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Abstract

We provide a new condition for testing the stability of a single-parameter, polynomially-dependent

linear system of polynomial degree N of the form

ẋ = A(ρ)x, A(ρ) =
N∑

i=0

ρi Ai (1)

over a compact interval. The test is nonconservative and can be cast as a convex feasibility problem in

terms of a pair of linear matrix inequalities (LMI’s).

I. INTRODUCTION

We consider single-parameter dependent linear systems where the state matrix A depends

polynomially on the parameter ρ, as in (1). It is assumed that ρ belongs to a compact interval Ω,

henceforth taken as Ω = [−1, +1], without loss of generality. The stability of (1) over a compact
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interval has been investigated, for example, in [1], [2] where the maximum interval of stability

around the origin was given. A few years later, Saydy et al. [3], [4] gave necessary and sufficient

conditions for the stability of (1) using guardian maps. This method was later extended in [5]

and [6] to LTI systems with many parameters of the form:

ẋ =

(
A0 +

m∑
i=1

ρiAi

)
x.

However, the stability conditions in [5] and [6] are only sufficient. Despite the results of [3] and

[4], nonconservative Lyapunov-based conditions for stability for (1) have remained elusive thus

far. The main obstacle in deriving sufficient and necessary conditions using Lyapunov function

theory is the absence of the knowledge of the correct functional dependence of the parameter-

dependent quadratic Lyapunov function V (x) = xTP (ρ)x that will lead to necessary conditions.

One is therefore content with the derivation of sufficient conditions only, based on an a priori

postulate of the a Lyapunov matrix P (ρ) [7], [8], [9], [10]. In fact, by choosing a constant P

one ensures the so-called quadratic stability for (1). This notion of stability is restrictive for most

applications of interest, since it ensures stability against arbitrary fast variations of ρ.

Recently, Bliman [11], [12], [13] developed Lyapunov-based necessary and sufficient con-

ditions for multi-variable, affinely-dependent parameter linear systems. A similar result, albeit

using a completely different approach, was given in [14] for the single-parameter case. The

results of [11], [12] and [14] show that the search for Lyapunov functions for such systems can

be restricted, without loss of generality, within the class of polynomially-dependent quadratic

Lyapunov functions. The upper bound on the degree of the Lyapunov function is not known

a priori, however. Moreover, the stability conditions can be formulated and solved in terms of

convex feasibility problems (LMIs). Similar results were reported in [15], [16], [17], where also

an upper bound on the degree of the polynomial dependence of the Lyapunov function was



provided. Closely related to this line of research is also the work of Chesi et al [18]. Therein the

authors show that homogeneous polynomially parameter-dependent quadratic Lyapunov functions

can be used to characterize robust stability of polytopic linear models. For systems affected by

polynomial time-invariant uncertainty Chesi [18] has also provided computationally attractive

LMI conditions, although these conditions are not Lyapunov based.

In this paper we derive Lyapunov-type necessary and sufficient conditions for the stability of

the single-parameter polynomially-dependent system in (1). Specifically, we first show that the

stability of (1) over [−1, +1] is equivalent to the stability of an associated parameter-dependent

system with an affine (as opposed to polynomial) dependence on ρ. In [14] necessary and

sufficient conditions for the stability of the system (1), where N = 1, are given in terms of

linear matrix inequalities. We can therefore use the results of [14] to provide a necessary and

sufficient condition for the stability of (1).

II. AUXILIARY SYSTEM

Consider the matrix A(ρ) of polynomial degree N in (1)

A(ρ) = A0 + ρA1 + ρ2A2 + · · ·+ ρNAN . (2)

Let deg A denote the degree of A in terms of ρ. We thus have from (2) that deg A = N .

Decompose the matrix A(ρ) in its even and odd polynomial parts

A(ρ) = Aa
0(ρ

2) + ρAa
1(ρ

2), (3)

where Aa
0(·) and Aa

1(·) are polynomial matrices in terms of ρ2. For example, if N is odd, then

Aa
0(ρ

2) := A0 + ρ2A2 + ρ4A4 · · ·+ ρN−1AN−1, (4a)

Aa
1(ρ

2) := A1 + ρ2A3 + ρ4A5 · · ·+ ρN−1AN , (4b)



whereas if N is even,

Aa
0(ρ

2) := A0 + ρ2A2 + ρ4A4 + · · ·+ ρNAN , (5a)

Aa
1(ρ

2) := A1 + ρ2A3 + ρ4A5 + · · ·+ ρN−2AN−1. (5b)

Let C̄+ denote the closed right-half of the complex plane.

Lemma 1: Let the matrix A(ρ) in (3). Then the matrix A(ρ) is Hurwitz for all ρ ∈ [−1, +1]

if and only if the matrix Aa
0(r) rAa

1(r)

Aa
1(r) Aa

0(r)

 (6)

is Hurwitz for all r ∈ [0, 1], for Aa
0(r), Aa

1(r) as in (4) or (5).

Proof: The matrix A(ρ) is Hurwitz for all ρ ∈ [−1, +1] if and only if det(sI − Aa
0(ρ

2)−

ρAa
1(ρ

2)) 6= 0 for all ρ ∈ [−1, +1] and for all s ∈ C̄+, which holds if and only if det(sI −

Aa
0(ρ

2)± ρAa
1(ρ

2)) 6= 0 for all ρ ∈ [0, 1] and for all s ∈ C̄+.

From the identityI −ρI

0 I


sI − Aa

0(ρ
2) −ρ2Aa

1(ρ
2)

−Aa
1(ρ

2) sI − Aa
0(ρ

2)


I ρI

0 I



=

sI − Aa
0(ρ

2) + ρAa
1(ρ

2) 0

−Aa
1(ρ

2) sI − Aa
0(ρ

2)− ρAa
1(ρ

2),


it follows that det(sI −Aa

0(ρ
2)± ρAa

1(ρ
2)) 6= 0 for all ρ ∈ [0, 1] and for all s ∈ C̄+ if and only

if

det

sI − Aa
0(ρ

2) −ρ2Aa
1(ρ

2)

−Aa
1(ρ

2) sI − Aa
0(ρ

2)

 6= 0 (7)



for all ρ ∈ [0, 1] and for all s ∈ C̄+. The last condition is equivalent to the statement that the

matrix in (6) is Hurwitz for all r ∈ [0, 1].

The following theorem is immediate.

Theorem 1: The matrix A(ρ) = Aa
0(ρ

2)+ρAa
1(ρ

2) is Hurwitz for all ρ ∈ [−1, +1] if and only

if the matrix

A(1)(ρ) :=

Aa
0

(
ρ+1
2

)
ρ+1
2

Aa
1

(
ρ+1
2

)
Aa

1

(
ρ+1
2

)
Aa

0

(
ρ+1
2

)
 (8)

is Hurwitz for all ρ ∈ [−1, +1].

Proof: The result follows directly from Lemma 1 by setting r = (ρ + 1)/2. Then ρ ∈

[−1, +1] if and only if r ∈ [0, 1].

The matrix in (8) depends polynomially on the parameter ρ. Hence the same procedure can be

repeated for this matrix as well. Moreover, from (4) and (5) it follows that deg Aa
0 ≤ (N − 1)/2

and deg Aa
1 ≤ (N − 1)/2 if N is odd, and deg Aa

0 ≤ N/2 and deg Aa
1 ≤ (N − 2)/2 if N is

even. Hence, deg A(1) ≤ max{deg Aa
0, deg Aa

1 + 1} = b(N + 1)/2c. Therefore, the polynomial

dependence of the new matrix A(1)(ρ) has been reduced by a factor of two.

Rewrite the matrix in (8) as

A(1)(ρ) = A
(1)
0 + ρA

(1)
1 + ρ2A

(1)
2 + · · ·+ ρN1A

(1)
N1

, (9)

where N1 = b(N + 1)/2c for some matrices A
(1)
j ∈ R2n×2n and j = 0, 1, 2, · · · , N1. This

procedure will lead after at most

qmax := blog2 Nc+ 1 (10)

steps to an affine system

A(qmax)(ρ) = A
(qmax)
0 + ρA

(qmax)
1 (11)



for some constant matrices A
(qmax)
0 , A

(qmax)
1 ∈ R2qmaxn×2qmaxn. From (10) it is clear that the

dimensions of the matrices in (11) are of order O(Nn).

The following result is thus immediate from the previous iterative procedure.

Corollary 1: The matrix A(ρ) in (2) is Hurwitz for all ρ ∈ [−1, +1] if and only if the matrices

A(q)(ρ) are Hurwitz for all ρ ∈ [−1, +1] and all q = 1, 2, . . . , qmax. Specifically, the polynomial

matrix A(ρ) in (2) is Hurwitz for all ρ ∈ [−1, +1] if and only if the affine matrix A(qmax)(ρ) in

(11) is Hurwitz for all ρ ∈ [−1, +1].

More to the point, the previous corollary allows one to check the stability of the polynomial

matrix A(ρ) for all ρ ∈ [−1, +1] by checking the stability of the affine matrix A(qmax)(ρ) for

all ρ ∈ [−1, +1]. To this end, we make use of the following recent result from [14]. The result

provides Lyapunov-based, necessary and sufficient conditions to test the stability of a single-

parameter affine matrix of the form (11).

III. LMI STABILITY CONDITION

Theorem 2 ([14]): Given the matrices A0, A1 ∈ Rn×n with rankA1 = `, let

m :=


1
2
(2n`− `2 + `), if ` < n,

1
2
n(n + 1)− 1, if ` = n.

(12)

Then the following two statements are equivalent:

(i) A0 + ρA1 is Hurwitz for all ρ ∈ [−1, +1].

(ii) There exists a set of m + 1 matrices {Pi}0≤i≤m, such that the following two matrix



inequalities are satisfied for all ρ ∈ [−1, +1].

R(ρ) := (A0 + ρA1)
TP(ρ) + P(ρ)(A0 + ρA1) < 0,

P(ρ) =
m∑

i=0

ρiPi > 0.

In order to find a nonconservative way of checking the previous matrix inequalities we first

notice that the parameter-dependent matrix P(ρ) can be written (non uniquely) as

P(ρ) =

(
ρ[k] ⊗ In

)T

PΣ

(
ρ[k] ⊗ In

)
(13)

for some constant matrix PΣ = PT
Σ ∈ Rnk×nk, where k = dm

2
e + 1 and where ρ[k] ∈ Rk is

defined as ρ[k] := (1 ρ ρ2 . . . ρk−1)T ∈ Rk. Similarly, the matrix R(ρ) can be expressed as

R(ρ) =

(
ρ[k′] ⊗ In

)T

RΣ

(
ρ[k′] ⊗ In

)
(14)

where k′ = k if m is odd or k′ = k + 1 if m is even, and where RΣ ∈ Rnk′×nk′ is given by

RΣ := HT
ΣPΣFΣ + F T

ΣPΣHΣ, (15)

where HΣ := Ĵk ⊗ In, FΣ := Ĵk ⊗A0 + J̌k ⊗A1, and Ĵk := [Ik 0k×1] and J̌k := [0k×1 Ik]. Note

that RΣ depends linearly on PΣ.

The following result can then be used to test the matrix inequalities of Theorem 2.

Lemma 2 ([14],[19]): Let Θ ∈ Rnk×nk. Then the matrix inequality(
ρ[k] ⊗ In

)T

Θ

(
ρ[k] ⊗ In

)
< 0 (16)

holds for all ρ ∈ [−1, 1] if and only if there exist matrices D ∈ Rn(k−1)×n(k−1) and G ∈

Rn(k−1)×n(k−1) such that

D = DT > 0, G + GT = 0,

Θ <

Ĵk−1 ⊗ In

J̌k−1 ⊗ In


T −D G

GT D


Ĵk−1 ⊗ In

J̌k−1 ⊗ In

 .



The following is a direct consequence of Lemma 2 and Theorem 2.

Corollary 2: Let the parameter-dependent matrix A(ρ) = A0 + ρA1, where A0,A1 ∈ Rn×n

with rank A1 = ` and let k = dm
2
e + 1 where m as in (12). Then, A(ρ) is Hurwitz for all

ρ ∈ [−1, 1] if and only if there exist symmetric matrices PΣ ∈ Rnk×nk, D1 ∈ Rn(k−1)×n(k−1)

and D2 ∈ Rnk×nk and skew-symmetric matrices G1 ∈ Rn(k−1)×n(k−1), G2 ∈ Rnk×nk, such that

D1 = DT
1 > 0, G1 + GT

1 = 0, (17)

−PΣ <

Ĵk−1 ⊗ In

J̌k−1 ⊗ In


T −D1 G1

GT
1 D1


Ĵk−1 ⊗ In

J̌k−1 ⊗ In

 , (18)

and

D2 = DT
2 > 0, G2 + GT

2 = 0, (19)

RΣ <

Ĵk ⊗ In

J̌k ⊗ In


T −D2 G2

GT
2 D2


Ĵk ⊗ In

J̌k ⊗ In

 , (20)

where RΣ = RΣ(PΣ) as in (15).

Remark 1 Notice that when A(ρ) is nominally stable, i.e., when the matrix A0 is Hurwitz, the

inequality (18) is not necessary. This is due to the fact that A0 Hurwitz along with inequality

(20) guarantees that P(0) > 0. Also, (20) ensures that P(ρ) > 0 for all ρ ∈ [−1, 1]; see

[20]. Assuming therefore nominal stability, one can discard the inequality (18), thus reducing

considerably the number of variables in the convex feasibility problem of Corollary 2.

IV. CONCLUSIONS

A new necessary and sufficient condition for checking robust stability of a linear time-invariant

system with polynomial dependence of a single parameter over a compact interval is proposed.



It is shown that robust stability of the original polynomially-dependent matrix is equivalent to

the robust stability of an auxiliary system (of increased dimension) that depends only affinely on

the parameter. The stability of the latter can be checked exactly by solving a feasibility problem

in terms of LMIs.

REFERENCES

[1] S. Bialas, “A necessary and sufficient condition for stability of convex combinations of stable polynomials and matrices,”

Bull. Polish Acad. Sci. Tech. Sci., vol. 33, no. 9-10, pp. 473–480, 1985.

[2] M. Fu and B. R. Barmish, “Maximal unidirectional perturbation bounds for stability of polynomials and matrices,” Systems

and Control Letters, vol. 11, pp. 173–179, 1988.

[3] L. Saydy, A. L. Tits, and E. H. Abed, “Robust stability of linear systems relative to guarded domains,” in Proceedings of

the 27th IEEE Conference on Decision and Control, 1988, pp. 544–551, Austin, TX.

[4] ——, “Guardian maps and the generalized stability of parametrized families of matrices and polynomials,” Mathematics

of Control, Signals and Systems, vol. 3, pp. 345–371, 1990.

[5] B. R. Barmish, New Tools for Robustness of Linear Systems. Macmillan Publishing Company, 1994.

[6] S. Rern, P. T. Kabamba, and D. S. Bernstein, “Guardian map approach to robust stability of linear systems with constant

real parameter uncertainty,” IEEE Transactions on Automatic Control, vol. 39, pp. 162–164, 1994.

[7] E. Feron, P. Apkarian, and P. Gahinet, “Analysis and synthesis of robust control systems via parameter-dependent Lyapunov

functions,” IEEE Transactions on Automatic Control, vol. 41, no. 7, pp. 1041–1046, 1996.

[8] P. Gahinet, P. Apkarian, and M. Chilali, “Affine parameter-dependent Lyapunov functions and real parametric uncertainty,”

IEEE Transactions on Automatic Control, vol. 41, no. 3, pp. 436–442, 1996.

[9] A. Trofino, “Parameter depedent Lyapunov functions for a class of uncertain linear systems: an LMI approach,” in

Proceedings of the 38th IEEE Conference on Decision and Control, 1999, pp. 2341–2346, Phoenix, AZ.

[10] D. Ramos and P. Peres, “An LMI condition for the robust stability of uncertain continuous-time linear systems,” IEEE

Transactions on Automatic Control, vol. 47, no. 4, pp. 675–678, 2002.

[11] P.-A. Bliman, “A convex approach to robust stability for linear systems with uncertain scalar parameters,” SIAM Journal

on Control and Optimization, vol. 42, no. 6, pp. 2016–2042, 2004.

[12] ——, “An existence result for polynomial solutions of parameter-dependent LMIs,” Systems & Control Letters, vol. 51,

no. 3-4, pp. 165–169, 2004.



[13] ——, “Nonconservative LMI approach to robust stability for systems with uncertain scalar parameters,” in Proceedings of

the IEEE 41st Conference on Decision and Control, Dec. 2002, pp. 305–310, Las Vegas, NV.

[14] X. Zhang, P. Tsiotras, and T. Iwasaki, “Parameter-dependent Lyapunov functions for stability analysis of LTI parameter

dependent systems,” in 42nd IEEE Conference on Decision and Control, 2003, pp. 5168–5173, Maui, HI.

[15] ——, “Parameter-dependent Lyapunov functions for stability analysis of LTI parameter dependent systems,” in Proceedings

of the IEEE 42nd Conference on Decision and Control, 2003, pp. 5168–5173, Maui, HW.

[16] X. Zhang, “Parameter-dependent Lyapunov functions and stability analysis of linear parameter-dependent dynamical

systems,” Ph.D. dissertation, School of Aerospace Engineering, Georgia Institute of Technology, Atlanta, Georgia, October

2003.

[17] X. Zhang, P. Tsiotras, and P.-A. Bliman, “Multi-parameter dependent Lyapunov functions for the stability analysis of LTI

parameter-dependent systems,” in Proceedings of the 13th IEEE Mediterranean Conference on Control and Automation,

2005, pp. 1263–1268, Limassol, Cyprus.

[18] G. Chesi, “Robust analysis of linear systems affected by time-invariant hypercubic parameter uncertainty,” in Proceedings

of the 42nd IEEE Conference on Decision and Control, 2003, pp. 5019–5024, Maui, HW.

[19] T. Iwasaki, G. Meinsma, and M. Fu, “Generalized S-procedure and finite frequency KYP lemma,” Mathematical Problems

in Engineering, vol. 6, pp. 305–320, 2000.

[20] T. Iwasaki and G. Shibata, “LPV system analysis via quadratic separator for uncertain implicit systems,” IEEE Transactions

on Automatic Control, vol. 46, no. 8, pp. 1195–1208, 2001.


