let S € R"™" an open
set. The map v: R™" — R is said to guard the set S
if v(4)#0 for all 4 €S and v(4) =0 for all 4 € 3S.
The map v is called a guardian map for S.

Remark 1: The Kronecker sum induces the guardian
map v: R — R,

v1(A) = det(4 @ A), (5)

which guards the set A of Hurwitz matrices (Barmish
1994).

2.2 Bialternate sum

For 4, B € R"™" with elements a; and by, let the index
function m be defined by:

m(n, i,j) = (j— Dn+i—3jj+1). (6)

_( anby + anbn ) < arbys + axnbn ) ( annbys + axnbiy )_
—anby — axbi —ar1biz — aizby
1 b3y + apb b3z + azzb b3z + az3b
4ep=t (an 32 + azby ) <an 33 + azzby ) (alz 33 + azbi ) . ®)
2 —anb3 — az1biy —a3by — a31bi3
a2 bsy + aszby ) ( anbsz + azzbyn )

( a»1byy + aznba ) <
|\ —anb3i — azbxn —ax3b3 — az1bn

Then, the bialternate product of 4 and B is the matrix
F = Ax* B of dimension 3n(n — 1) x fn(n — 1), with ele-
ments as follows (Jury 1974, Magnus 1988, Mustafa
and Davidson 1995)

where p,r=2,3,....n5g=12,...,p—1 and
s=1,2,...,r— 1. From this definition it is clear that
Ax B = Bx A. For example, if

bpr b 'ps
Agr Qs

Qpr s
by bys

' 1
Jin,p, . sitn, 1) = 3 (

air ap ap bt b1y b1z
A=|ayn ap» ap | and B=| by by by |, (1)
as axn an b1 by b33

then

—anbiz — aizbyn

—a3by — anbiz

—anbi — anbx

The bialternate sum A of matrix 4 with itself is defined
as (Fuller 1968, Jury 1974, Mustafa and Davidson 1995)

A=AxI,+I,xA=2A4x1,. )
If G; denotes the ijth element of A then, clearly,

Spr O
Qg Qgg

Apr  dps

K .0

A, p. q),m(n,r,s) =

where §; is the Kronecker delta (8; =1, if i=,
8;=0,ifi#j)and p,r=2,3,....n;¢=1,2,....p—1
and s=1,2,...,r—1. Clearly, if A€ R"™ then
A e ROV por example, using (10), we have

aip ap ~
A = , A =ay +axn (11)
@y an
and
air ap  ap
Ay = | an ax»n axy |,
| as1 am asx
ap + a» a3 —aps
Ay = as air +as ap . (12)
—as) ary a»n + asz
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From the definition of the bialternate sum of a matrix
with itself, it immediately follows that

Ao+ pAg = Ao + pA,, (13)

where Ay, A, € R"™" and peR.

LEMMA 2 (Jury 1974):  Let A € R™". Then mspec(A) =
DilA) +2f(A), i=2,3,....n, j=1,2,...,i—1}.

The next
Lemma 2.

Corollary  follows immediately from

Corollary 2: Let A € R™", let A as in (9) and assume
that A is Hurwitz. Then

(i) A is Hurwitz.
(ii) detd #0.

Remark 2: The determinant of the bialternate sum of
a matrix with itself cannot be used as a guardian map
of A. To see this, let a matrix 4 € R™" having only
one eigenvalue zero and all other eigenvalues in the
open left half complex plane. In this case, 4 € dA, but
det4 # 0. However, the map

12(A) = detd detA (14)

is a guardian map which guards the set A. First, it is easy
to see that vy(A) #0 if 4 € A. Moreover, if 4 € A,
some eigenvalues of the matrix 4 are on the jw-axis
and all the others are in the open left half plane of C.
Let F be the set of matrices in 9.4 with at most one
eigenvalue at the origin

F:={4€dA: 1(4)=0 and
A(A)#£0 forall j#i, i,jeZ,}. (15)

If AeF then detd =0 and if 4e€dA\F then
det4 = 0. In either case, v,(4) = 0. Hence, vy(4) is a
guardian map for the set A according to Definition 1.
Moreover, vy(A4) is easier to compute than vi(A4) since
the dimension of A is in(n— 1) x in(n —1) whereas
that of 4 is n? x n’.

The following definitions will be used in the sequel.
Definition 2: Given M € R™", let i(M),i=1,....p
denote the real non-zero eigenvalues of M, where
repeated eigenvalues are counted only once. If p=0,

let Ag(M) = 0. The open interval N (M) is defined as
follows:

1 1
max i (M)~  min rM) |
i€T)

70
leIp

NM) = |-

(16)

where

1 -
——————— = —00 if maxa; =0,
max A;(M) ieT’ (M)
i€T)
1

- =400 f minA(M)=0. (17)
min A;(M) ieZ
iel’,,

The following Corollary is a direct consequence of
Definition 2.

Corollary 3: For any M € R™",

Q) 0e N (M)
(i) det({ +rM) # 0, for all r € N (M)

Definition 3: Given M € R™", let (M), i = L...,p
denote the real non-zero eigenvalues of M taking only
once occurrence of repeated eigenvalues. Let ry = —oo,
Fpp1 = +00 and r; = —l/):,-(]\/[), i=1,2,...,p. Define
the ordered set (after, perhaps, a relabeling of the
indices)  B(M) :={ro,r1,72,...,7p,Fpr1} such  that
Ti < Figl-

Remark 3: From the definition of B(M), it follows
that, for any reR, det(/4+rM)=0 if and only if
r e B(M).

3. Maximal stability domain of single
parameter-dependent LTI systems

3.1 Maximum stability interval about the origin

Saydy et al. (1990) and Barmish (1994) derived a stabi-
lity condition for a family of n x n parameter-dependent
matrices given by A(p) = Y ", p'A;. Their result tests
whether A(p) is robustly stable for all p€[0,1]. In
Rern et al. (1994) the authors construct an interval
which guarantees robust stability for single and multi-
parameter dependent LTI systems. However, this
interval is derived from sufficient conditions and hence
it is not the maximal robust stability interval. Fu and
Barmish (1988) presented a method to synthesize the
maximal stability interval containing the origin for
single parameter-dependent LTI systems. Next, we
re-state the theorem in Fu and Barmish (1988) but we
give an alternate proof that will provide an insight for
the extensions proposed in the subsequent sections.

Theorem 1: Given an open interval Q CR and Ay,
A, € R, define Ay := Ao ® Ao and A, := Ay ® A,.
Then, the following two statements are equivalent

(i) 0 and A(p) := Ao+ pAg is Hurwitz for all
pE Q.

(i) Ao is Hurwitz and 0 € Q@ € N'(dy

Ay).
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Proof: First note that if A(p)
A(p) == A(p) ® A(p) = A(p) ® I + I, ® A(p)
=(A0 ®In +In ®A0) +:0(Ag ®In +In ®Ag)
:/i() + p/Ig.

= Ao + pAg we can write

We can now proceed as follows:

(1) = (ii): If A(p) is Hurwitz for all pe Q and 0 € €, then
Ap is Hurwitz. Then from Corollary 1 it follows that
det 49 # 0 and /Igl exists. Furthermore, since A4(p) is
Hurwitz for all peQ then also from Corollary 1,
detA(p) # 0 for all p € Q. Therefore,

0 # det(Ag + pA,) = det[Ao(I + pAy "' A,)]

= detd, det(I + pA,'4,) Vpe Q.

Hence 0 # det(I + pAy' 4,) for all pe Q. This, in turn,
implies that

pri(Ay' Ag) # 1,
If A;'A, has no real eigenvalues or if the only real
eigenvalues lie at the origin then N(4y 4,) =
(—00,00) and trivially @ C N (4y Ag). If A;'A4, has
some non-zero real eigenvalues, then the largest interval
which 1ncludes p=0 such that pAr(A5'A4y) #=-L

i=1,2,...,n° is given by the definition of N (A4, g)
Hence from (18), @ C N(Ao Ay).

VieZ,, VpeQ. (18)

(i1) = (i): The proof follows by cgntlra_diction. Assume
Ao is Hurwitz and 0 € Q C N(4y A,) but suppose
A(p) is not Hurwitz for all p € Q. Then, there exists a
p1 € Q such that Re[Ar(A4(p1)] > 0 for some k € Z,,. If
p1 =0, the proof is complete since A, is assumed
Hurwitz. Consequently, and without loss of generality,
we may assume that p; > 0 (the case for p; < 0 being
identical). Because Re[A;(A4o)] < 0 for every i € Z,, and
the eigenvalues of A(p) change continuously with p
(see Horn and Johnson (1991), Appendix D), there
exists py € (0, p1] € Q2 such that Re[Ar(A(p2)] =0 for
some k € Z,. There are two possibilities:

First, Ax(A4(p2)) =0. Then by Lemma 1, there
exists me€Z,, such that A,(A4(02)) = r(A(p2))+
A(A(p2)) = 0. Second, A(A(p2)) = jw and w#0. Since
A(py) e R™",  there exists k'€Z, such that
A (A(p2)) = —jo and hence by Lemma 1, there exists
melL,p such that An(A(02)) = M(A(p2)) +
A (A(p2)) =0

Consequently, in either case, there exists m € Z,» such
that A,(A(p2)) =0 with p, € Q and detd(p) = 0.
However, since A4, is Hurwitz, /io_ I exists (by
Corollary 1) and we can write:

0 = detA(py) = det(4y + p2A4,)
= det[Ag(I + pr Ay ' 4,)]
= detdodet(I+ pr Ay "' Ay).

Since detAy # 0 (A4, is Hurwitz), it follows necessarily
that det(/ + pyAy'4,) = 0. Tlius contradicts the fact
that p, € @ and Q CN(4y A,) (see Corollary 3),
thus completing the proof. U

Corollary 4: Given A, Ay € R™" such that Ay is
Hurwitz, the interval N'(4y /Ig) is the largest continu-
ous interval of R containing the origin for which the
matrix Ao+ pAg is Hurwitz.

In the next section, Theorem 1 is extended so as to
reduce the computations involved through the use of
the bialternate sum of matrices.

3.2 Improved stability condition for single-parameter
dependent LTI systems

The application of the stability condition of Theorem 1
is limited owing to the large number of computations
required to calculate the inverse of the n*> x n*> matrix
Ay, especially when the system is of high order. This
limitation can be overcome somewhat by using the
guardian map of Remark 2, which involves the determi-
nant of the bialternate sum of a matrix with itself. The
resulting improved stability condition requires the calcu-
lation of the inverses of an nxn and an %n(n —)x
%n(n — 1) matrix. Using the map induced by the
bialternate sum, one can easily obtain the following
robust stability condition, which can also be used to
synthesize the maximal continuous robust stability
interval that includes the origin.

Theorem 2: Given an _open interval Q in R, and
Ay, Ag € R™", define Ay :=2A¢*1 and Ay :=2Aq % 1.
Then, the following two statements are equivalent

(1) 0 € Qand A(p) :== Ao + pAg is Hurwitz for all p € Q
(il) Ao is Hurwitz and 0 € Q C N(Ay' A) NN (A;' Ay).

Proof: First, recall from the definition of the bialter-
nate sum of the matrix A(p), that

A(p) :=24(p) * T = QAo * I) + p2Ag + )
=Ao + pA,. (19)

We can then proceed as follows.

(1) = (i1): If A(p) is Hurwitz for all p€ Q and 0 € €, then
Ao is Hurwitz. Then, from Corollary 2, detA, #0 and
A0 exists. Furthermore, since A(p) is Hurwitz for all
p € Q and, using Corollary 2 again, detA(p) #+ 0 for all
p € Q. Therefore,

0 # det(Ag + pAg) = det[Ao(I + pAy "' Ay)]

= detdodet(I + pA;'4,) Vpe Q.
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Hence, det(/ + pA;"' 4,) # 0 for all pe Q. It follows that

Ap) # -1

If A0 A has no real eigenvalues or _the only real eigen-
values he at the origin then N (Ao A ¢) = (—00,00) and,
trivially, @ € NV (A;'A4,). If A;' A, has some non-zero
real eigenvalues, then the largest continuous interval
which includes p=0 such that pA(A4y'A4,) # —1 for all
i=1,2,...,in(n-1) 11s given by AN(4;'4,). Hence
from (20), Q C N(4y A,). Furthermore, since A(p) =
Ay + pAg is Hurwitz for all pe Q, det(4yg + pAg) # 0.
This implies that det(/+ pAy'A4,) #0 for all pe Q,
and hence the largest continuous interval which includes
p =0 for which pr(Ay'A4,) # —1 for all i=1,2,.

is given by N(4;'4,). Hence Q € N(45'4,) and thus
finally Q@ C N(A4y' A,) NN (A;' Ay).

pri(Ay " VieZapnm-1). Ype . (20)

(i1) = (1): The proof follows by contradiction. Assume
Ao is Hurwitz and 0 € Q@ C N(4y' 4,) N N(4;' 4,) but
suppose A(p) is not Hurwitz for all p € Q. Then, there
exists a p; € Q such that Re[1;(A4(p;)] >0 for some
i€Z,. If pp =0, the proof is complete since A is
assumed Hurwitz. Consequently, and without loss of
generality, let us assume that p; > 0 (the case p; <0
being identical). Since Re[1;(A4()] < 0 for all i € Z,, and
the eigenvalues of A(p) change continuously with p
(see Horn and Johnson (1991), Appendix D), there
exists py € (0, 01] € Q such that Re[Ar(A(p2)] =0 for
some k € Z,. There are two possibilities:

First, Ai(A(p2)) =0. This implies that det(4y+
mAg) =0 which, in turn, implies that det(/+
p2Ag'Ag) = 0. This cannot be satisfied when p € Q
since © € N(4;'4,), hence we get a contradiction.
Second, Ar(A(p2)) = jw and w#0. Since A(py) € R,
there exists k' € Z, such that Ay (A(py)) = —jow and
hence by Lemma 2, there exists m € 7, such that

dm(A(p2)) = Mi(A(p2)) + hie(A(p2)) = 0. Consequently,
detA(p) =0 with p, € Q. However, since A, is
Hurwitz, by Corollary 2, /15 ! exists and we can write

0 = detA(py) = det(Ay + pad,)
= det/]o det(/ + pg/]o_lzig) for some p, € Q.

This implies that pz)»i(,ia I/Ig) =—1 for some
i € Z(/onm-1)- This condition cannot be satisfied
when p, € Q and Q C /\/(Ao g), thus completing the
proof. O

Corollary 5: Let Ao, A, € R with Ay Hurwitz.
Define Ao =249x1 and Ag =2A,%1.  Then
N(Ay' 4g) ﬂN(AO 4 ¢) is the largest continuous interval
of R containing the origin for which the matrix
Ao + pAg is Hurwitz.

The following result follows immediately from
Corollary 4 and Corollary 5.

Corollary 6: Let Ay, A, € R™" with Ay Hurwitz. Then,

N(“Ial‘ig) =N(A(;1Ag)ﬂ/\/(fial“ig)- (21)

4. Complete stability domain of single
parameter-dependent LTI systems

4.1 Stability condition using the kronecker sum

Theorems 1 and 2 give the maximal continuous stability
interval in R which includes the origin. These two
theorems, nonetheless, provide only sufficient conditions
for a single-parameter dependent matrix to be Hurwitz,
because in many cases the maximal stability interval
around the origin is not the complete stability domain.
Additionally, the requirement that A, is Hurwitz limits
the applicability of Theorems 1 and 2. In this section,
we provide a methodology for computing the complete
stability domain without requiring 4, to be Hurwitz.

Theorem 3: Let Ay, A, € R™" with det(4y & Ao) # 0.
If there exists a stability domain Q C R such that
Ao + pAg is Hurwitz for all peQ, then this domain Q
is an open interval or a union of disjoint open intervals
of R and the number of such intervals is finite.
Furthermore, this number is no larger than (n* + 1).

Proof:  Since the cigenvalues  A;(Ag + pA,),
j=1,2,...,n vary continuously with the parameter p,
if 49+ pi4, is Hurwitz for some p; € @, then there
exists 6 > 0 such that A4y + pdg is Hurwitz for all
p € (pi — 8, pi +8). Therefore, if Q exists, it must be an
open interval or a disjoined union of open intervals.
Let Q be expressed as Q= U?;l(pi, pi) (with the
possibility that p_;=—o0 and p, =+o0), where
p; < p;i and m is the (perhaps infinite) number of the
d1s101nt open intervals composing €. Since Q is the
entire stability region of p, it follows that for each

eR, ieZ,, Re[r(4y+ ,oAg)] =0 for some keT,.
Hence by Lemma 2, det(Ao + pAg) . Since
det(4y ® Ag) = detdy #0, Ay exists. Thus

det(T+ p, Ay ' Ag) =0,

(excluding i =1 if p, = —00). (22)

Viel,

Since this equation has a finite number of solutions,
m < oo. By Def}nition 3 and equation (22), it follows
that p . € B(Ao A,), i € Z,,. Similarly, one can show
that p, € B(Ay g), i € Z,,. Therefore,

m < Bf(Ay Ay — 1. (23)
From the deﬁmtlon of the set B(A4, 4 Ag) it is clear that
B#(Ag A g <n*+2. Using (23) it follows that
m<n*+1. ]
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Theorem 4: Let Ay, A, € R™" with det(4y ® Ao) # 0.
Define Ao = Ay 69 Ay and Ag =A, ® A, and let
p= B#(A() g) — Suppose  there exivlv a real
number p; € (I,,VH_]), where r;, riy1 are consecutive mem-
bers ofB(Ao A,), i€ IO such that Ay + piAg is Hurwitz.
Then Ay + pA, is Hurwzlz for all p € (1,, ,+])

Proof: The map v;: R™”" — R given in (5) is a guar-
dian map for the set A of stable n x n matrices (see
Barmish (1994), page 303). Let A(p) := Ao+ pA,.
According to the definition of B(Ao Ag), if 1,1 are
consecutive members of B(Ao A,), such that
ri,riy1 7 oo, then vi(A(r;))) =0 and vi(A(rip 1)) =0
Furthermore, vi(A4(p)) #0 for all r; < p <ry,. Let
now some p; € (ri,ri1) such that Ao+ pidg s
Hurwitz. Since v, is a guardian map, it follows that
A(p) 1s Hurwitz for all p € (r;, riy1).

Theorem 5: Given Ay, A, € IR”X" with det(Ag ® Ag) #

0, let Alo =Ao@ Ay, Ag:=A;, DA, and let
p=0B4, 4 Ag) — 2. Define the open set
Qe =i, rign), (24)
ieT

. - -1
where 1, riy1 are consecutive members of B(Ay Ag) and

the index set T is given by

T:= {l € IO Ao + piAg is Hurwitz for some p; € (ri, rit1),

Fisrip1 consecutive members of B(Ay Ag)}. (25)

Then, Ay + pAg is Hurwitz if and only if p € Q..

Proof: To prove sufficiency, choose p € Q. and let
p € (ri,rix1) for some i € Z. From Theorem 4 and the
fact that A+ p;4, is Hurwitz for p; € (rj, rip1), it
follows that A4y + pA, is Hurwitz. To prove necessity,
assume tlhat Ao+ pAg is Hurwitz. It follows that

pé B(Ag Ag). Therefore, there exists i € Ig such that
ri < p <ri1. Since Ay + pA, is Hurwitz, it follows
that i € Z. Hence, p € (r;,111) € Q.. ]

Remark 4: Theorem 5 can be used to find the exact
stability domain . for a parameter-dependent matrix
A(p) = Ao + pA, where peQ and Ay, 4, € R™". The
procedure involves four steps.

Calculate AO,A and the eigenvalues of the matrix
Ay Ag.

2. Choose the real non-zero eigenvalues (ignoring
repet1t1on§) of the matrix 4, /lg and construct the
set B(Ayg A,) according to Definition 3.

3. Check whether the matrix Ay + p;4; is Hurwitz for
some p; € (ri,rip1), i € I0,p = B¥(4y  A,) —2, and
construct the index set Z.

4. Let Q. as in (24).

4.2 Stability condition using the bialternate sum

The need for intensive numerical calculations in order to
calculate the inverse and the eigenvalues of the n* x n?
matrix Ay = det(A4y @ Ag) (Step 1 in the algorithm of
Remark 4) limits the applicability of Theorem 5. This
limitation can be overcome somewhat using a map
induced by the bialternate sum of a matrix with itself
(see (14) and Remark 2).

Theorem 6: Let Ay, A, € R™" with det(4y & Ao) # 0.
If there exists a stability domain Q CR such that
Ao + pAg is Hurwitz for all peQ, then this domain Q
is an open interval or a union of disjointed open
intervals of R, and the number of such intervals is
finite. Furthermore, this number is no larger than
1 +n+2).

Proof: The fact that the stability domain is an open
interval or a union of disjoined open intervals follows
from the proof of Theorem 3. Q can therefore be
expressed, as explained before, as Q= U;”:l(pi,[)i),
where p. < p; and m is the number of the disjointed
open intervals composing 2. Since Q2 is the entire stabi-
lity region of p, it follows that for every p, € R, ieZ,,
Re[Ax(4o +p,Ag)] =0  for  some keZ, Next,
notice that the condition det(4y@® A4g) #0 implies
that det4y #0 and detA, # 0. Following now an
argument similar to the one in the proof of
Theorem 2, one can show that p; € B(Ag' 45U
lS’(A0 lAg) for all i € Z,,. Similarly, one can show that
for every p;eR,ieZ,, Re[r(4do+ pidg)=0 for
some k€ Z,. Then p; € B(A;'4,)UB(A;' A,) for all
i € T,,. Therefore,

m < (B(4y" A,) U B(A; ' 4))" — 1. (26)

From the definition of the sets B(4;' 4,) and B(4; 4,),

1t is clear that B¥(4;'4,) <n+2 and B*(4; lAg) <
n(n — 1)+ 2. Using (26) and the fact that {—o0, + oo}

belongs to both sets, it follows that m < %(n2 +n+2).

Remark 5: Since $(n* +n+2) < (n*+ 1) foralln> 1,
Theorem 6 gives a better estimate for the number of
stability intervals than Theorem 3.

Theorem 7: Given Ay, A, € R with det(4y & Ao) #0
let {10 240 %1 and Ag =2A,%1. Let = (Bx
(A4 g)UB(Ao_lAg))# 2. Suppose there exists a real
number p; € (r;,rir1), where ri,riy| are consecutive mem-
bers of B(Ay A)OB(Ay'Ay), €Tl such that
Ao + pidg is Hurwitz. Then Ay + pAg is Hurwitz for all
p e (I‘l‘, ri+l)~

Proof : The map vy: R™ — R given in (14) is a
guardian map for the set A of stable n x n matrices
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(see Remark 2). Let A(p) := Ao + pA,. Then,

v2(A(p)) = detd(p)detA(p)
= det(Ag + pAg)det(dy + pAy)
= detdgdetAgdet(I + pAy " A,)det(I + pAy ' Ay).

According to the definition ofl B(Ay' 4,) and B(A4;' 4,).
it riri € B(Ay'A.)OB(Ay Ag) and i, riy # 00,
v(A(r;)) =0 and  vy(A(ri1)) =0.  Furthermore,
v(A(p)#0 if r<p<ry. Let now some
pi € (rl-, r,-+1) be such that A4y + p;4, is Hurwitz. Since
v, is a guardian map, it follows that A4(p) is Hurwitz
for all p € (1, riy1). O

Theorem 8: Given Ay, Ay € R  with  det(4y®

Ag) #0, let Aol_ 240 % 1, Ag =2A4,%1 and p=
(B(4y 4 2)UB(A4y g))# 2. Define the open set
Qe == J0riri), (27)
iel
where — ryriy . are  consecutive  members  of

B(AalAg)L_JB(/I(; /Ig) and the index set T is given by

T:= {l' € Ig: Ao + piA, is Hurwitz for some p; € (rj, it1),
i, iy consecutive members of

I
B(Ay' 4,)0B(Ay  Ap) ). (28)
Then, Ay + pAg is Hurwitz if and only if p € Q..

Proof: To prove sufficiency, choose p e Q. and let
p € (ri,rip1) for some i € Z. From Theorem 7 and the
fact that Ao+ p;4; is Hurwitz for p; € (rj, rip1), it
follows that Ay + pA, is Hurwitz. To prove necessity,
assume that A+ pA, is Hurwitz. Since vy(A(p)) =
detAodetAdgdet(I + pAy"' Ap)det( 1+ pAy'Ag) #0, it fol-
lows that ,ogéB(A 1Ag)UlS’(Ao Ag). Therefore there
must exist zeI such that r; < p < rip with r,, it
being consecutlve members of B(A4, 1Ag)UB(AO g)
Since Ao + pA, is Hurwitz, it follows that i€ Z and
hence p € (r;,ri11) € Q..

Remark 6: The  computational  bottleneck  in
Theorem 7 is due to the computation of the inverse
and the cigenvalues of the matrix 4, of dimension
In(n—1) xin(n —1). On the other hand, Theorem 5
requires the inverse and the eigenvalues of the n> x n?
matrix  4y. Recall that the number of
computations required for calculating the inverse of an
nx n matrix is of the order O(n?), in general, and of
order O(n'°¢7/1022) — O(n*>®) at best, using Strassen’s
method (Strassen, 1969, Bailey et al. 1990, Dumitrescu,
1998). Calculation of the eigenvalues of an nxn
matrix, using the QR algorithm (Golub and Van Loan
1989, Geist and Davis 1990) is of complexity O(n?).

Therefore the complex1ty of Theorem 5 is of order
0>y + 0**") + 0(?’) = O(C11). By the same
token, the complexity of Theorem 5 is of order
O(C,n%). The gains from the use of Theorem 7 in lieu
of Theorem 5 is hidden in the constant C,. One can
easily show that C/C, ~ 8/1.

Alternatively, one can compute the sets mspec(AO 1Ag)
or mspec(A '4 ¢) in Theorems 5 and 7, while avoiding
the computation of the inverse of the matrices 4o or
Ay by solving a generalized eigenvalue problem for the
pair of matrices (/io,,ig) or (flo,Ag), respectively. The
solution of the generalized eigenvalue problem for a
pair of matrices (A4, B) of dimension n x n using the
QZ algorithm, for example (including the initial reduc-
tion of the matrix 4 in Hessenberg form), is of order
O(n*) (Moller and Stewart 1973), which is of the same
order as before. The benefits from using the generalized
eigenvalue problem formulation stems from the fact that
its solution is more numerically stable than computing
the inverse of a matrix, especially when the matrix
dimensions are large.

5. Generalized stability condition for multi-parameter
dependent LTI systems

In this section, the robust stability condition for the
following multi-parameter dependent LTI system will
be studied

k
x= (Ao + Y pidg, ,) x. (29)

i=1

Rern et al. (1994) give a stability condition for a system
of the form (29), however that condition is only suffi-
cient. Saydy et al. (1988) used a semi-guardian map
(A map v from the set of n x n real Hurwitz matrices
A onto R is a semi-guardian map if it is continuous,
not identically zero and 4 € 9.4 = v(A) = 0) to investi-
gate robust stability for the following two-parameter

quadratically-dependent matrix over the domain
(71,72) € [0: 1] X [0: 1]
i1 +ir=m
A(pr, p2) = Z P05 Aiy iy (30)
i1,i=0

The stability test in (Saydy et al. 1988) requires the para-
meter domain to be known a priori. Consequently,
the test checks whether the matrix is Hurwitz for all
values of the parameters in a given domain. In this
section, we extend the results of §4.2 to synthesize the
entire stability region for systems of the form (29).
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Lemma 3: Given the vector (py,pz,... ,pk)T c RF,
k > 2, there exists a real number r and k—1 scalars
0; €[0,m), i=2,...,k such that

,o)" = (o), (1)

60" €0, 7) " and

(P15 025 -

where 0 := (6s,...,

v(0) := (cos B,, sin 6, cosbs, sinb,sinb;cosby, ...,
sin @, sin O3 . .. sin O;_; cos Oy,

sin6sin 6 - - -sinO)’ € [—-1, + 1], (32)

Proof: The proof follows by induction.
1. Let k=2. Define

r=ry=sgn(p)\/p} +p3 and 6, =cos™' (ﬂ) € [0, 7).

r
(33)

Note that sin6, = py/r, > 0. Let v(6) = (cosb,,
sin6,)”. It follows that rv(6) = (o1, p») as required.
2. Suppose for k > 2, we have that

(,02, P33y pk+1) = I‘]((COSQI(, Sil’l@lzc COS@lg, ceey
sin6h sin6k .. .sin6}_| coséf,
siné sind} ...sin6f) = rv(0*)" (34)
where 6% := (6%,6%,...,00) e [0, ).

3. For k+ 1, we have that

(pla P2y s Phs pk+1) = (1015 (PZ» cees Phs pk+1))
= (o1, rev(@)"). (35)
Let rew1 = sgn(ri)y/ o+ 17 and ot =
cos™!(p1/re1) €[0,m).  Note  that  siné5i™! =

ri/rie1 > 0. It follows that

(P12 P25 - s Pis Prs1) = i1 (cos 5T sin 05+ w(0F)T)
= rir1(cos6hT!, sin@5t! coséh, . ..,
sin65 ™! sin6k, ..., sing}_, cosok,
sings ™' sind, ..., sin6f).
Letting now 051! =6, i=2,3,...,k, the proof is
complete. ]

We now use the stability condition of Theorem 5, to
obtain the following stability condition for the LTIPD
system in (29).

Theorem 9: Given Ao, Ag; € R™", i=1,....k with
det(Ao ® 4g) #0, define Ay:= Ay D Ay and let

Lol = 1v(9) as in Lemma 3. Let p=
B#(AO lfig(e)) — where  Ag(0) = Ag(0) ® A4(6),
Ag(0) = Zl 1A vi(0) and vi(0) are the components of
vector W(0). Then define the following open set:

(01,025 -

Q0) = | Cisrin), (36)

ieZ(9)

where ri,riy) are consecutive members of B(/Io_lfig(e))
and the index set L(0) is given by

Z0)={ie Ig: Ay + 1 Ag(0) is Hurwitz
Sor some ¥, € (ri,rit1),

i, i1 consecutive members of B(z‘l()_llig(e))}.
Furthermore, let

Q= | {v0 eR:pO) =r0). reQO) (37

0el0, )< !

Then AO"‘ZL pidgi is Hurwitz if and only if
(P1s- o) € QL.

Proof: Applying Lemma 3, the vector (pi,..., o) €
R can be expressed as (pi,....o0)" =r(m@),...,
vi(0)T. The system matrix in equation (29) can then
be rewritten as

k k
Ao+ Y pidgi=Ao+1Y_ Ay vi(0) = Ao+ rA ().
i i=1

(38)

When the angle vector 6 € [0, T[)k_l is given, the system
matrix in (38) is a single-parameter matrix which
dependents on r € R. Applying Theorem 5, the complete
stability domain for r in the direction 6 can be calculated
as in (36). The set defined by (37) is the union of the
exact stability domains for the parameter r for each
0 € [0, 7). Therefore €. is the exact stability domain
for (o1, pa, ..., pe)! € RE. O

In a similar manner, the entire stability domain using the
guardian map induced by the bialternate sum for multi-
parameter dependent systems is given below.

Theorem 10: Given Ay, Ag; € R™", i=1,...,k with
det(A4o ® A4o) 7é 0, define Ay:=24oxI and let
(p1s 020 s )T =r(0) as in Lemma 3. Let p=
(B(AO 1Ag(Q))UlS’(A0 1Ag(é))) where Ag(0) =
244,00) x I,, Ag(0) _Zl . ,v,(@) and vi(0) are the
components of vector v(6). Then define the following
open set:

Q0) = | (irriv0), (39)

ieZ(0)
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where  TiTiy1 _re consecutive members of
B(AalAg(G))L_JB(Ao Ag(0)) and the index set I(0) is
given by

Z0)={ie Igi Ao + r;Ag(0) is Hurwitz for
some r; € (riyrip1),

i, Fir) consecutive members of

_ - s
B(Ay' 4,(0)0B(Ay  A4(6))}.
Furthermore, let

Q; = U {y(&) c R*: y(O) =rv0), re SZE(O)}. (40)
0el0, 7)<

Then A0+Z¢:1 pidg i is Hurwitz if and only if
(Prs- o) € 2.

Proof: The proof is similar to the one of Theorem 7
and thus, it is omitted. O

Theorems 9 and 10 give the complete stability domain
for multi parameter-dependent matrices. Moreover,
these two results do not require that the matrix A, is
Hurwitz. The drawback of the approach is that for
k > 1 the calculation of Q. requires gridding of the
space [0,71)"_1, implying exponential dependence on
the problem data. However, this is probably the best
we can expect, as it is well known that the problem of
determining the exact domain of stability of a multi-
parameter LTI system is NP-hard (Blondel and
Tsitsiklis 1995, Peaucelle and Arzelier 2001). Given the
inherent computational difficulty of the problem
(in the multi-variable case) in §7 we will summarize
some observations concerning the computational
complexity of the proposed algorithms.

6. Numerical examples

6.1 Single-parameter case

In the following examples, the stability domain for the
matrix A(p) = Ao + pA,, with A4y, A, € R™", peq,
will be calculated by means of Theorems 1 and 2.

Example 1: Consider the system matrix A(p)=

Ay + pA, with

~1 0 0 1
=[5} [0 ]

The eigenvalues of A(p) are {—1, — 1} for all peR.
Hence, the largest stability domain for this example is
(=00, + 00).

From Theorem 1, we calculate

0 —05 —05 0
7|0 0 0 —0.5
0 0 0 0 —05/
0 0 0 0

and mspec(/ialfig) ={0,0,0,0}. The largest continuous
interval of p which includes zero and guarantees stability
for the matrix A(p) is (—oo, + 00). This agrees with the
eigenvalue analysis. Using Theorem 2, we have
Ay =-2, 4, =0, A;' 4, =0, and

N(Ay' Ag) = N(0) = (—o0, + o0)

0 -1
vy x{[] ] = v

The stability domain is N(A;'d.) NN (A;'4,) =
(=00, + 00), which coincides with the result from
Theorem 1 and the direct eigenvalue analysis.

Example 2: Consider the system matrix A(p)=

Ao + pAg, where

-2 0 0 1
w5 B} a=[5)
Since the eigenvalues of matrix A(p) are {—2 + pi}, the

largest stability interval of p is (—o0, + 00). Using
Theorem 1, one obtains

0 —025 —025 0
. 025 0 0  —025
0T8T 1025 0 0 —025]|

0 025 0.25 0

and mspec(/iglfig) ={0,0, —0.5,0.57}. The largest
continuous interval which includes 0 and guarantees
stability for A(p) is (—oo, + 00). Applying Theorem 1,
one obtains that 4y = —4, 4, =0, A;' 4, = 0 and

N(Ay" 4g) = N(0) = (=00, +0)

N4 4,) =N 50 o
o 49 = 0 —1]l-1 0

The stability domain is N(A;'d,) NN (A;'4,) =
(=00, + o0), which coincides with the result from
Theorem 1 and the direct eigenvalue analysis.
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Example 3: Consider the matrix A(p) = Ao + pAg.

where
-2 0 -1 0
w=[ ) a=[3 5

Direct eigenvalue analysis of A(p) shows that
A =—-2—pand A, = —1 — p. Hence A(p) is Hurwitz
when p > —1. Using Theorem 1, one obtains

1000
17 _|0 200
AO]Ag=0(3)§0’
000 1

and mspec(fi(jl/a_lg) = {0.5,0.6667,0.6667, 1}. The largest
continuous interval of p which includes zero and
guarantees stability for A4(p) is (—1,00) according to
Theorem 1, which agrees with the eigenvalue analysis.
Using Theorem 2, one obtains Ay = -3, 4, = -2,
Ay'A, =2/3 and

N(4g'4)) = N(2/3) = (=3/2. + )

1

N (45" 4 ) :N([é ?D = (—1, + 00).

The stability domain is N(Ay'A,) NN (45" 4,) =
(=1, +00)N =3, +00) = (=1, + o0), which coincides
with the result by Theorem 1 and the eigenvalue
analysis.

Example 4: Consider the matrix A(p) = Ao + pAg.

where
-2 0 1 0
w=[ 4] = 4]

Direct eigenvalue analysis of A(p) gives Ay = —2 + p,
Ay = —1 — p, hence A(p) is Hurwitz when —1 < p < 2.
Using Theorem 1,

1
2

Ayt A, =

S O O O
S O O O
- O O O

0
0
0

and mspec(/io"/ig) ={-0.5,0,0, 1}. The largest continu-
ous interval of p which includes 0 that guarantees
stability for A(p) is (—1,2), which agrees with the
eigenvalue analysis. Using Theorem 2, one obtains
Ay =-3,4,=0, A;'4, = 0 and

N(Ay" Ag) = N(0) = (—o00, + o0)

N(AglAg) :N<[—g.5 ?]) = (=1, +2).

The stability domain is N(A;'A,) NN (4" 4,) =
(=00, + 0)N (=1, +2)=(—1, +2), which coincides
with the result of Theorem 1 and the direct eigenvalue
analysis.

In order to compare Theorems 1 and 2 and Theorems
5 and 7 we consider the following three examples.

Example 5: Consider the matrix A(p) = Ao + pAg.
where

[ 62.563 —121.34 —217.75 —111.86 309.77 ]

—64.806 123.09 214.78 11544 —319.39
Ag=| —=7.6195 19.044 25231 21.651 —52.037
43314 19045 —-9.3643 —3.8729 1.8837

| —44.276 91.392 150.51 85.741 —235.05 |
[ —5.9399 —21.242 23.809 11.251 —6.98527]
—8.8534 —35.439 24.579 22.030 0.98018
Ag=| —10.049 —21.452 20.026 13.640 —4.3113
0.77706 —24.138 15.174 9.3705 1.5890
| 2.2073 —14.157 13.148 3.8678 —8.9941 |

Notice that for this example, both 4, and 4, are
Hurwitz, but 4y + 4, is not Hurwitz. It is clear that in
this case the maximal stability interval Q. is composed
of at least two disjoint open intervals. Theorems 1 and
2 give the maximal continuous stability domain as
(—0.02306, 0.11802), which includes the origin.
Theorems 5 and 8, on the other hand, give the whole
stability domain, which is equal to (—0.02306,
0.11802) U (4.30818, + 00).

Example 6: Consider the matrix A(p) = Ao + pAg.
where

[ —10.64  3.395 8.841  4.558 —10.257]
—11.28 —0.1536  14.67 9.852 —13.53

Ay=| 0.7320  3.811 —0.6074 2.408 —10.44 |,
—12.14 4938 9.649  1.152 —6.297

| —11.66  6.451 11.70 ~ 9.453 —17.28 |

[ —110.9 -247.0 1624 —57.61 194.2
24182  731.3 —446.6 87.68 —511.8
A, =| 3668 9875 —6174 1819 —777.1
385.3 1118.5 —666.7 1374 —809.4

| 100.8  237.1 —1424 5789 2343 |
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Figure 1. Robust stability domain for Example 7.

Theorems | and 2 give the maximal stability interval
around the origin, which is (—0.04632, 0.00241).
Theorems 5 and 8 give the exact stability domain,
which is (—0.04632, 0.00241) U (4.2279, + o0).

6.2 Multi-parameter case

Example 7: This example is from Rern ez al. (1994).
Consider the matrix A(p) = 4¢ + p1 A1 + p2 4>, where

2 0 -1 10 1
Ap)=| 0 =3 0 [+p|0 0 0
1 —1 -4 10 1
00 0
+p|0 1 0. (41)
01 0

The exact robust stability region for this problem is
(—00,1.75) x (—00,3) (see Rern et al. 1994).
Theorem 9 or Theorem 10, give this exact stability
domain as seen in figure 1. The figure shows how the
exact two-dimensional stability region was constructed.
This was done by considering the maximal one-dimen-
sional stability region along a particular direction,
which for the case, say, 8 = 80° is

(o1 p2)" € {,0 =rv(0): r € (—o0,3.0463),
¥(6) = (cos 80° sin80°)"},

and repeating this over all directions 6 € [0, ).

Example 8: Consider the matrix  A(p) = Ao+
p1 Ay + pr A, where
-2 0 -1
Ao=1] 0 =3 0 [,
| -1 -1 —4
[0.15087 0.86001 0.49655 ]
Ay =10.69790 0.85366 0.89977 |,
| 0.37837 0.59356 0.82163 |
[10.64491 0.34197 0.53408 ]
Ay =| 0.81797 0.28973 0.72711
| 0.66023 0.34119  0.30929 |

Both Theorem 9 and Theorem 10 give the same stability
domain for the matrix 4(p), which is shown in figure 2.

Example 9: Consider the matrix A(p) = Ao + 014, +
p2A>, where

—2 0 -1
Ad=|0 =3 0|

-1 -1 —4

098017 —0.0033774 —0.35993
Ay=| 057772 —0.57207  0.92020 |,

| —0.12268  0.28698  0.45326

[—0.26414 —0.18023 —0.86232
Ay=| 073370 13001  1.0177

| —0.69616  0.55000  0.38635
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Figure 2. Robust stability domain for Example 8.
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Figure 3. Robust stability domain for Example 9.
It can be easily verified that both Theorems 9 and 10 _
give the same stability domain for the matrix A(p), 0916 —0.8119 —0.2168
which is depicted in figure 3. Ay = | —0.6863 —0.1001 —0.4944 |,
Example 10: Consider the matrix A(p) = 4o + p1 41+ —0.1673 0.7383 —0.2912
pA>, where _
1.215 1.664 —2.209
2 0 -1 A, =1 0.7542 —0.1501 0.2109 (42)
Ay=| 0 =3 0 |, L 2.199  0.6493 —-0.2214
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Figure 4. Robust stability domain for Example 10.

Both Theorem 9 and Theorem 10 give the same stability
domain for the matrix A(p), shown in figure 4.

Example 11:
p2A>, where

Consider the matrix A(p) = Ao+ p1 41+

62.56 —1213 —-217.7 —111.9 309.7¢+ 002
—64.81 123.1  214.78 1154 —319.4

Ao =1 —7.619 19.04 2523 21.651 —52.04 ,
4.331 1.904 —-9.364 —3.873 1.884
—44.28  91.39 150.5 85.74 —235.0
—0.1340  0.1139 0.2959 0.03392  0.2288
0.1747  —0.2621 0.1509 0.2436 0.2165

A= 0.1528 0.2313  —0.06069  0.2725 0.1955 |,
0.02228  0.09418 0.2484  —0.2981  0.2262
0.05797  0.1914 0.2753 0.03664 —0.1461
—5.940 -21.24 2381 1125 —6.985
—8.853 —3544 2458 22.03 0.9802

A, =| —10.05 -21.45 20.03 13.64 —4.311
0.7771 —=24.14 15.17 9.370  1.589
2207 —14.16 13.15 3.868 —8.994

Again, both Theorems 9 and 10 give the same stability
domain for the matrix A4(p), which is shown figure 5.
In this case, the two-dimensional parameter stability
space is composed of two disconnected sets. The area
close the origin is zoomed in and is depicted in
figure 5(b).

7. Computational complexity

The proposed method suffers from the “curse of dimen-
sionality”” (the term typically reflects the fact that the
problem scales exponentially — as opposed to polynomi-
ally — with the problem data) since it requires gridding
of the parameter space (in the multi-parameter case).
Although some improvements are possible (see
Remark 6) the unfavorable growth of the problem
complexity is nonetheless unavoidable since the problem
is known to be NP-hard (Blondel and Tsitsiklis 1995,
Peaucelle and Arzelier 2001). In this section, via several
numerical examples, we provide some insights of the
complexity of the methods in terms of the dimension
of the matrices involved, n, and the dimension of the
parameter vector, m.

Specifically, several examples were conducted for
several values of n and m. For m > 1 gridding of the
parameter space is performed using 50 points in each
dimension. The computation times (cpu-seconds) were
recorded and are shown in table 1. All computations
were performed on a 2.0GHz/525RAM Wintel PC
running MATLAB version 6.5.0.18091 3a Release 13.

From table 1 it is evident that the complexity is domi-
nated by the exponential growth owing to the gridding
of the parameter space.

8. Conclusions
In this paper we address the problem of stability for

Linear Time Invariant Parameter Dependent (LTIPD)
systems. We extend previous results in the
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Figure 5. Robust stability domain for the Example 11.
Table 1. Comparison of CPU times (sec) in terms of the problem data.
Theorem 8 Theorem 9
m=1 m=2 m=3 m=1 m=2 m=3
n=2 0.000344 0.05620 1.918143 0.000180 0.017155 0.719733
n=3 0.000718 0.069767 3.069083 0.000338 0.024211 1.113533
n=4 0.001464 0.103167 4.194083 0.000566 0.038282 1.929333
n=>5 0.002919 0.158367 7.120857 0.001020 0.056049 2.9842
n==6 0.005803 0.277567 12.34900 0.001740 0.090268 4.8782
n="17 0.010699 0.488567 24.5470 0.002724 0.140683 7.593
n=238 0.019291 0.879500 43.329 0.004437 0.219927 12.391
n=9 0.031115 1.359417 64.876 0.007053 0.347323 18.828
n=10 0.052756 2.229417 113.767 0.010610 0.518161 29.344
n=15 0.438118 20.563 1030.521 0.063326 3.193182 181.799
n=20 2.642591 135.44 - 0.294556 14.735 737.4122
n=30 28.28175 1420.12 - 3.59000 192.299 -
n=>50 1626.8020 - - 106.798 - -
literature and derive conditions that can be used to Acknowledgements

compute the exact stability region in the
parameter space. Our methodology makes use of the
guardian maps induced by the Kronecker and the bial-
ternate sum of a matrix with itself. Although both
these maps can be used (yielding identical results),
the latter has the benefit of a reduced number of
computations. Both single-parameter and multi-
parameter LTIPD systems are treated. The computa-
tional complexity of both approaches in terms of the
problem data is briefly commented upon. In the multi-
parameter case, our approach requires gridding
which may limit the applicability of the results to low-
parameter dimensions. Several examples are presented
to demonstrate the applicability of the derived results.

The authors acknowledge partial support from the
NSF through award CMS-9996120. They would also
like to thank an anonymous reviewer for suggesting
the possibility of formulating Theorems 5 and 8 as
generalized eigenvalue problems.

References

F. Amato, A. Pironti and S. Scala, “Necessary and sufficient condi-
tions for quadratic stability and stabilizability of uncertain linear
time-varying systems”, IEEE Transactions on Automatic Control,
41, pp. 125-128, 1996.



Computing for LTI systems 1061

D.H. Bailey, K. Lee and H.D. Simon, “Using Strassen’s algorithm to
accelerate the solution of linear systems”, The Journal of
Supercomputing, 4, 357-371, 1990.

B.R. Barmish, New Tools for Robustness of Linear Systems. Macmillan
Publishing Company, 1994.

D.S. Bernstein and W.M. Haddad, “Robust stability and performance
analysis for state space system via quadratic Lyapunov bounds”,
SIAM  Journal of Matrix Analysis and  Application, 11,
pp. 239-271, 1990.

V. Blondel and J.N. Tsitsiklis, “NP-hardness of some linear control
design problems”, in Proceedings of the IEEE 34th Conference on
Decision and Control, pp. 2910-2915, New Orleans, LA, 1995.

JW. Brewer, ‘“Kronecker products and matrix calculus in
system theory”, IEEE Transactions on Circuits and Systems, 25,
pp. 772-781, 1978.

M. Chilali and P. Gahinet, “H,, design with pole placement
constraints: An LMI approach”, IEEE Transactions on Automatic
Contro, 41, pp. 358-367, 1996.

M. Chilali, P. Gahinet and P. Apkarian, “Robust pole placement
in LMI regions”, IEEE Transactions on Automatic Control, 44,
pp. 2257-2270, 1999.

B. Dumitrescu, “Improving and estimating the accuracy of Strassen’s
algorithm”, Numerische Mathematik, 79, pp. 485499, 1998.

M. Fu and B.R. Barmish, “Maximal unidirectional perturbation
bounds for stability of polynomials and matrices”, Systems and
Control Letters, 11, pp. 173-179, 1988.

A.T. Fuller, “Conditions for a matrix to have only characteristic roots
with negative real parts”, Journal of Mathematical Analysis and
Applications, 23, pp. 71-98, 1968.

G.A. Geist and G.J. Davis, “Finding eigenvalues and eigenvectors of
unsymmetric matrices using a distributed memory multiprocessor”,
Parallel Computing, 13, 199-209, 1990.

G. Golub and C.F. Van Loan, Matrix Computations, 2nd Ed. The
John Hopkins University Press, Baltimore, MD, 1989.

D. Guo and W.J. Rugh, “A stability result for linear parameter-
varying systems”, System and Control Letters, 24, pp. 1-5, 1995.
W.M. Haddad and D.S. Bernstein, ‘‘Parameter-dependent Lyapunov
functions and the Popov criterion in robust analysis and synthesis”,

IEEE Transactions on Automatic Control, 40, pp. 536-543, 1995.

A. Helmersson, “‘Parameter dependent Lyapunov functions based on
Linear Fractional Transformation”, In 14th World Congress of
IFAC, volume F, pp. 537-542, Beijing, China. IFAC, 1999.

R.A. Horn and C.R. Johnson, Matrix Analysis. Cambridge, UK:
Cambridge University Press, 1991.

T. Iwasaki and G. Shibata, “LPV system analysis via quadratic
separator for uncertain implicit systems”, in Proceedings of the
IEEE 38th Conference on Decision and Control, pp. 287-292,
Phoenix, AZ, 1999.

E.L. Jury, Inners and Stability of Dynamic Systems, New York: John
Wiley & Sons, Inc, 1974.

P.P. Khargonekar and M.A. Rotea, “Stabilization of uncertain
systems with norm bounded uncertainty using control Lyapunov
functions”, in Proceedings of the IEEE 27th Conference on
Decision and Control, pp. 503-507, Austin, TX, 1988.

JH. Lee, W.H. Kwon and J.W. Lee, “Quadratic stability and
stabilization of linear systems with Frobenius norm-bounded uncer-
tainties”, IEEE Transactions on Automatic Control, 41, pp. 453-456,
1996.

J.R. Magnus, Linear Structures, London: Charles Griffin, 1988.

C.B. Moller and G.W. Stewart, ““An algorithm for generalized matrix
eigenvalue problems”, SIAM Journal of Numerical Analysis,
pp. 241-256, 1973.

D. Mustafa and T.N. Davidson, “Block bialternate sum and
associated stability formulae”, Automatica, 31, pp. 1263-1274, 1995.

A.T. Neto, Parameter-dependent Lyapunov functions for a class of
uncertain linear systems: an LMI approach, in Proceedings of the
IEEE 38th Conference on Decision and Control, pp. 2341-2346.
Phoenix, AZ, 1999.

D. Peaucelle and D. Arzelier, “Robust performance analysis
with LMI-based methods for real parametric uncertainty via
parameter-dependent Lyapunov functions”, IEEE Transactions on
Automatic Control, 46, 624—630, 2001.

S. Rern, P.T. Kabamba and D.S. Bernstein, “Guardian map approach
to robust stability of linear systems with constant real parameter
uncertainty”, [EEE Transactions on Automatic Control, 39,
pp. 162-164, 1994.

L. Saydy, A.L. Tits and E.H. Abed, Robust stability of linear systems
relative to guarded domains, in Proceedings of the 27th IEEE
Conference on Decision and Control, pp. 544-551. Austin, TX, 1988.

L. Saydy, A.L. Tits and E.H. Abed, “Guardian maps and the
generalized stability of parametrized families of matrices and
polynomials™, Mathematics of Control, Signals and Systems, 3,
pp. 345-371, 1990.

V. Strassen, Gaussian elimination is not optimal. Numerical
Mathematics, 13, pp. 354-356, 1969.

K. Zhou, J.C. Doyle and K. Glover, Robust and Optimal Control,
Prentice-Hall, Upper Saddle River, NJ, 1996.



