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ABSTRACT
This article deals with the nonlinear feedback regulation of

the longitudinal traction forces for high-speed vehicles,possibly
over a low friction surface. Hybrid models of the longitudinal
vehicle dynamics incorporating load transfer effects, a crucial
element in advanced driving techniques, are derived. The de-
signed hybrid regulator allows the tracking of a given friction
force profile in the presence of known disturbances and unknown
model uncertainties. Simulations show good performance ofthe
proposed hybrid regulator under all operating conditions.

INTRODUCTION
Accident avoidance is the primary task of automotive active

safety systems. During an imminent collision, when the driver’s
reaction time is rather limited, the full utilization of thevehi-
cle’s handling capability becomes critical. Only expert drivers
are masters of controlling the vehicle at these extreme regimes.
Incorporating expert driving skills in an active safety system is
an important step forward in the technology of future accident
avoidance systems. By fully utilizing the vehicle’s handling ca-
pability one should be able to stop the vehicle faster or to move
the vehicle away from a hazard, thus improving vehicle response
to levels that are not possible by novice drivers.

Several contributions have been developed in the last years
to improve vehicle control stability. Anti-lock braking systems
(ABS) and traction control or acceleration slip regulation(ASR),
are examples of the current state of technology. However, tothe
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best of our knowledge, none of these works deals with expert
driver-inspired vehicle active safety systems for vehicles in the
limit of their handling conditions.

In this article, following our previous works [7, 9, 10], we
develop a hybrid model of a vehicle during “left foot braking” a
specific driving technique used by rally drivers, which takes ad-
vantage of the load transfer effect from front to rear axles and
vice versa, to control the friction forces at the front and rear
wheels. Specifically, in this technique the driver applies brak-
ing and acceleration commands simultaneously in order to fine
tune the total torque applied to the wheels.

We describe the system’s behavior at two levels of abstrac-
tion (the wheels and the vehicle) through a finite number of dis-
crete states and state transitions. We use a family of continuous
models incorporating the load transfer effect, within the individ-
ual discrete states. Continuous control laws, based on the non-
linear output regulation theory and tracking a given friction force
profile, are designed at the highest abstraction level, but imple-
mented at the more accurate, lower wheel abstraction level.

PROBLEM FORMULATION
Vehicle Model

We consider a vehicle in a straight driving condition as
shown in Figure 1. We assume that the vehicle lateral load trans-
fer is zero and the road surface friction is evenly distributed on
the right and left wheels. The four wheel vehicle can, then, be
modeled through a two-wheel bicycle model as shown in Fig-
ure 1. Letξ = (v,ωF ,ωR)T be the state of the vehicle, wherev
is the translational velocity (measured along the longitudinal di-
rection of the vehicle) of the center of mass, withωF andωR the
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Figure 1. LONGITUDINAL FORCE DISTRIBUTION ON A TWO-AXLE

VEHICLE ON A LEVEL ROAD.

angular velocities of the front and rear wheels, respectively. The
equations of motion of the vehicle are

mv̇ = fF + fR− fd, (1a)

IF ω̇F = TF − r fF , (1b)

IRω̇R = TR− r fR, (1c)

where fF [N] and fR [N] are the tractive friction forces acting
on the front and rear wheels, respectively,fd [N] is the external
disturbance,m [kg] is the mass of the vehicle body,IF [kgm2]
and IR [kgm2] denote the rotational moments of inertia of the
front and rear wheels, respectively, andr [m] is the rolling ra-
dius of the wheels. Furthermore,TF [Nm] is the total torque (en-
gine drive torque and brake torque) acting on each of the front
wheels, whileTR [Nm] is the total torque acting on each of the
rear wheels. Without loss of generality, we assume a FWD (Front
Wheel Drive) vehicle, for which a possible distribution of the
driving torqueTshaft [Nm], produced by the engine, and the brake
torqueTbrake [Nm], produced by the braking system, on the front
and rear wheels is given by [5]:

TF = 0.5Tshaft−0.3Tbrake, (2a)

TR = −0.2Tbrake. (2b)

The disturbance due to the rolling wheel resistance is givenby
fd = crollmg, wherecroll is the rolling resistance coefficient and
g [m/s2] is the gravitational acceleration. Following [2, 6], the
longitudinal forces acting on the front and rear tires are given by

fF = µF(λF)NF , fR = µR(λR)NR, (3)

whereµF(λF) andµR(λR) are the friction coefficients, whileNF

andNR are the normal loads on the front and rear wheels, respec-
tively. Typically,µF(λF) andµR(λR) are nonlinear functions, de-
pending on the slip ratios of the front and rear wheelsλF and
λR, respectively. Using the Bakker-Pacjeka model [1], we may

assume that the friction coefficients depend on the slip ratios as
follows

µ∗(λ∗) = D∗ sin
(

C∗arctan(B∗λ∗)
)

, ∗ = F,R, (4)

whereB∗, C∗, andD∗ are parameters fitting experimental data.
For notational convenience, the argument inµF andµR will be
dropped in the sequel. The normal loadsNF andNR satisfy the
following relations

NF = mg
lR

L
−

h

L
mv̇, NR = mg

lF

L
+

h

L
mv̇, NF +NR = mg,

(5)
with h [m] the vertical distance to the vehicle’s center of mass,
lF [m] the distance from the front axle to the vehicle’s center of
mass,lR [m] the distance from the rear axle to the vehicle’s cen-
ter of mass andL the distance from the front to the rear axle,
given byL = lF + lR. As described in the next section, the ve-
hicle has an intrinsic hybrid nature that leads to a hybrid model
abstraction.

Hybrid Vehicle Model with Load Transfer
In this section, we use the formalism of hybrid systems [8]

to model the longitudinal vehicle dynamics of a FWD vehicle,
including the effect of longitudinal load transfer. We propose
two different abstraction levels for the hybrid system modeling
a FWD vehicle: the Vehicle-level Hybrid System (VHS) and the
Wheel-level Hybrid System (WHS), as depicted in Figure 2. The
difference between the two levels stems from the effects of the
time delay between the driver’s command (accelerate or brake)
and the reactions of the wheels in the model description. Forcon-
venience of notation, in Figure 2 we denote with the superscript
V the elements related to the VHS model abstraction and with
superscriptW the elements related to the WHS model abstrac-
tion. We will use the VHS model for designing the controller
and the WHS for evaluating the efficiency of the designed hy-
brid controller. Both the abstraction levels are describedusing
the following definitions of the wheels’ and vehicle’s operating
conditions.

Definition 1: Wheel Modes.Given the wheels’ slip ratios for
a FWD vehicle [2]:

λd
F =

rωd
F −vd

rωd
F

for vd < rωd
F , (6a)

λd
R = 0 for vd = rωd

R, (6b)

λb
F =

rωb
F −vb

vb
for vb > rωb

F , (6c)

λb
R =

rωb
R−vb

vb
for vb > rωb

R, (6d)
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we say that the front (rear) wheel is inwheel driving modeif
λd

F ≥ 0 (λd
R = 0) and it is in wheel braking modeif λb

F < 0
(λb

R < 0), where the superscribed indexd denotes thedriving
modeand the superscribed indexb denotes thebraking modefor
the corresponding wheel.

Definition 2: Vehicle Modes.Given the total force acting
between the vehicle’s tires and the road asftot = fF + fR− fd,
we say that a vehicle is invehicle driving modeif ftot ≥ 0 and in
vehicle braking modeif ftot < 0, where the forces (f d

F , f d
R) for the

vehicle driving mode and (f b
F , f b

R) for the vehicle braking mode,
given, respectively, by

f d
F = µd

F

(

mg
lR

L+hµd
F

+
h

L+hµd
F

f d
d

)

, (7a)

f d
R = 0, (7b)

f b
F = µb

F

(

mg
lR−hµb

R

L+h(µb
F −µb

R)
+

h

L+h(µb
F −µb

R)
f b
d

)

, (7c)

f b
R = µb

R

(

mg
lF +hµb

F

L+h(µb
F −µb

R)
−

h

L+h(µb
F −µb

R)
f b
d

)

, (7d)

where f d
d = f b

d = fd and

µd
F = DF sin

(

CF arctan(BF λd
F)
)

, for 0≤ λd
F ≤ 1, (8a)

µd
R = 0, for λd

R = 0, (8b)

µb
F = DF sin

(

CF arctan(BF λb
F)
)

, for −1≤ λb
F < 0,(8c)

µb
R = DRsin

(

CRarctan(BRλb
R)
)

, for −1≤ λb
R < 0. (8d)

Deriving and rearranging terms in (6) and using (1), and
after denoting withx = (v,λF ,λR)T the state of the vehicle in
slip ratio variables, one obtains five dynamic systems, given by
ẋ = f W

i (x,u,d) (i = 1, . . . ,5)), which model the longitudinal ve-
hicle behavior at the wheel level, as follows:

1. Vehicle driving mode( f d
tot ≥ 0) with wheels inwheel driv-

ing/driving mode(λd
F ≥ 0 andλd

R = 0):

f W
1 (x,u,d) =







k0

(

f d
F + f d

R− f d
d

)

−k0

( f d
F + f d

R− f d
d

vd

)

γd
F −k1

f d
F

vd ηd
F +k2

Td
F

vd ηd
F







(9)
2. Vehicle driving mode( f d

tot ≥ 0) with wheels inwheel driv-

ing/braking mode(λd
F ≥ 0 andλb

R < 0):

f W
2 (x,u,d) =















k0

(

f d
F + f b

R− f d
d

)

−k0

( f d
F + f d

R − f d
d

vd

)

γd
F −k1

f d
F

vd ηd
F +k2

Td
F

vd ηd
F

−k0

( f b
F + f b

R− f b
d

vb

)

γb
R−k3

f b
R

vb +k4
Tb

R

vb















(10)
3. Vehicle braking mode( f b

tot < 0) with wheels inwheel driv-
ing/braking mode(λd

F ≥ 0 andλb
R < 0):

f W
3 (x,u,d) =















k0

(

f d
F + f b

R− f b
d

)

−k0

( f d
F + f d

R − f d
d

vd

)

γd
F −k1

f d
F

vd ηd
F +k2

Td
F

vd ηd
F

−k0

( f b
F + f b

R− f b
d

vb

)

γb
R−k3

f b
R

vb +k4
Tb

R

vb















(11)
4. Vehicle braking mode( f b

tot < 0) with wheels inwheel brak-
ing/braking mode(λb

F < 0 andλb
R < 0):

f W
4 (x,u,d) =















k0

(

f b
F + f b

R− f b
d

)

−k0

( f b
F + f b

R− f b
d

vb

)

γb
F −k1

f b
F

vb +k2
Tb

F

vb

−k0

( f b
F + f b

R− f b
d

vb

)

γb
R−k3

f b
R

vb +k4
Tb

R

vb















(12)
5. Vehicle braking mode( f b

tot < 0) with wheels inwheel brak-
ing/driving mode(λb

F < 0 andλd
R = 0):

f W
5 (x,u,d) =







k0

(

f b
F + f d

R − f b
d

)

−k0

( f b
F + f b

R− f b
d

vb

)

γb
F −k1

f b
F

vb +k2
Tb

F

vb







(13)

wherek0 = 1/m, k1 = r2/IF , k2 = r/IF , k3 = r2/IR, k4 = r/IR and
ηd

F = (1−λd
F)2, γd

F = (1−λd
F), γb

F = (1+λb
F), andγb

R = (1+λb
R).

At this level, we assumed that both engine and brake torques
do not have an immediate effect on the wheels, but there is a
time delay between the driver’s command (accelerating or brak-
ing) and the effective reactions on the wheels. Using the notation
described in [8], each of these five models corresponds to a dis-
crete stateqW ∈ QW = {qW

1 ,qW
2 ,qW

3 ,qW
4 ,qW

5 } of a finite state
automaton as depicted at the bottom in Figure 2: two for the
vehicle driving mode (qW

1 andqW
2 ) referring to a total friction

force being nonnegative, and three for the vehicle braking mode
(qW

3 andqW
4 andqW

5 ), where the total friction force is negative.
The stateqW

1 corresponds to (front and rear) wheels with friction
slip ratios nonnegative, andqW

4 corresponds to (front and rear)
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wheels with friction slip ratios negative. The rest of the states
(qW

2 , qW
3 , qW

5 ) describes mixed operating conditions, in which
front and rear wheels have slip ratios with different signs.The
transitions among these five models are regulated by the guard
conditionsGW

12 , GW
23 , GW

34 , GW
45 , GW

51 , which are forced when the
invariant conditions are violated. After a transition, thestatex
can be reset through the reset functions (RW

12 , RW
23 , RW

34 andRW
45 ,

RW
51) described in Figure 2.

At the VHS level, we assume that the time delay between
the driver’s command to accelerate (brake) and the reactions of

qV
1

qV
2ẋ = f V

1 (x,u,d) ẋ = f V
2 (x,u,d)

x∈ IV
1

x∈ IV
2

GV
12 RV

12

GV
21RV

21

IV
1 = {λF ≥ 0,λR = 0, ftot ≥ 0,u = ud,d = f d

d },

IV
2 = {λF < 0,λR < 0, ftot < 0,u = ub,d = f b

d},

GV
12 = IV

2 , GV
21 = IV

1 , RV
12 = {x := x}, RV

21 = {x := x}.

qW
1 qW

2

qW
3

qW
4

qW
5

ẋ = f W
1 (x,u,d) ẋ = f W

2 (x,u,d)

ẋ = f W
3 (x,u,d)

ẋ = f W
4 (x,u,d)

ẋ = f W
5 (x,u,d)

x∈ IW
1 x∈ IW

2

x∈ IW
3

x∈ IW
4

x∈ IW
5

GW
12 RW

12

GW
13

RW
13

GW
23

RW
23

GW
34

RW
34GW

45

RW
45

GW
51

RW
51

IW
1 = {λF ≥ 0,λR = 0, ftot ≥ 0,u = ud,d = f d

d},

IW
2 = {λF ≥ 0,λR < 0, ftot ≥ 0,u = udb,d = f d

d},

IW
3 = {λF ≥ 0,λR < 0, ftot < 0,u = udb,d = f b

d},

IW
4 = {λF < 0,λR < 0, ftot < 0,u = ub,d = f b

d},

IW
5 = {λF < 0,λR = 0, ftot < 0,u = ubd,d = f b

d},

GW
12 = IW

2 , GW
13 = IW

3 , GW
23 = IW

3 , GW
34 = IW

4 , GW
45 = IW

5 , GW
51 = IW

1 ,

RW
12 = RW

13 = RW
23 = RW

34 = RW
45 = RW

51 = {x := x}.

ud = Td
F , ub = (Tb

F ,Tb
R)T , ubd = Tb

F , udb = (Td
F ,Tb

R)T

Figure 2. GRAPHICAL REPRESENTATION OF THE HYBRID SYSTEM

MODELING THE LONGITUDINAL VEHICLE DYNAMICS AT VEHICLE

(V ) AND WHEEL (W ) LEVEL.

the wheels (front and rear) is zero. This allows a description at
a higher level of abstraction of the vehicle through two models,
each corresponding to a stateqV ∈ QV = {qV

1 ,qV
2 } of a finite

state automaton as depicted at the top of Figure 2: one for the
vehicle driving mode (qV

1 ) and one for the vehicle braking mode
(qV

2 ). The transitions among these models, depending on the
value of the system state described by (9) and (12), are regulated
by the guard conditions (GV

12, GV
21), stating when a transition can

take place. They are forced when the invariant conditions (x ∈
IV
1 , x ∈ IV

2 ) are violated. The reset functions areRV
12, RV

21. The
VHS and the WHS models are connected through the following
relationsqV

1 ≡ qW
1 andqV

2 ≡ qW
4 and consequentlyf V

1 (x,u,d) =

f W
1 (x,u,d) and f V

2 (x,u,d) = f W
4 (x,u,d).

Control Problem Formulation
In this section we formulate the control problem for the

vehicle-level hybrid system ((9), (12)) to determine a hybrid
controller such that the vehicle accelerates or brakes following
a prescribed reference friction forcef ref

tot (t), while the (known)
disturbances are rejected. This problem can be solved usingthe
nonlinear output regulation theory [4], where the reference and
the disturbance are produced by an autonomous dynamic system,
called the “exosystem,” given by









ẇ1

ẇ2

ẇ3

ẇ4









=









0 −ωe 0 0
ωe 0 0 0
0 0 0 0
0 0 0 0

















w1

w2

w3

w4









, (14)

with initial conditionsw(0) = (w1(0),w2(0),w3(0),w4(0))T =
(1,0,v0,mg)T, whereωe [rad/s] is the known frequency of the
reference signal andv0 [m/s] is the initial vehicle velocity. We
consider a reference trajectory such that the total traction fric-
tion force is nonnegative for vehicle driving mode and strictly
negative for vehicle braking mode. Denoting withf d,ref

F (w) the
reference friction force of the front wheel for driving, andwith
f b,ref
F (w) and f b,ref

R (w) the reference friction force of the front
and rear wheel for braking, respectively, we define the reference
trajectories as a combination of sinusoidal signals:

f d,ref
F (w) =

4

∑
i=1

aiwi , f b,ref
F (w) =

4

∑
i=1

biwi , f b,ref
R (w) =

4

∑
i=1

ciwi ,

(15)
where the coefficientsai, bi , ci , i = 1, · · · ,4 are determined such
that the physical constraints of friction forces are satisfied. Here,
we havea1 ≤ f d,max

F − crollmg, b1 ≤ f b,max
F − (croll/2)mg, c1 ≤

f b,max
R −(croll/2)mg, wheref d,max

F , f b,max
F , and f b,max

R are derived
from (7) anda2 = a3 = b2 = b3 = c2 = c3 = 0, a4 = croll , b4 =

4



c4 = croll/2. The disturbancefd(w) acting on the system is

fd(w) = a4w4. (16)

After settinged = ed
F andeb = (eb

F ,eb
R)T , the output error equa-

tions for the vehicle driving mode and the vehicle braking mode
are:

ed =
(

f d
F − f d,ref

F (w)
)

= hV
1 (x,w),

eb =

(

f b
F − f b,ref

F (w)

f b
R− f b,ref

R (w)

)

= hV
2 (x,w).

(17)

The control problem is then formulated as follows. Given the
high-level hybrid system model of the longitudinal vehicledy-
namics (top of Figure 2) of the form

ẋ = f V
1 (x,u,w),

ed = hV
1 (x,w),

ẋ = f V
2 (x,u,w),

eb = hV
2 (x,w),

(18)

with its invariantsIV
1 and IV

2 , respectively, as reported in Fig-
ure 2, and with nominal values of their linear parts around the
equilibrium point(x0,0,0)

Ad
0 =

∂ f V
1

∂x

∣

∣

∣

∣

∣

(x0,0,0)

,

Ab
0 =

∂ f V
2

∂x

∣

∣

∣

∣

∣

(x0,0,0)

,

Bd
0 =

∂ f V
1

∂u

∣

∣

∣

∣

∣

(x0,0,0)

,

Bb
0 =

∂ f V
2

∂u

∣

∣

∣

∣

∣

(x0,0,0)

,

Cd
0 =

∂hV
1

∂x

∣

∣

∣

∣

∣

(0,0)

,

Cb
0 =

∂hV
2

∂x

∣

∣

∣

∣

∣

(0,0)

,

(19)
where the initial statex0 is given byx0 = (v0,0,0)T and the pairs
(Ad

0,B
d
0), (Ab

0,B
b
0) are stabilizable, and given an autonomous lin-

ear system, Poisson stable, ˙w = Swwith w(0) ∈Wo ⊂ R
4 (with

Wo neighborhood of the equilibrium point), generating (17), de-
sign controllers of the form

αd(x,w) = cd(w)+Kd(x−πd(w)), (20a)

αb(x,w) = cb(w)+Kb(x−πb(w)), (20b)

wherex = πd(w) ∈ IV
1 ⊂ R

2 and x = πb(w) ∈ IV
2 ⊂ R

3 with
πd(0) = πb(0) = 0 are the steady-state zero output manifolds,
and whereu = cd(w) ∈ IV

1 ⊂ R andu = cb(w) ∈ IV
2 ⊂ R

2 with
cd(0) = cb(0) = 0 are the steady-state control inputs, for driv-
ing and braking dynamics, respectively, withKd andKb matri-
ces such that the eigenvalues of (Ad

0+Bd
0Kd) and (Ab

0+Bb
0Kb) are

in the open left-half complex plane and such that theregulator
equations:

∂πd

∂w
Sw= f V

1 (πd(w),cd(w),w),

0 = hV
1 (πd(w),w),

∂πb

∂w
Sw= f V

2 (πb(w),cb(w),w),

0 = hV
2 (πb(w),w),

(21)
are satisfied for allw ∈ Wo and for all admissible values of the
parameters of the plant and the exosystem.

CONTROL LAW DESIGN
We design the hybrid regulator for the tracking of the trac-

tion friction forces of a longitudinal vehicle model in its hybrid
formulation (Figure 2) using the nonlinear output regulation [4].

Driving Regulator

Braking Regulator

w

(9)− (13)

Plant

Exosystem

Hybrid Controller

Supervisor
(14)− (16)

Kb Kd

αb(x,w)

αd(x,w)

x

fd(w)

Figure 3. HYBRID REGULATOR SCHEME OF LONGITUDINAL VEHI-

CLE DYNAMICS WITH LOAD TRANSFER EFFECTS.

Vehicle Driving Regulator
We solve the regulator equation (22) for the vehicle driving

mode.

∂πvd

∂w
S= k0(π f d

F
+ π f d

R
−π f d

d
)

∂πλd
F

∂w
S= −k0

(π f d
F
+ π f d

R
−π f d

d

πvd

)

πγd
F
−k1

(π f d
F

πvd

)

ηd
F +k2

(cud
F

πvd

)

ηd
F

0 = π f d
F
− f d,re f

F .

(22)
Given (23), we compute the steady-state zero output manifold
πd(w) = (πvd ,πλd

F
)T and the steady-state inputcd(w) = cud

F
, as

follows

πvd = vd|x=πd(w), (23a)

π f d
d

= f d
d |x=πd(w) = a4w4, (23b)

cud
F

= ud
F |u=cd(w), (23c)

πµd
F

= DF sin(CF arctan(BF πλd
F
)), (23d)

5



and

πNd
F

= Nd
F |x=πd(w) = mg

lR

L
−

h

L
mπ̇vd , (24a)

π f d
F

= f d
F |x=πd(w) = πµd

F
πNd

F
, (24b)

πγd
F

= γd
F |x=πd(w) = (1−πλd

F
), (24c)

πηd
F

= ηd
F |x=πd(w) = (1−πλd

F
)2 (24d)

From the last equation of (22), one obtainsπ f d
F

= f d,ref
F , and after

substituting this together with (15), (16), (23b), (24b) inthe first

equation of (22), one obtains
∂πvd

∂w
S= a1w1

m
, whose solution is

πd
v = αw2 + w3 with α = a1/mωe. By inversion of (23d), one

obtains

πλd
F

= p0 tan(p1arcsin(p3(πµd
F
))), (25)

after combining (24a) and (24b). Given the previous expressions
of π f d

F
andπ̇vd , one getsπµd

F
of the form

πµd
F

= L
a1w1 +a4w4

mglR−ha1w1

. (26)

From the second equation of (22), one gets the steady-state con-
trol inputcud

F
(control input of front wheel):

cud
F

=
IF

r

πvd

(1−πλd
F
)2

Lsπλd
F
+

IF

r

1

m

(π f d
F
−π f d

d

1−πλd
F

)

+ rπ fFd (27)

with Lsπλd
F

=
∂πλd

F

∂w
S= Lp0p1p2σd

F ρd
F , where

σd
F =

1

cos2(p1arcsin(p2πµd
F
))

1

(1− (p2πµd
F
)2)1/2

1

(mglR−ha1w1)
2
,

(28)
andρd

F = −ωea1(mglR+ha4w4)w2. Finally, the steady-state so-
lution and the feedback control law for the vehicle driving mode
are

πd(w) =

(

αw2 +w3

p0 tan(p1arcsin(p2πµd
F
))

)

, (29a)

cd(w) =
IF

r

πvd

(1−πλd
F
)2

Lsπλd
F
+

IF

r

1

m

(π f d
F
−π f d

d

1−πλd
F

)

+ rπ f
Fd , ,(29b)

along with (20a), whereKd is designed based on the linearized
vehicle driving mode around the equilibrium point(x0,0,0) with
x0 = (v0,0,0)T and described by the matricesAd

0, Bd
0, Cd

0 in the
Appendix.

Vehicle Braking Regulator
We compute the steady-state zero output manifoldπb(w) =

(πvb,πλb
F
,πλb

R
)T and the steady-state inputcb(w) = (cub

F
,cub

R
)T

for the vehicle braking mode, solving the regulator equation (30)

∂πvb

∂w
S= k0(π f b

F
+ π f b

R
−π f b

d
)

∂πλb
F

∂w
S= −k0(1+ πλb

F
)
(π f b

F
+ π f b

R
−π f b

d

πvb

)

−k1

(π f b
F

πvb

)

+k2

(cub
F

πvb

)

∂πλb
R

∂w
S= −k0(1+ πλb

R
)(

π f b
F
+ π f b

R
−π f b

d

πvb
)−k3

(π f b
R

πvb

)

+k4

(cub
R

πvb

)

(

0
0

)

=

(

π f b
F
− f b,re f

F

π f b
R
− f b,re f

R

)

.

(30)
The terms of (30) are defined as

πvb = vb|x=πb(w), π f b
d

= f b
d |x=πb(w) = a4w4, (31a)

cub
F

= ub
F |u=cb(w), cub

R
= ub

R|u=cb(w), (31b)

πµb
F

= DF sin(CF arctan(BF πλb
F
), (31c)

πµb
R

= DRsin(CRarctan(BRπλb
R
), (31d)

πNb
F

= Nb
F |x=πb(w) = mg

lR

L
−

h

L
mπ̇vb, (31e)

πNb
R

= Nb
R|x=πb(w) = mg

lF

L
+

h

L
mπ̇vb, (31f)

π f b
F

= f b
F |x=πb(w) = (πµb

F
)(πNb

F
), (31g)

π f b
R

= f b
R|x=πb(w) = (πµb

F
)(πNb

F
). (31h)

Analogously to the vehicle driving mode, we find the solutionof
(30), given by

πvb = βw2 +w3, πλb
F

= q0 tan(ϑ1), πλb
R

= z0 tan(ϑ2), (32)

whereϑ1 = q1arcsin(q2πµb
F
), ϑ2 = z1arcsin(p2πµb

R
), and

cub
F

= IF
r

πvbLsπλFb
+ IF

r
1
m

(1+ πλFb
)(π f b

F
+ π f b

R
−π f b

d
)+ rπ f

Fb ,

cub
R

= IR
r

πvbLsπλRb
+ IR

r
1
m

(1+ πλRb
)
(

π f b
F
+ π f b

R
−π f b

d

)

+ rπ f
Rb ,

(33)
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where

πµb
F

= L
b1w1 +b4w4

mglR−h(b1+c1)w1

, Lsπλb
F

=
∂πλb

F

∂w
S= Lq0q1q2σb

F ρb
F ,

πµb
R

= L
c1w1 +c4w4

mglF +h(c1+b1)w1

, Lsπλb
R

=
∂πλb

R

∂w
S= Lz0z1z2σb

Rρb
R,

with

ρb
F = −ωe(mglRb1−hb4(b1 +c1)w4)w2,

ρb
R = ωe(mglFc1 +hc4(b1 +c1)w4)w1,

σb
F = 1

cos2(ϑ1)
1

(1− (p2πµb
F
)2)1/2

1
(mglR−h(b1+c1)w1)

2 ,

σb
R = 1

cos2(ϑ2)
1

(1− (z2πµb
R
)2)1/2

1
(mglF +h(b1+c1)w1)

2 ,

(34)
with β = (b1 +c1)/mωe, q0 = 1/BF , q1 = 1/CF , q2 = 1/DF ,
z0 = 1/BR, z1 = 1/CR, z2 = 1/DR. The feedback control law
for thevehicle braking modeis given by (20(b)) whereKb is de-
signed based on the linearized vehicle braking dynamics around
the equilibrium point(x0,0,0) with x0 =(v0,0,0)T and described
by the matricesAb

0, Bb
0, Cb

0 in the Appendix.

NUMERICAL RESULTS
In this section, we present simulation results, given in MAT-

LAB, concerning a specific model of a vehicle, with the follow-
ing nominal parameters (extracted from the “Big Sedan” vehicle
in CarSim): m = 853.5 kg, IF = IR = 0.9 kgm2, h = 0.515 m,
lF = 1.033 m,lR = 1.657 m,r = 0.278 m,croll = 0.01,B= 7,C=
1.6, D = 0.8. The reference friction forces on the front and rear
wheel f ref

F (t) and f ref
R (t) and the disturbancefd(t) are assumed

to be generated by a four-dimensional neutrally stable exosys-
tem, with parametersωe= 1 [rad/s] and initial conditionsw(0)=
(w1(0),w2(0),w3(0),w4(0))T = (1,0,15 [m/s],8373[N])T. Fur-
thermore, the coefficients of the reference friction forceshave
been set toa1 = 0.65f d,max

F = 2333 [N], b1 = 0.30f b,max
F =

934 [N], c1 = 0.50f b,max
R = 1793[N]. Following Section IV, the

controller is designed, for each operating condition, on the basis
of the vehicle model described by the VHS ((9), (12)), and the
simulations are performed on the full nonlinear vehicle model
described by the WHS ((9)-(13)). In this way, we obtain the
regulation for the regulation errore(t), by the following suitable
choice of the control parameters:

Kd =
(

kd
1 kd

2

)

= −
(

7587 11983
)

(35a)

Kb =

(

kb
1 kb

2 kb
3

kb
4 kb

5 kb
6

)

= −

(

953 12683 1109

594 1175 6800

)

. (35b)

Figure 4 presents simulation results for initial conditions
(v(0),ωF(0),ωR(0)) = (15.25 [m/s], 70 [rad/s], 54.85 [rad/s]).
The figure shows the tracking of reference friction forcesf re f

F (t)
and f ref

R (t) (first row of figure) and the related tracking errors
(second row of figure). Starting from an initial mismatch of the
current friction force with the desired friction force of the front
wheel, the friction force tracking error of the front wheel reaches
zero aroundt = 0.5 s. In the third row of Figure 4 the two control
variablesTshaft and Tbrake, with the related switching variables
λF and λR, are reported. It is clear that the controller allows
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Figure 4. REGULATION OF FRICTION FORCES FOR A VEHICLE

MODEL: tracking friction forces on front f ref
F (t) and rear f ref

R (t) wheels

(first row), tracking errors fF(t)− f ref
F (t), fR(t)− f ref

R (t) (second row),

control inputs Tshaft, Tbrakeand slip ratios λF(t), λR(t) (third row) and,

switching from qW
1 to qW

4 via qW
3 (left, fourth row) and switching from

qW
4 to qW

1 via qW
5 (right, fourth row) .
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the tracking of reference friction forces and the stabilization of
the vehicle despite known disturbances acting on model and un-
known model uncertainties. Finally, in the last row of Fig. 4the
switching signals betweenqW

1 andqW
4 of the automaton of Fig. 2

are shown. As can be easily verified, the intermediate statesqW
3

andqW
5 are indeed transient, having a very short duration.

CONCLUSIONS AND FUTURE WORK
We have applied the nonlinear output regulation theory to

the design of a state-feedback vehicle control system, incorporat-
ing expert driving skills (ie, left foot braking) to adjust traction
friction forces. Specifically, we considered the left-footbrak-
ing, where the load transfer effect plays a strategic role for ac-
cident avoidance in hazard scenarios. A longitudinal FWD ve-
hicle model with load transfer dynamics has been derived and
its formulation using hybrid models has been proposed. The de-
signed hybrid controller, described in Figure 3, is given bya ve-
hicle driving regulatorαd(x,w), which computes, through (29),
the control input torque for the front wheel during thevehicle
driving modeand, a vehicle braking regulatorαb(x,w), which
computes, through (32), the control input torques for the front
and rear wheels during thevehicle braking mode. The hybrid
controller depends on eight design parameters (kd

i with i = 1,2
andkb

j with j = 1, · · · ,6.) We verified, via numerical simulations
that, given a large compact set of initial conditions, it is possible
to tune the design parameters in to achieve the desired control
objective despite known disturbances and unknown model un-
certainties. High-fidelity numerical simulations (using CarSim)
of the presented algorithm are under investigation.
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Appendix

Ad
0 =

(

ad
11 ad

12

ad
21 ad

22

)

, Bd
0 =

(

bd
11

bd
21

)

, Cd
0 =

(

cd
11 cd

12

)

,

Ab
0 =







ab
11 ab

12 ab
13

ab
21 ab

22 ab
23

ab
31 ab

32 ab
33






, Bb

0 =







bb
11 bb

12

bb
21 bb

22

bb
31 bb

32






, Cb

0 =
(

cb
11 cb

12 cb
13

)

with ad
11 = −

g
v0

lR
L

Cf a,F , ad
12 = glR

L
Cf a,F , ad

21 =
g
v2

0

lR
L

(

1 +

r2 m
IF

)

Cf a,F , ad
22 = −

g
v0

lR
L

(

1 + r2 m
IF

)

Cf a,F , bd
11 = cd

12 = 0,

bd
21 = 1

v0

r
IF

, cd
11 = 1, ab

11 = − 1
v2

0

g
L

(

Cf a,F lR + Cf a,RlF
)

,

ab
12 =

g
L

Cf a,F lR, ab
13 =

g
L

Cf a,RlF , ab
21 = 1

v3
0

g
L

(

Cf a,F lR
(

1 +

r2 m
IF

)

+ Cf a,RlF
)

, ab
22 = −

g
v0

lR
L

Cf a,F

(

1 + r2 m
IF

)

,

ab
23 = −

g
v0

lF
L

Cf a,R, ab
31 = 1

v3
0

g
L

(

Cf a,F lR+Cf a,RlF
(

1+ r2 m
IR

))

,

ab
32 = −

g
v0

lR
L

Cf a,F , ab
33 = −

g
v0

lF
L

Cf a,R

(

1 + r2 m
IR

)

,

bb
11 = bb

31 = bb
12 = bb

22 = cb
12 = cb

13 = 0,bb
21 = 1

v0

r
IF

, bb
32 = 1

v0

r
IR

,

cb
11 = 1, where Cf a,F = BFCFDF , Cf a,R = BRCRDR and

v0 = v(0).
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