
1

Paper AAS 99-317

Satellite Attitude Control and
Power Tracking with Momentum Wheels

Panagiotis Tsiotras and Haijun Shen
Georgia Institute of Technology
Atlanta, GA 30332-0150, USA

Chris Hall
Virginia Polyutechnic Institute and State University

Blacksburg, VA 24061-0203, USA

AAS/AIAA Astrodynamics
Specialist Conference

Girdwood, Alaska 16-19 August 1999

AAS Publications Office, P.O. Box 28130, San Diego, CA  92129



99–317

Satellite Attitude Control and
Power Tracking with Momentum Wheels

Panagiotis Tsiotras�and Haijun Shen†

Georgia Institute of Technology
Atlanta, GA 30332-0150, USA

Chris Hall‡

Virginia Polytechnic Institute and State University
Blacksburg, VA 24061-0203, USA

A control law for an Integrated Power/Attitude Control System (IPACS) for a satellite is presented in this
paper. Four non-coplanar momentum wheels in a special configuration, and a set of three thrusters are used
to implement the torque inputs. The momentum wheels are used as attitude control actuators, as well as an
energy storage mechanism, providing power to the spacecraft. In that respect, they can be used to replace the
currently used heavy chemical batteries. The thrusters are used to implement large torques for large and fast
(slew) maneuvers and provide for the momentum management strategies. The momentum wheels are used to
provide the reference-tracking torques and the torques for speeding up or slowing down the wheels for storing
and releasing kinetic energy. The attitude tracking controller published in a previous work is adopted here.
Power tracking for charging and discharging the momentum wheels is added to complete the IPACS framework.
The torques applied by the momentum wheels are decomposed into two spaces which are perpendicular to
each other, with the attitude control torques and power tracking torques in each space. This control law can
be easily incorporated in an IPACS system on-board a satellite. The possibility of occurrence of singularities,
where no arbitrary energy profile can be tracked, is studied for the wheel cluster considered in the paper. A
generic momentum management scheme is considered to null the total angular momentum of the wheels so as
to minimize the gyroscopic effects and prevent the singularity from occurring. A numerical example for a low
earth near polar orbital satellite is provided to test the proposed IPACS algorithm. The satellite’s boresight axis
is required to track a ground station. In addition, the satellite is required to rotate about its boresight axis so
that the solar panel axis is perpendicular to the satellite-sun vector.

Introduction

The Integrated Power and Attitude Control System
(IPACS) concept has been studied since the 1960s, but has
been particularly popular during the 1980s. Most space-
craft use chemical batteries (NiCd, NiH2, usually) to store
excess energy generated by the solar panels during peri-
ods of exposure to the sun.1 During eclipse, the batteries
are used to provide power for the spacecraft subsystems.
The batteries are recharged when the spacecraft exits the
eclipse. The primary problem with this approach is the cy-
cle life of batteries and the additional power system mass
required to control the charging and discharging cycles.

The use of flywheels instead of batteries to store en-
ergy on spacecraft was suggested as early as 1961 in the
article by Roes,2 when a 17 Whr/kg composite flywheel
spinning at 10,000 to 20,000 rpm on magnetic bearings was
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proposed. The configuration included two counter-rotating
flywheels, and the author did not mention the possibility of
using the momentum for attitude control. However, since
many spacecraft use flywheels (momentum wheels, control
moment gyros, etc.) to control attitude, the integration of
these two functions is naturally of interest. Numerous stud-
ies of this integration have been conducted. For instance,
Adams3 investigated the use of a particular class of fly-
wheels made of flexible filaments, focusing on energy and
momentum storage capabilities. Anderson and Keckler4

originated the term “IPACS” in 1973. A study by Cor-
mack5 done for Rockwell examined the use of an integrated
IPACS system. Keckler and Jacobs6 presented a descrip-
tion of the concept. Willet al.7 investigated the IPACS
concept and performed simulations using the (linearized)
equations of motion. Nottiet al.8 performed an extensive
systems study and investigated linear control laws for atti-
tude control. Their study included trade studies on the use
of momentum wheels, control moment gyros, and counter-
rotating pairs. NASA and Boeing also conducted separate
studies on the IPACS concept.9,10 Gross10 summarized his
findings in a workshop presentation.11 Anand et al.12,13

discussed the system design issues associated with using
magnetic bearings, as did Downeret al.14 Flatley15 studied
a tetrahedron array of four momentum wheels, and con-
sidered the issues associated with simultaneously torquing
the wheels for attitude control and energy storage. Around
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the same time with Flatley’s work, O’deaet al.16 included
simultaneous attitude determination in their study of a com-
bined Attitude, Reference, and Energy Storage (CARES)
system, focusing on technology-related issues. Oglevie and
Eisenhaure17,18 performed a system level study of IPACS
systems, and Ref. 17 included a substantial list of refer-
ences to earlier work. Olmsted19 presented the technology-
related issues associated with a particular flywheel design.
Optimal design criteria associated with an integrated At-
titude Control and Energy Storage (ACES) system were
discussed by Studer and Rodriguez.20 The articles by Van
Tassel and Simon21 and Olszewski22,23 described the key
technologies involved in IPACS. Finally, Rockwell con-
ducted a system study for NASA (Santoet al.24), focusing
on space station applications.

Most of these previous investigations of IPACS focus
on general design issues. The exact nonlinear equations
of motions are not considered even when the attitude con-
trol results are provided. In this paper, the exact nonlinear
equations of motion are used to design an attitude controller
which tracks a reference attitude profile. The momentum
wheel control torque space is decomposed into two spaces
which are perpendicular to each other. The attitude con-
trol torques lie in one of these two spaces, and the torques
in the other space are used to speed up or slow down the
momentum wheels to store or extract kinetic energy. In
the following, the system model is given first, then the ref-
erence attitude and momentum wheel power tracking con-
trollers are presented. A numerical example considering a
IRIDIUM-type satellite in orbit is provided to illustrate the
proposed IPACS methodology.

System model

Dynamics

Consider a rigid spacecraft with anN-momentum-wheel
cluster installed to provide internal torques. LetB denote
the spacecraft body frame. Then the rotational equations of
motion for the spacecraft can be expressed as

ḣB = h�B J�1(hB�Aha)+ge (1a)

ḣa = ga (1b)

wherehB is the angular momentum vector of the spacecraft
in theB frame, given by

hB = J!B+Aha (2)

whereha is theN�1 vector of theaxial angular momenta
of the wheels,!B is the angular velocity vector of the
spacecraft in theB frame,ge is the 3�1 vector of external
torques,ga is theN�1 vector of the internal axial torques
applied by the platform to the momentum wheels, andA is
the 3�N matrix whose columns contain the axial unit vec-
tors of theN momentum wheels.J is an inertia-like matrix
defined as

J = I �AI sAT (3)

whereI is the moment of inertia of the spacecraft, including
the momentum wheels.

The axial angular momentum vector of the momentum
wheels can be written as

ha = IsAT
!B+ Is!s (4)

where!s= (ωs1; ωs2; :::;ωsN)
T is anN�1 vector denoting

the axial angular velocity of the momentum wheels with re-
spect to the spacecraft. We will later denote the total axial
angular velocity of the momentum wheels relative to the
inertial frame as!c = (ωc1; ωc2; :::; ωcN)

T . Using this no-
tation, the following is true,

ha = IsAT
!B+ Is!s = Is!c (5)

that is,!c = !s+AT
!B. Notice that since typically the

wheels spin at a much higher speed than the spacecraft it-
self,!s >>!B and we have that!c �!c.

Kinematics

The so-called “Modified Rodrigues Parameters” (MRPs)
given in Refs. 25–27 will be chosen to describe the error at-
titude kinematics of the spacecraft. The MRPs are defined
in terms of the Euler principal vector,e, and angleφ, by

�B = etan(φ=4) (6)

The MRPs have the advantage of being well-defined for
the whole range for rotations, i.e.,φ 2 [0; 2π). The differ-
ential equation governing the kinematics in terms of MRPs
is given by

�̇B = G(�B)!B (7)

where

G(�B) =
1
2

�
1+��B +�B�

T
B�

1+�T
B�B

2
1
�

(8)

and1 is the 3�3 identity matrix.

Tracking controller

In the previous work by the authors,28 three control laws
were presented to track a reference attitude profile. Here
we restate the controller II of Ref. 28, which assumes that
the reference frame dynamics and kinematics are given by

ḣR = h�RJ�1hR+gR (9)

�̇R = G(�R)!R (10)

where the subscript R stands for the reference frame to be
tracked.

The external torques are assumed to include the torque
due to thruster firing, the gravity gradient torque and the
other disturbance torques; i.e.,

ge = gt +gg+gd (11)
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where the subscripts t, g, and d denote the thruster, gra-
dient, and disturbance, respectively. The gravity gradient
torque is given by29

gg =
3µ
R3

c
c�3 Ic3 (12)

wherer c is the vector from the earth center to the spacecraft
center of mass withRc = jr cj, c3 is a vector consisting of
the three components of the unit vector�r c=Rc in the body
frame, andµ= 3:986005�105km3s�2 is a constant.

Define the angular velocity tracking error in the body
frame as

δ!=!B�CB
R(δ�)!R (13)

with CB
R(δ�) being the rotation matrix from the reference

frameR to the body frameB, andδ� being the MRPs be-
tween the reference frame and the body frame; i.e.,

CB
R(δ�) = CB

N(�B)[CB
N(�R)]

T (14)

and the kinematics error satisfies the following differential
equation

δ�̇= G(δ�)δ! (15)

The control law is found by the following Lyapunov func-
tion

V =
1
2

δ!TKδ!+2k2 ln(1+δ�Tδ�) (16)

whereK = KT > 0, andk2 > 0. This function is positive
definite and radially unbounded30 in terms of the tracking
errorsδ! andδ�. Taking the derivative ofV and using
Eqs. (13) and (15) yields the time derivative ofV in terms
of !B,!R and the tracking errorδ! andδ�, i.e.,

V̇ =δ!T �h�B J�1(hB�Aha)+ge�J!�B δ!

�JCB
R(δ�)J�1h�RJ�1hR�JCB

R(δ�)J�1gR

�Aga+k2δ�]
(17)

whereK is chosen to beJ�1. Then the controllersgt and
Aga = f are chosen such that

V̇ =�k1δ!Tδ!� 0 (18)

wherek1 > 0. As shown in Ref. 28, the tracking error sys-
tem is asymptotically stable; i.e.,!B !!R, and�B !�R

ast ! ∞.

A potential difficulty with this approach is that the con-
trol inputs are actually the internal torquesga which have to
be solved fromAga = f. If N < 3, the system is overdeter-
mined and a solution may not exist; ifN = 3, (and for non-
coplanar momentum wheels), the solution is uniquely de-
termined; and ifN > 3, the system is underdetermined and
there exists an infinite number of solutions. In particular,
in the latter case every solution has the formga = gr +gn,

wheregr belongs to the range spaceR (AT) of the matrix
AT andgn belongs to the null spaceN (A) of the matrixA.

It is seen thatgn does not contribute to the attitude con-
trol input sinceAgn = 0. One can always choose the torque
gr to fulfill Agr = f, and subsequently usegn to perform
power/energy storage management.31 Notice that this ap-
proach can be implemented as long asN (A) has nonzero
basis, which is always true for a cluster with more than
three non-coplanar momentum wheels.

In the following section, we will consider a four
momentum-wheel cluster and construct the torques in the
null space ofA, so as not to disturb the attitude control
operation of the spacecraft, and to track a desired power
profile. In other words, the power and attitude tracking
operations are performed simultaneously and independent
of one another. Power tracking objectives do not interfere
with attitude tracking objectives and vice versa. We insist
on this separation of objectives since it is unlikely that any
IPACS system which compromises either power or attitude
control requirement will be acceptable for use in routine
spacecraft operations.

Power tracking

As shown in the previous section, the torque required to
control the motion is given by an expression of the form

Aga = f (19)

wheref is the 3� 1 required torque vector. The general
solution forga is given by

ga = A+f +gn (20)

whereA+ = AT(AAT)�1 is the projection operator on the
range ofAT , and thusA+f = gr 2 R (AT), and wheregn 2
N (A); i.e.,

Agn = 0 (21)

Note thatAga = A(A+f +gn) = f, sogn does not affect the
spacecraft motion.

The total kinetic energy stored in the momentum wheels
is

T =
1
2
!

T
c Is!c (22)

The power (rate of change of the energy), is given by

dT
dt

= P=!T
c Is!̇c (23)

The objective here is to find a controllergn in the null space
of A to provide the required power functionP(t). Equation
(5) implies thatga = ḣa = Is!̇c, so from Eq. (23) we have

!
T
c ga = P (24)
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Therefore, simultaneous attitude control and power man-
agement requires a control torque vectorga satisfying the
following set of linear equations

�
A
!

T
c

�
ga =

�
f
P

�
(25)

From Eq. (20), we have that the torquegn in the null space
of A has to satisfy

!
T
c (A

+f +gn) = P (26)

or lettingPm = P�!T
c A+f,

!
T
c gn = Pm (27)

Sincegn 2N (A), there always exists a vectorν 2 RN such
that

gn = PN ν (28)

wherePN = 1N�AT(AAT)�1A is the (orthogonal) projec-
tion on N (A). Thus, we have!T

c PNν = Pm, to which a
minimum norm solution is given by

ν = PN!c(!
T
c PN!c)

�1Pm (29)

and the energy management torquegn can then be chosen
as

gn = PN!c(!
T
c PN!c)

�1Pm (30)

A solution of Eq. (30) exists, as long asPN!c 6= 0. This
implies, that either!c 6= 0 or!c 62N (A)? = R (AT). The
last requirement is also evident from Eq. (25), where the
matrix in the left hand side does not have full row rank if
!c 2 R (AT).

It should be pointed out that for satellite applications,
during sunlight the solar panels provide enough power for
the spacecraft equipment, and the wheels spin up to ab-
sorb and store the excess energy. Moreover, typically the
sunlight period is longer than the eclipse period. There-
fore, the significance of tracking a specific power function
is less during the sunlight than during the eclipse period
when the power is solely provided by spinning down the
momentum wheels. Some authors have therefore chosen to
discard power tracking altogether and simply spin up the
wheels during sunlight to store the excess energy. This is
the approach used, for example, in Ref.15 On the contrary,
unloading of the wheels during the eclipse is more critical,
since the wheel deceleration should be done at a certain
rate in order to provide the necessary power to the space-
craft bus.

Singularity Avoidance and Momentum Management

So far, we have found a controllerga which tracks de-
sired power profiles, while controlling the spacecraft atti-
tude. In addition, as was mentioned already, from Eq. (27)

b̂1

b̂2

b̂3

O

W1

W2

W3

W4

Fig. 1 The configuration of momentum wheels.

we can see that if!c lies in the range space ofAT , then
sincegn is in the null space ofA, we have

!
T
c gn = 0 (31)

This implies that the controller loses the capability of track-
ing an arbitrary power function, and from Eq. (26) the only
power the wheels can supply is!T

c A+f. However, the lat-
ter case is undesirable in many practical applications. For
example, for a stabilized spacecraft when the torquef is
small, the amount of supplied power can be less than the
required power level during the singularity.

To take a closer look at the singularity problem, and how
it can be avoided by proper momentum management, we
consider the four momentum-wheel cluster shown in Fig. 1.
The wheels are assumed to have the same axial moment of
inertia which is denoted byIs. TheA matrix in this case is
given by

A =

2
666664

1 0 0

p
3

3

0 1 0

p
3

3

0 0 1

p
3

3

3
777775

(32)

Thus, the case when!c is in the range space ofAT implies
that

ωc4 =

p
3

3
(ωc1+ωc2+ωc3): (33)

which further implies (sincehai = Isiωci; i = 1; :::;4) that in
the case of singularity the angular momentum of the wheels
satisfies the equation

ha4 =

p
3

3

3

∑
i=1

hai: (34)

If the angular momenta of the momentum wheels are
not distributed such that the total angular momentum of
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the wheels stay close to zero, the gyroscopic torques will
play a significant role, increasing the required torque for
the attitude control. Hence in the following, a momen-
tum management scheme will be included such that the
total angular momentum of the wheels will become zero
by applying some external torques to the spacecraft, when
needed. It will be seen that this scheme will further reduce
the occurrence of the singularity mentioned above.

The total momentum vector of the wheels isAha. If
Aha = 0 thenha 2N (A); i.e.,

h0
a4 =�

p
3h0

ai; i = 1;2;3 (35)

where the superscript 0 indicates the case whenha2N (A).
If the momentum management is done when necessary (pe-
riodically once every one or two orbits, for example), the
following equation is obtained from Eq. (35), which has
opposite sign to Eq. (34), and hence the momentum man-
agement further eliminates the possibility of singularity,

h0
a4 =�

p
3

3

3

∑
i=1

h0
ai (36)

Another way to see why proper momentum management
eliminates the singularity problem is as follows. Equa-
tion Aha = 0 implies thatha 2 N (A) and for a cluster
with identical wheels (the typical case), using Eq. (5), also
!c 2 N (A). Recall now that singularity occurs when
!c 2 R (AT). But N (A) = R (AT)? and after momentum
management the wheel velocity vector is perpendicular to
the singularity subspaceR (AT). The possibility of singu-
larity has thus been reduced as much as possible. This does
not, of course, include the case when!c = 0. The mo-
mentum management scheme above cannot be used in the
zero wheel velocity case. However, since for safety margin
the energy stored in the wheels always exceeds a certain
level, the all-zero momentum wheel angular velocity can
only happen during initial satellite deployment. This case
is addressed in the next section.

The momentum management scheme in this paper is
adopted from Ref. 32. The torque required for momentum
management is

ge =�k(Aha�Ahan) (37)

wherehan denotes the nominal angular momentum vector
of the wheels, andk> 0 is a feedback control gain. For the
purpose of momentum unloading and singularity avoidance
here we chooseAhan = 0.

Wheel Initialization

During initial satellite deployment, the wheels typically
are in locked position and not spinning. It is important
therefore to perform the initial spinning-up of the rotors,
without affecting the attitude of the satellite. By the dis-
cussion in the previous sections, this can be achieved by
using, for example, a constant torquega = gn 2 N (A).

For the particular wheel configuration represented by the
matrixA in Eq. (32), we can immediately calculate that

N (A) = spanfug= span

8>><
>>:

2
664

1
1
1

�p3

3
775

9>>=
>>;

(38)

Therefore, if the wheels initially are not spinning, i.e.,
!ci = 0, i = 1;2;3;4, one can spin up the wheels to their as-
sumed nominal speeds by applying a constant torque vector
ga= k3u, wherek3 is a constant determined by the available
torque of the wheels. Equation (5) shows that the wheels
are spun up according to

Is!̇c = k3u (39)

Using this approach, after a period oftup seconds the dis-
tribution of the angular velocities of the wheels is such that

ωc4(tup) =
3

∑
i=1

ωci(tup)=
p

3 (40)

Numerical example

To demonstrate the aforementioned algorithm for the
attitude and power tracking controller, the following nu-
merical example has been performed. A near polar orbital
satellite (orbital data chosen from the satellite IRIDIUM
25578) is considered in this simulation. The orbital ele-
ments are shown in Table 1. Heren is the orbital frequency,

Table 1 IRIDIUM 25578 orbital elements

n (rev/day) 14.57788549
M0 (deg) 234.7460
ω (deg) 125.5766
Ω (deg) 132.8782
i (deg) 86.5318

e 0.00216220
Epoch 05/23/1999 00:16:12.24

M0 is the mean anomaly at the epoch time,ω is the argu-
ment of perigee,Ω is the right ascension of the ascending
node,i is the orbital inclination, ande is the eccentricity
of the orbit. The satellite is assumed to have moment of
inertia matrix

J =

2
4200 0 0

0 200 0
0 0 175

3
5 kg m2 (41)

The normal power requirement of this satellite is 680
Watts. However, it is required to be able to provide instan-
taneous peak power of 4 kW for up to 5 minutes. Consider-
ing the 34 minutes eclipse time and assuming that the 4 kW
peak power lasts 5 minutes, the momentum wheels should
store at least 0.72 kWh energy. Taking into account a 100%

5 OF 12

AMERICAN INSTITUTE OFAERONAUTICS AND ASTRONAUTICS



99–317

Sun

Earth

ground station

orbit

Satellite

x̂n(ϒ)

ŷn

ẑn

ls

r s

lt

r t

r c

o

ŷr

ẑr

x̂r

Fig. 2 The satellite mission illustration

safety margin, the momentum wheels are required to store
1.5 kWh energy when they are fully charged. Suppose the
nominal speed for the fourth wheel when the wheels are
fully charged is 4000 rad/sec (38,197 rpm), and the speed
for the other three 2309.4 rad/sec (22,053 rpm). These
speeds render zero total angular momentum of the wheels.
The energy and the wheel speed require that the wheels
have moment of inertia of 0.338 kg m2. Each momentum
wheel is assumed to provide a maximum torque 1 Nm. In
addition, the disturbance torque due to aerodynamics, so-
lar pressure and other environmental factors is assumed to
be32

gd =

2
44�10�6+2�10�6sin(nt)

6�10�6+3�10�6sin(nt)
3�10�6+3�10�6sin(nt)

3
5N m (42)

The satellite is required to perform sun and ground sta-
tion tracking, namely, the symmetry axis should point to
a ground station while the satellite is rotated by this axis
such that the solar panel is perpendicular to the vector from
the satellite to the sun. The ground station in this exam-
ple is chosen to be Cape Canaveral (Longitude 80:467�W,
Latitude 28:467�N). The sun and the ground station are as-
sumed always available for the satellite. In the following,
a brief description is given to illustrate the mission and the
algorithm obtaining the reference attitude maneuver.

Mission definition

The scenario is shown in Fig. 2. The inertial frame is
chosen to be the J2000 geocentric inertial coordinate sys-
tem, denoted by the subscriptn. The vectorsr s, r t andr c

denote the positions of the Sun, the Earth and the satellite,
respectively, and the vectorls andlt denote the vectors from
the satellite to the sun and the ground station. The follow-
ing coordinate systems are used in the simulation besides
the inertial frame, shown in Figs. 3 and 4. Hereafter,ˆ(�)
denotes a unit vector, anḋ(�) denotes the derivative taken
in the inertial frame.

� Orbital frame, ox̂oŷoẑo, with the x̂o axis pointing

x̂o

ŷl ; ŷo

x̂l

ẑl

ẑo

o (satellite)

Earth

θ

θ

Fig. 3 The LVLH and orbital frames

)))))))))
)))))))))
)))))))))
)))))))))
)))))))))

)))))))))
)))))))))
)))))))))
)))))))))
)))))))))

)
)

satellite

solar panel

ŷb

ẑb

x̂b

o

Fig. 4 The body frame

along the unit tangent of the orbital curve (the direc-
tion of the satellite velocity), thêyo axis normal to the
orbital plane, and thêzo axis pointing along the unit
normal to the orbit.

� Local Vertical Local Horizontal (LVLH) frame,
ox̂l ŷl ẑl , with the ẑl axis pointing towards the Earth
center, and thêyl axis the same as thêyo axis. It is re-
lated to the orbital frame through a rotation at an angle
θ about thêyo axis (see Fig. 3)

� Body frame,ox̂bŷbẑb, with theẑb axis along the bore-
sight axis, and thêyb pointing along the solar panels.

The mission requires that at each moment along the or-
bit, the ẑb axis should track the ground station; i.e.,ẑb

tracks the unit vector alonglt . In addition, the satellite
should also track an attitude such that theŷb axis is per-
pendicular tols.

Computing the reference attitude profile

The satellite orbit is propagated by the orbit generator
given in Ref. 33. From this, we knowr c, ṙ c and r̈ c in the
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inertial frame at any time. The sun position (r s), velocity
(ṙ s) and acceleration (r̈ s) in the inertial frame are computed
by the algorithm given in Ref. 34. The position (r t), ve-
locity (ṙ t ) and acceleration (r̈ t) of the ground station in the
inertial frame can be computed by converting the Universal
Time (UT) into Greenwich Sidereal Time (GST).33 From
these, we know that

ls =r s� r c (43a)

l̇s =ṙ s� ṙ c (43b)

l̈s =r̈ s� r̈ c (43c)

lt =r t � r c (43d)

l̇t =ṙ t � ṙ c (43e)

l̈t =r̈ t � r̈ c (43f)

In the following, the attitude, angular velocity, and angular
acceleration of the reference frame, which are the desired
attitude, angular velocity, and angular acceleration for the
body frame will be computed. The desired reference frame
is denoted byox̂r ŷr ẑr and is shown in Fig. 2.

The attitude reference

The rotation matrixCL
N from the inertial frame to the

LVLH frame can be readily computed by the orbital ele-
ments andr c and ṙ c. Once the LVLH frame is known, we
can write

lt = (lt � x̂l)x̂l +(lt � ŷl)ŷl +(lt � ẑl )ẑl (44)

so that

ẑr = [(lt � x̂l)x̂l +(lt � ŷl )ŷl +(lt � ẑl )ẑl ]=`t (45)

wherelt = `t l̂t . Since thêyr axis is perpendicular tols and
ẑr , it can be computed by

ŷr =
ẑr � l̂s
jẑr � l̂sj

(46)

and thex̂r axis is then given by

x̂r = ŷr � ẑr (47)

From the unit vectorŝxr , ŷr , andẑr we can computeCR
N,

the rotation matrix from the inertial frame to the reference
frame, and thus the attitude of the reference frame. The
value of ηs = l̂s � ŷb will be used as a condition for sun
tracking; i.e.,ηs = 0 implies that the sun is being tracked.
In addition, the valueηt = jl̂t � ẑbj will be used as a con-
dition for ground station tracking; i.e.,ηt = 0 implies that
the ground station is being tracked.

The angular velocity and the angular acceleration
reference

We proceed to compute the angular velocity of the refer-
ence frame with respect to the inertial frame expressed in

the reference frame,!R = [ωrx; ωry; ωrz]
T . The algorithm

for computingωrx andωry can be found in Ref. 35.

The derivative of the vectorlt in the inertial frame can be
written in the desired reference frame as

l̇t = (l̇t � x̂r)x̂r +(l̇t � ŷr)ŷr +(l̇t � ẑr)ẑr (48)

Sincel̇t can also be written as

l̇t =
dRlt
dt

+!R� lt

=
dRlt
dt

+!R� (`t ẑr)

(49)

where
dRlt
dt

is the derivative oflt taken in the reference

frame. Comparison of Eq. (48) and Eq. (49) yields

ωrx =� l̇t � ŷr

`t
(50)

ωry =
l̇t � x̂r

`t
(51)

dRlt
dt

= l̇t � ẑr (52)

Sinceŷr � ls = 0, its time derivative

˙̂yr � ls+ ŷr � l̇s = 0 (53)

Expanding the derivative terms in the above equation, we
end up with

ωrz =
ωrxls � ẑr + ŷr � l̇s

ls � x̂r
(54)

The angular acceleration vector!̇R = (ω̇rx; ω̇ry; ω̇rz)
T

can be obtained by taking the derivatives ofωrx; ωry and
ωrz. By doing so, we get

ω̇rx =� l̈t � ŷr +2ωrx ˙̀t
`t

+ωryωrz (55)

ω̇ry =
l̈t � x̂r �2ωry ˙̀t

`t
�ωrxωrz (56)

ω̇rz =
Ṁ N�M Ṅ

N2 (57)

where

M = ωrxls � ẑr + ŷr � l̇s (58)

N = ls � x̂r (59)

Ṁ = ω̇rxls � ẑr +ωrx l̇s � ẑr +ωrxls � (!R� ẑr)

+!R� ŷr � l̇s+ ŷr � l̈s (60)

Ṅ = l̇s � x̂r + ls � (!R� x̂r) (61)
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Fig. 5 The angular velocity of the momentum wheels during
initialization (spin-up).

Simulation results

With the reference satellite attitude profile computed in
the previous section, we can apply the attitude and power
tracking controller. Three simulations are conducted in a
sequence. First, the momentum wheels are initialized by
spinning up the wheels without affecting the attitude, see
Eq. (39); second, a target acquisition maneuver is per-
formed where the satellite is maneuvered from the LVLH
frame to the required sun and ground station tracking atti-
tude; finally, energy storage function is switched on and the
momentum wheels are used to keep tracking the sun and
the ground station. In the simulation, quaternions are used
to describe the attitude from the inertial frame to the body
and reference frame due to the large angle orbital maneu-
ver, and MRPs are used to describe the difference between
the body and the reference frame. The results are presented
in the following three subsections.

Initialization of momentum wheels

This simulation demonstrates the initialization of the
wheels from a zero-spin situation to their nominal values
of ωci = 2309:4 (rad/sec) fori = 1;2;3 andωc4 = �4000
(rad/sec). Notice that after a period oftup = 1352 sec
the wheel speeds satisfy the condition in Eq. (40). Dur-
ing the spin-up a constant torque is applied, equal toga =
[1=

p
3 1=

p
3 1=

p
3 � 1]T (Nm). Here the satellite is ini-

tially in the rest position with attitude which is given in
terms of MRPs as(0:1; 0:2; 0:3)T . The wheel angular ve-
locity during spin-up is shown in Fig. 5. The corresponding
attitude and angular velocity for the body are shown in
Fig. 6. From this figure it is seen that the wheel speed ini-
tialization does not affect the satellite attitude, as expected.

Target acquisition

After the momentum wheel speeds are initialized, the
satellite attitude will be controlled, such that the sun and the
ground station are tracked. The simulation starts with the
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Fig. 6 Attitude and body angular velocity during initializa-
tion (spin-up).
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Fig. 7 The error in angular velocity of the satellite during
target acquisition.

satellite body frame aligned with the LVLH frame. Because
this initial target acquisition maneuver is usually a fast,
large angle (slew) maneuver, and the momentum wheels
are of fairly low control authority (1 Nm in this example),
we use external thrusters to issue the required torque; i.e.,
in Eq. (17), we choose

Aga = 0 (62)

gt =�h�BJ�1(hB�Aha)�gg+J!�B δ!

+JCB
R(δ�)J

�1h�RJ�1hR+JCB
R(δ�)J

�1gR

�k1δ!�k2δ�
(63)

The controller gains are chosen ask1 = 24 andk2 = 27.
Figure 7 shows the angular velocity tracking error of the
satellite, and Fig. 8 shows the quaternions of the body
frame and the reference frame. It is seen that after about
70 sec the satellite attitude tracks the reference. In Fig. 9
it is shown that the sun tracking condition valueηs goes
to zero after about 90 seconds. In Fig. 10 it is shown that
the ground station tracking condition valueηt goes to zero
also after about 90 seconds. Figure 11 shows the torque
required to perform the target acquisition maneuver.
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Fig. 8 Quaternions during target acquisition (qB ! qR).
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Fig. 9 The sun tracking condition during target acquisition
(ηs = l̂s � ŷb).
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Fig. 10 The ground station tracking condition during target
acquisition (ηt = jl̂t � ẑbj).
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Fig. 11 The required thruster torque for the target acquisi-
tion (ga = 0).

Continuous tracking

After the satellite tracks the sun and the ground station,
the momentum wheels attitude control and energy storage
are switched on, so that the satellite will keep tracking the
sun and the ground station. In this case, the momentum
wheels will provide both the target tracking torques and the
energy storage torques. The thrusters will only be used to
issue the necessary momentum management torque; i.e., in
Eq. (17), we choose

gt =�k(Aha�Ahan) every two orbits (64)

and

Aga =h�B J�1(hB�Aha)+gt +gg�J!�B δ!

�JCB
R(δ�)J

�1h�RJ�1hR�JCB
R(δ�)J

�1gR

+k1δ!+k2δ�
(65)

The simulation orbit starts from 02/23/99 07:59:32.28 and
lasts for 25,000 seconds (about 4 orbits). The controller
gains are chosen ask1 = 24,k2 = 27, andk = 0:005. Dur-
ing the eclipse, the wheels provide 680 Watt power and 4
kW power for 5 minutes. During sunlight, the wheels are
charged with a power level of 1 kW until the total energy
stored in the wheels reaches 1.5 kWh. After the wheels are
charged, the momentum management is switched on every
two orbits. Figure 12 shows the satellite angular velocity
and the reference angular velocity. Figure 13 shows the
comparison between the quaternions of the body frame and
those of the reference frame. These two figures show that
the body frame keeps tracking the reference attitude profile
closely. Figures 14 and 15 show that the sun and ground
station tracking conditions are being satisfied. Figure 16
shows the power profile with the sunlight and eclipse in-
dication, where sunlight is indicated by 1 and eclipse is
indicated by -1. The corresponding torque applied by the
momentum wheels is shown in Fig. 17, along with the to-
tal angular momentum of the wheels. It is seen that every
two orbits (at about 0:6�104 and 1:8�104 seconds in Fig.
17) the total angular momentum of the wheels,Aha goes
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Fig. 12 The angular velocity of the satellite during tracking
(!B !!R, gt = 0).
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Fig. 13 Quaternions during tracking (qB ! qR, gt = 0).

to zero due to proper momentum management. Figure 18
shows the momentum wheel angular velocities. The mo-
mentum management torque is shown in Fig. 19.

Conclusion

In this paper, we develop an algorithm for controlling
the spacecraft attitude while simultaneously tracking a de-
sired power profile, using a cluster of more than three non-
coplanar momentum wheels. The torque is decomposed
into two perpendicular spaces. One is the null space of the
matrix whose columns are the unit vectors along the axes
of each momentum wheel. The torque in this space is used
to track the required power level of the wheels, while the
torque in the space perpendicular to the null space of the
matrix is used to control the attitude of the satellite.

The torque decomposition is based on solving a set of
linear equations. Singularities may occur in case when the
coefficient matrix does not have full row rank. In this case,
no arbitrary power profile can be tracked. A momentum
management scheme is considered to null the total angular
momentum of the momentum wheels in order to minimize
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Fig. 14 The sun tracking condition during tracking (ηs =
ls � ŷb).
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Fig. 15 The ground station tracking condition during track-
ing (ηt = jlt � ẑb).
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Fig. 19 The momentum management torque (upper figure
for the 1st orbit, and lower figure for the 3rd orbit).

the gyroscopic effect and also prevent the occurrence of
singularities.

A numerical example based on a realistic scenario of
an IRIDIUM-type satellite demonstrates the efficacy of the
proposed algorithm.
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