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Abstract— This paper studies the problem of steering the
distribution of a linear time-invariant system from an initial
normal distribution to a terminal normal distribution under
no knowledge of the system dynamics. This data-driven control
framework uses data collected from the input and the state and
utilizes the seminal work by Willems et al. to construct a data-
based parametrization of the mean and the covariance control
problems. These problems are then solved to optimality as con-
vex programs using standard techniques from the covariance
control literature. We also discuss the equivalence of indirect
and direct data-driven covariance steering designs, as well as
a regularized version of the problem that provides a balance
between the two. We illustrate the proposed framework through
a set of randomized trials. We then analyze the robustness
properties of the data-free and data-driven covariance steering
methods and demonstrate the trade-offs between performance
and optimality among these methods in the presence of data
corrupted with exogenous noise.

I. INTRODUCTION

Recently, there has been an emergence of an increas-
ing reliance on data-driven methods for solving complex
problems in science and engineering. The field of artificial
intelligence has demonstrated the ability to solve extremely
difficult problems using input and output data with the
machinery of neural networks and learning-based algorithms
[1], [2].One of the major fundamental flaws of purely
learning-based solutions is their lack of verifiability, that is,
verifying that the networks will perform as expected given
an input data stream. Many works have begun looking at
robustness properties to verify these neural networks both
in the deterministic [3], [4]and the probabilistic settings [5],
[6]. The problem of analyzing the stability and robustness of
a general learning-based solution is still intractable, however.

In the context of control theory, it is also often the
case that we do not have prior knowledge of the system
dynamics. Ideally, we would like to use the data collected to
perform control designs that have guaranteed performance
and robustness properties, albeit in a learning/data-driven
context. To this end, another paradigm for control design is
to use the input and output data streams to either estimate the
model of the system or directly perform controller synthesis
using these data. The former technique is referred to as
indirect design, as it performs system identification (sysID)
first, followed by controller synthesis, while the latter is
referred to as a direct design, as it bypasses the sysID phase
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completely and directly generates control commands from
input and output data. Furthermore, each method may be
classified into either a certainty-equivalence (CE) or robust
approach, depending on whether uncertainties are taken into
account.

The indirect or sysID approach has been long studied in
a general setting [7], [8] with methods such as subspace
identification with broader applications to filtering and state
estimation [9]. For optimization-based control, such as the
linear quadratic regular (LQR), there are many works that
use the indirect approach [10]-[12]. Similarly, the direct
approach to data-driven LQR has been approached using
behavioral methods [13], gradient-based methods [14], [15],
and Riccati-based methods [16]. More recently, this problem
has been solved using concepts from behavioral systems
theory and subspace methods [17] by making use of Willems’
Fundamental Lemma, which characterizes all trajectories of
an LTI system through the range space of an input/output
data matrix [18]. This gives rise to a parametrization of
the feedback gains as a linear combination of the collected
data and allows to perform direct data-driven control design
through semi-definite programming (SDP) [19]. To this end,
the authors in [20], [21] were able to come up with a CE
and regularized design, thus bridging the gap between the
indirect and direct approaches.

All these optimization-based approaches to direct data-
driven LQR design are done in the deterministic setting,
assuming a single realization of the state trajectories from x
to x¢. To the best of our knowledge, this paper is the first
work that looks at the data-driven control design problem
where the state is a stochastic process instead of a single de-
terministic trajectory. Since it is still unclear how to perform
data-driven designs in the context of process noise, we limit
our analysis to uncertainties in the initial and final states,
leaving the case of process noise for future investigation.
Specifically, we assume that the initial and final values of
the state must follow a normal distribution, and the objective
is to steer the entire distribution of states from an initial to
a final one. This problem is referred to in the literature as
covariance steering (CS) and has been extensively studied
in the past couple of years in the Gaussian case [22]-[25],
non-Gaussian case [26], nonlinear case [27], as well as in
the presence of chance-constraints on the state and control
[28]-[30]. The CS problem in the unconstrained case has an
elegant separation property between the mean and covariance
dynamics, and both problems turn into convex programs [22].

In this work, we present a data-driven covariance control
design that steers the mean dynamics through an indirect
sysID approach, and steers the covariance dynamics through
a direct approach, using the techniques outlined in [25] and



[19]. For direct covariance steering the certainty-equivalence
approach is used, which adds an orthogonality constraint
to the resulting optimization problem. We also analyze the
regularized approach, which is a hybrid of the two. We finally
study the robustness of these approaches through a set of
randomized simulations with noisy data and compare the
various covariance steering frameworks.

II. PROBLEM STATEMENT

We consider the following discrete-time deterministic
time-invariant system

Tpy1 = Axy + Buyg, (D

where x € R", u € R™, with time steps kK =0,...,N — 1,
where NN representing the finite horizon. The system matrices
A and B are assumed to be unknown. The uncertainty in the
system resides in the initial state xy, which is a random n-
dimensional vector drawn from the normal distribution

xo ~ N (ps, Xi), 2

where p; € R™ is the initial state mean and »; € R™*™ >
0 is the initial state covariance. Thus, although the system
dynamics (1) is deterministic, the uncertainty in the initial
state makes the state evolution {z;}Y_ | a random process.
The objective is to steer the trajectories of (1) from the initial
distribution (2) to the terminal distribution

xy =z~ N(up, Xy), 3)

where ¢y € R™ and Xy > 0 are the desired state mean and
covariance at time /N, respectively. The cost function to be
minimized is
N—-1
J(ug, ..., un—1) = E[ Z ] Qrxy + ul Ryug |, (4)
k=0
where Qx = 0 and Ry > 0 forall k=0,...,N — 1.
Problem 1: Given the unknown linear system (1), find
the optimal control sequence {uk}gz_ol that minimizes the
objective function (4), subject to the initial state (2) and
terminal state (3).

III. PROBLEM REFORMULATION

Borrowing from the work in [25], we adopt the control
policy
up = Ky (o — pr) + g, 4)

where K} € R™*" are the feedback gains that control
the evolution of the covariance of the state, and v, € R™
is the feedforward term that controls the evolution of the
mean of the state. Under the control law (5) it is possible
to re-write Problem 1 as a convex program, which can be
solved to optimality using off-the-shelf solvers. Since the
state distribution remains Gaussian at all time steps, and
since a normal distribution is completely characterized by
its first two moments, we decompose the system dynamics
(1) into the mean dynamics and the covariance dynamics.

Plugging in the control law (5) into the dynamics (1) yields
the decoupled dynamics

(6a)
(6b)

pt1 = Apg + Bog,
Ek+1 = (A + BKk)Ek(A + BKk)T

In the sequel, and similar to [31], we treat the moments of
the intermediate states {Xy, uk}g:_ll in the steering horizon
as decision variables in the resulting optimization problem.

Similar to the dynamics, the cost function can be decou-
pled and written in terms of the first two moments as follows

J: J/L(ukavk)+J2(EkaKk)7 (73)
N-1
Ju =Y (uf Qi + vi Ryvx) (7b)
k=0
N-1
Js = Z (tr(Qka) + tI‘(RkKkEkK]I)) (7¢)
k=0
Lastly, the two boundary conditions are written as
Mo = i, KN = fif, (8a)
Yo=23; Xy=23y. (8b)

Problem 1 is now recast as the following two sub-problems.

Problem 2: Given the mean dynamics (6a), find the
optimal mean trajectory {uk}év:_f and feedforward control
{vk}kN:_Ol that minimize the mean cost (7b) subject to the
boundary conditions (8a).

Problem 3: Given the covariance dynamics (6b), find the
optimal covariance trajectory {Zk}fc\;l and feedback gains
{K% IJCV:*Ol that minimize the covariance cost (7¢c) subject to
the boundary conditions (8b).

Remark 1: Problem 2 is a standard quadratic program
with linear constraints that can be solved analytically given
knowledge of the system matrices [22]. As such, we will
perform an indirect design by first estimating the A and
B matrices to solve this problem in a data-driven fashion.
Problem 3, however, is a non-linear program due to the cost
term tr(RK,X, K} ) and the covariance dynamics.

In the following section, we review the main concepts
from behavioral systems theory that will allow us to
parametrize the decision variables in Problems 2 and 3 in
terms of input and output data streams.

IV. DATA-DRIVEN PARAMETERIZATION

In order to incorporate data into the problem formulation,
we use the concept of persistence of excitation, along with
Willems” Fundamental Lemma [18] to parametrize the feed-
forward and feedback gains of the control policy. First, recall
the following definitions.

Definition 1: Given a signal {zx};_, where z;, € R7,
we denote its Hankel matrix by

Zi Ri+1 Rit+j—1
Zigg=| 7 T eret, (9
2,6, . . }
Zitl—1  ZitL Zi4l4j—2



where i € Z and ¥, j € N. For shorthand notation, if £ =1,
we denote the Hankel matrix by

Zi7l,j = Zi7j = [Zi Zi41l .- Zi-‘rj—l]~ (10)

Definition 2: The signal {z;}}_ : (0,7 —1]NZ — R
is persistently exciting of order ¢ if the matrix Zy,; with
j =T —/+1 has rank o/.

Corollary 1: In order for a signal to be persistently
exciting of order /, it must be sufficiently long, i.e., it must
hold that T' > (o + 1)¢ — 1.

Suppose we carry out an experiment of duration T' €
N where we collect input and state data {uéd)}f;g and
{x,id) T, respectively. Let the corresponding Hankel matri-
ces for the input sequence, state sequence, and shifted state
sequence (with £ = 1) be

Uor = [uéd) ugd) ugfill], (11a)
Xo,r = [xéd) mgd) xg,iizl], (11b)
X117 = [azgd) :cgd) :rg,fl)]. (11c)

The next result characterizes the rank of the stacked
Hankel matrices of the input and output data, and is central
to the method used to formulate a tractable data-driven
covariance steering problem.

Lemma 1 (Willems’ Fundamental Lemma [18]):

Suppose that system (1) is controllable. If the input
signal {uy }Zz_ol is persistently exciting of order n + 1, then

rank [UO’T =n4+m.

Xo,r (12)

Remark 2: In order to ensure that the input u; € R™
is persistently exciting of order n + 1 to satisfy Willems’
Fundamental Lemma, it is sufficient to check that T > (m+
1)n+m. In practice, this can always be achieved in real-time
during data collection.

Lemma 1 implies that any arbitrary input-state sequence
can be expressed as a linear combination of the collected
input-state data. Furthermore, this can be extended [13]
to parameterizing any arbitrary feedback interconnection as
well. In the following section, based on the work in [19], we
parameterize the feedback gains in terms of the input-state
data and reformulate the covariance steering problem as a
semi-definite program (SDP).

A. Direct Data-Driven Covariance Steering

Assuming the signal {uk}gz_ol is persistently exciting of
order n + 1, we can express the feedback gains as follows

K| |Uor

AL
where G, € RT*™ are newly defined decision variables
that provide the link between the feedback gains and the

input-state data. Furthermore, we can re-write the covariance
dynamics (6b) as

13)

Se=[B Al {ﬁ“] o [ﬁyw AT

= X1,TGkEkGZX1T,T, (14)

where we use the fact that Xy = AXor + BUyr.
Similarly, the covariance cost (7c) can be re-written as

Jgk = tr(Qka) + tr(Rka)TGkaGZU&T). (15)

To remedy the nonlinearity G;X;G] in the covariance
dynamics and the cost, and assuming that ¥; > 0, define
the new decision variables S := G;X, € RT*™ which
yields the covariance dynamics

Set1 = X109 E; e XT 1, (16)
and the covariance cost
Jek = tr(QkSk) + tr(RiUo r Sk S, ' STUT ). (17)

This problem is still non-convex due to the nonlinear term
Sngng. To this end, let us relax the covariance dynamics
by defining a new decision variable Y > SkE,;lST, which
yields the relaxed optimization problem

N-1
i Jv = T
BCEDY (tr(@i=0) + (BT Vil 1) ), (180)

such that, for all K =0,...,N —1,

C = SkX;'ST -V, <0, (18b)
G = XY XT ;S =0, (18¢)
G =%, — XorSk =0, (18d)

with the boundary conditions (8b). The last equality con-
straint (18d) comes from the second block in (13) by
multiplying ¥ on the right. The relaxed problem (18) is
convex, since the constraint (18b) can be written using the
Schur complement as the linear matrix inequaltiy (LMI)

X SE
> 0.
[Sk Y| — 0
The equality constraint (18c) and cost (18a), on the other

hand, are simply linear in all the decision variables, and
hence convex.

19)

B. Indirect Data-Driven Mean Steering

Given the mean dynamics (6a) in terms of the open-loop
control vg, Lemma 1 also provides a system identification
type of result using the following theorem.

Theorem 1: Suppose the signal uy, is persistently exciting
of order n + 1. Then, the system (6a) has the following

equivalent representation
Uo,r " To
Xor| |p]’

Proof- See [13] for details.

Remark 3: Theorem 1 gives a data-based open-loop rep-
resentation of a (noise-less) linear system. One may equiv-
alently interpret equation (20) as the solution to the least-
squares problem

(20)

) 21
F

U,
XI,T — [B A] l:X(())’;]

min
B,A



where || - | is the Frobenius norm. Thus, equation (20)
provides the solution for the system matrices that best
approximates the system dynamics.

Using Theorem 1, we can express the mean steering problem
as the following convex problem

N-—1
min J, = > ([ Qg + vl Ryon),  (222)
sVk 5—0
such that, for all K =0,..., N — 1,
H" := Fuup + Fyop — i1 =0, (22b)

with the boundary conditions (8a), where F), € R"*" and
F, € R®™*™ result from the partition of

f
L UO,T _ F, nx(m+n)
F:=Xr {XO,T] = [FJ eR . @23)

V. CERTAINTY EQUIVALENCE AND REGULARIZED
DATA-DRIVEN METHODS

In this section, we establish the link between the direct
CS design in Section IV-A and the indirect design, as well
as briefly outline a regularized design based on [21] that
trade-offs the two frameworks.

A. Certainty-Equivalence Design

For notational simplicity, let the matrix
Uo,r
Xor|’

In the direct data-driven covariance control design, the set
of optimal solutions G to (18) coincides with the set of
solutions to (13), that is,

|

. C | K
(Gt s (51,52.%7) € arguin19)) = W] 5] + G,
n
(24
where Ghop is any matrix in the null space of Wj. Let
w, = Ir — WoT Wy be the orthogonal projection on

the nullspace of Wj. It has been shown in [20] that by
introducing the extra orthogonality constraint Ilyy, Gy = 0,
for all K = 1,..., N, results in an optimization problem
(18) that is equivalent to the corresponding indirect design.
Since Sy, is a decision variable in (18), this amount to adding
the additional equality constraints Iy, Sy = 0 to (18). In
the context of covariance steering, the indirect design is
equivalent to the bi-level program

N—-1
min s = ;) tr(Qrk) + tr(RiYr),  (25a)
such that, for all k=0,...,N —1,
o ._ |2 U
o = {Uk vl 0, (25b)
Y. UTBT
c® .= | =k YEPT 25
k BU, I, |~ (25¢)
(B A] = argming 4[| X1 — [B AWy r, (25d)

where Ty = Sy — AXL AT — AU,IBT — BU,AT. See [25]
for details on this derivation.

B. Regularized Design

By adding the constraint Ily, Sy = 0 to the objective
function, we arrive at a regularized direct data-driven co-
variance steering formulation. Letting A > 0 be a tunable
hyperparameter that balances indirect with direct designs,
the regularized problem becomes

N-1

in Jy = T
S8 To = Z tr(QrEx) + tr(RiUo,rYrUg 1)

k=0
+ AT, Skll,  (26a)
such that, for all K =0,...,N — 1,
Cr = SkX;'ST — Y, <0, (26b)
G = X1 Vi XT St =0, (26¢)
G =% — Xo1S), = 0. (26d)

It can be shown [21] that for A\ sufficiently large, the regu-
larized design (26) coincides with the certainty-equivalence
design. This regularized design is useful for balancing the
robustness of the indirect design with the performance of
the direct design, as we shall see in Section VL.

VI. NUMERICAL EXAMPLE

To illustrate the proposed data-driven method, we run a
set of 100 trials on the double integrator system

11 0

o)
with initial distribution g = [20 — 2]7, %, = diag(1,0.5)
and terminal distribution p1y = [0 8]T, X = 0.5],. The state
and control cost weights are Q; = 0.01/; and Ry = 1, for
all k=0,1,..., N, respectively. We pick a control horizon
N = 10 and data collection horizon 7' = 15 to ensure that
T > (m+ 1)n+m = 5. The data is generated for every
trial by randomly sampling the initial state and input over
the collection horizon 7" from a standard normal distribution.
The following set of simulations was run on a 32 GB Intel
17-10850H @ 2.60 GHz computer.

27)

T2
N
T

Fig. 1: Monte Carlo trajectories of data-driven solution.

Figure 1 shows the trajectories of the system using the
data-driven framework on a set of 100 Monte Carlo runs. As
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Fig. 2: Comparison of differences between model-based and
data-driven covariance steering solutions in the noiseless case
(8 = 0) with mean errors (solid line) and 3o error bars.

mentioned, the terminal covariance is indeed less than the
desired one, as denoted by the solid black line. Nevertheless,
the control law successfully steers the system between the
two distributions with no knowledge of the system matrices.

It is also fruitful to compare the gains and feedforward
control to that of the model-based covariance steering solu-
tion, as outlined [25]. Figure 2 shows the difference between
the two solutions with the corresponding mean and 3o
errors over the set of trial runs. Figure 2 shows that the
two solutions are nearly exact, with the feedforward control
having an error of within 10~® and the feedback control
within 1072, Next, we compare the robustness properties
of the various data-driven control designs as outlined in
Section V. To this end, we add noise into the data collection
and simulations but keep the designs as if there is no noise in
the system. The question then becomes how these methods
will perform when the data is corrupted by noise. For the
data collection, we add an extra term Dwy, into the dynamics,
where wy, ~ N (0,1,) and D = 31, with 8 > 0 a tunable
parameter for the noise intensity. Figure 3 shows the effect of
increasing levels of noise on the accuracy of the feedforward
control data-driven solution. Even for moderately large noise
levels (8 = 102), the 3¢ variance of the error is within 0.04.
Thus, indirect mean steering design is a fruitful avenue for
designing robust nominal controllers against noise. Even for
moderately large noise levels (3 = 10~2), the 3¢ variance of
the error is within 0.04. Thus, indirect mean steering design
is a fruitful avenue for designing robust nominal controllers
against noise.

%107 B=10"° 4 x10% p=10"
3)
3
=27 2
I \_/’_\
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0
0 1
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=)
‘ \_’/’—\ 0.02
3 \,/—\
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Time Step Time Step

Fig. 3: Absolute value error in data-driven feedforward
control for different levels of exogenous noise.

For the feedback design, we compare the direct solution as
outlined in Section IV-A with the certainty-equivalence and
regularized designs. To this end, we fix the noise intensity to
be 3 = 1073 and choose the regularization hyperparameter
as A = 2 x 1072, Figure 4 shows the mean and 3¢
variance of the normed error of the corresponding data-
driven methods when corrupted with noise. Interestingly,
the certainty-equivalence (i.e., indirect) approach is the most
robust among the three, achieving an error within 1072,
while the direct approach is the least robust. Table I shows

0.3 —

T
— Direct

—Certainty-Equivalence
—Regularized

K|

||

Time Step

Fig. 4: Norm error in data-driven feedback control for direct,
regularized, and certainty-equivalence methods for a noise
level 3 = 1073 and regularization hyperparameter A\ = 2 x
1072,

the mean and variance of the empirical error for the kth trial

_ =il
= YR
between the optimal model-based cost and the data-driven
costs. We see that although the direct data-driven solution
is the least robust, it is also the most optimal in the sense
that it achieves the closest cost with the true, model-based
solution. On the other hand, the CE approach has the best

&k (28)



TABLE I: Mean cost error among different data-driven
covariance steering approaches for corrupted data.

x10% Direct  Regularized CE
E[&k] 3.9886 4.3614 12.0494
o?[&] 0.0009 0.0013 0.0261

robustness but worst performance. Thus, the regularized form
of the problem is a useful design for balancing robustness
with optimality by varying .

VII. CONCLUSION

In this work, we have presented a tractable data-driven so-
lution to the Louisville problem of steering the distribution of
a deterministic linear system from one normal distribution to
another. The problem was solved by decoupling the dynamics
into mean and covariance dynamics and then performing
an indirect data-driven design for the mean motion, and a
direct data-driven design for the covariance motion through a
convex relaxation. The data-driven solution matches almost
exactly with its model-based counterpart. Further work in
this direction will look at how to incorporate noise into the
system dynamics. This problem is much harder to solve, as
the introduction of random noise (a) cannot be measured in
a real-time data-driven scenario, and (b) yields input-state
data that can have multiple realizations.
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